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Abstract

Weak Temperature Gradient (WTG) modeling using a small cloud-resolving model (CRM)
admits multiple equilibria depending upon the initial model conditions. A new kind of
equilibrium is presented here which undergoes a periodic and steady-state oscillation that
is emergent from static boundary conditions. The periodic oscillation is shown to be a
moisture mode with an oscillating vertical motion profile shape generated by the inter-
action between vertical motion and radiation. A simple two-mode model based on de-
composing the vertical motion profile and associated radiative cooling variations can de-
scribe the oscillation.

Plain Language Summary

The weak temperature gradient approximation is an important tool used to sim-
ulate large-scale vertical motion in simplified models called cloud-resolving models us-
ing the characteristics of the environment including the sea surface temperature and air
temperature. Previous research has identified two different equilibria that a weak tem-
perature gradient simulation can settle into depending on the initial conditions. This re-
search presents a new kind of equilibrium where the vertical motion and moisture un-
dergo a steady state oscillation, which we call the periodic equilibrium. We show that
this equilibrium can be described as a moisture mode, which is an important kind of trop-
ical variability, and driven only by the vertical motion and radiation. We describe the
oscillation and propose a simple model to describe the variability. The periodic equilib-
rium presented here can provide a useful tool for improving our understanding of how
tropical convection evolves.

1 Introduction

The weak temperature gradient (WTG) framework is foundational to understand-
ing the tropical atmosphere, accurate weather forecasting, and climate prediction (Charney,
1963; Sobel & Bretherton, 2000; Sobel et al., 2001; A F. Adames, 2022). The WTG frame-
work is the basic assumption that horizontal temperature gradients, due to fast grav-
ity wave redistribution, are small enough to be ignored. This causes vertical advection
of dry static energy (DSE) to be the primary balance of diabatic heating. The WTG frame-
work has been used to study a range of tropical problems, from understanding the MJO
(A F. Adames & Kim, 2016; Wang et al., 2016; Senti¢ & Sessions, 2017), to understand-
ing the interactions between moist convection and the large-scale environment (Sobel &
Bretherton, 2000; Neogi & Singh, 2022; Singh & Neogi, 2022), as well as the evolution
of slower developing systems like some tropical waves (A F. Adames, 2022). Perhaps
the most practically useful implementation of the WTG framework is as a parameter-
ization of large-scale vertical motion in cloud-resolving models as in Raymond and Zeng
(2005).

Models that use a WTG parameterization display an important behavior, called
multiple equilibria, where the model will enter either a dry or moist equilibrium depend-
ing on the initial conditions of the model (Sobel et al., 2007; Sessions et al., 2010; Wong
& Kuang, 2023). The moist equilibrium, as the name would suggest, is characterized by
high column water vapor, consistent precipitation, and ascending vertical motion. The
dry equilibrium, on the other hand, is characterized by low column moisture, a lack of
rain, and general descending motion. The dry and moist equilibria are thought to cor-
respond to the dry and moist areas that arise due to convective aggregation (Raymond
et al., 2009). Generally, the dry equilibrium is discarded and avoided because research
is primarily interested in moist convection and the dry equilibrium can become non-physically
dry. For example, realistic values for the dry region of the atmosphere are 20-40 mm of
column water vapor (CWV) (Mapes et al., 2018) and values around 10 mm are seen rarely
in the far tropics (Mapes et al., 2018). The dry equilibrium simulations we generated for



this research have values around 6 mm of CWYV, so it is generally good practice to dis-
regard and avoid the dry equilibrium.

A model will enter the moist or dry equilibrium depending on the model’s reaction
to the convective forcing and whether there will be an export or import of moist static
energy, or moist entropy, as the simulation develops. A simulation will enter and stay
in the moist equilibrium if it is able to import enough moisture and moist static energy
to sustain deep convection. The prevalence of multiple equilibria and whether or not a
simulation will enter a particular equilibrium depends on the specifics of the model. For
instance, the choice of radiation and horizontal moisture transport parameterizations are
important for the existence of multiple equilibria (Sessions et al., 2015, 2016). We also
know that whether a particular simulation will enter the dry equilibrium is impacted by
the initial conditions of the model; sometimes by increasing the initial moisture, we can
move a model into the moist equilibrium (Sessions et al., 2010, 2015; Wang et al., 2016).

When performing realistic simulations, we have avoided the dry equilibrium by nudg-
ing the model towards the moist equilibrium by increasing moisture. This is precisely
what we were attempting when we discovered a new twist in the story of WT'G multi-
ple equilibria, a new kind of equilibrium state where the moisture, precipitation and ver-
tical motion display steady state oscillatory behavior.

In recent SWTG simulations of climatological vertical motion profile shape, Bernardez
and Back (2024) had unpublished early simulations that entered into the dry equilibrium.
They modified the initial moisture profile hoping to simulate a moist equilibrium state
and the model entered into a new kind of equilibrium where the model state, primar-
ily the moisture and vertical motion, underwent a steady-state oscillation of convective
amplification and decay (figure 1). These were simulations that had constant imposed
horizontal advection and no time-dependence in the boundary conditions to drive the
variability. The oscillation appears as an emergent phenomenon from the internal inter-
actions of the model.

This oscillation has now been seen in other research using WTG simulations. Raymond
et al. (2024) found the oscillation during an investigation of field campaign observations
and described the oscillation in terms of the rains versus showers schema introduced by
Ramage (1971). Wong and Kuang (2023) reported oscillatory behavior during their in-
vestigation of different WTG implementations, although they did not discuss the oscil-
lations in detail. The periodic equilibrium was also seen by Dr. Tristan Abbott confirmed
through personal correspondence. We shall discuss the differences in model setup and
description of the oscillation between the present research and that of Raymond et al.
(2024) further in the discussion.

Through the rest of the paper, we will go over the model and simulations that pro-
duced the periodic equilibrium. Afterward, we will discuss the oscillation and its features.
Next, we will show that the simulations are a moisture mode where vertical advection
drives the oscillations and go over a two-mode model that can capture the oscillation.
Finally, we will discuss what our results mean to our understanding of vertical motion
in the tropics.

2 Weak Temperature Gradient model

We initially discovered the periodic equilibrium during the preliminary work of Bernardez
and Back (2024), which used the weather research and forecasting model (WRF) (ver-
sion 3.5.1) (Skamarock et al., 2008) as the small scale cloud-resolving model (CRM) and
the spectral WT'G parameterization from Wang et al. (2016), as the specific WT'G pa-
rameterization. We used a timescale for the first WTG mode of one hour and calculate
the first 10 modes of the spectral decomposition. The modes are calculated from the sta-
bility as in Wang et al. (2016) using the reanalysis data as we describe later in this sec-
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Figure 1. Time series of periodic equilibrium found in spectral weak temperature gradient
simulations. Panel (a) shows the contours of the SWTG vertical velocity produced by the model
in units of [pa/s] with a contour interval of .01 [pa/s], panel (b) the precipitation produced by

the model, and panel (c) the time series of column water vapor (CWV).



tion. The boundaries of the model are comprised of a constant single value of SST for
the lower boundary condition, doubly periodic lateral boundaries with an imposed hor-
izontal moisture advection for the horizontal, and a momentum damping scheme that
acted as the upper boundary (Klemp et al., 2008). The simulation has a domain size of
64x64x23 km, with a horizontal grid size of 1 km and a vertical grid size set such that
there are 60 stretched levels with 10 in the lowest kilometer of the atmosphere.

The model domain has its horizontal winds relaxed back to the original profile with
a relaxation rate of one hour. We used the Morrison two-moment scheme to parameter-
ize the microphysics(Morrison et al., 2009). The RRTMG long-wave scheme and the God-
dard short-wave scheme parameterize the radiation (Iacono et al., 2008; Chou & Suarez,
1999; Matsui et al., 2007; Shi et al., 2010). The solar insolation is set to a constant value
of 370W/m? so that we do not have a diurnal cycle. We parameterize subgrid scale ed-
dies using the three-dimensional Smagorinsky first-order closure scheme and an implicit
vertical diffusion scheme is used to ensure numerical conservation of moisture. Every-
thing else that we have not mentioned is kept the same as Bernardez and Back (2024).

The data that we used is sourced from the ERA-5 reanalysis of a region in the Central-
Eastern Pacific (Hersbach et al., 2019a). We take the surface temperature, SST, and mois-
ture values along with the profiles of temperature, wind, and moisture. The tempera-
ture, SST, and horizontal wind profiles go directly into initializing the model and main-
taining the model state. The moisture profiles are used to calculate the horizontal mois-
ture advection that we impose. We construct our data by averaging daily data from 2008
through 2019 in the region bounded by 7.5-10°N 120-140°E.

SWTG parameterizes the effects of domain-scale vertical motion that acts to re-
lax the domain mean temperature profile towards a specific reference profile. We choose
not to directly use the reanalysis temperature profile because of the differences between
real-world physics and model representation, so we obtain a temperature profile consis-
tent with the model. We use an equilibrium model state known, in the literature, as ei-
ther radiative-convective dynamic equilibrium (RCDE) (Singh et al., 2019) or radiative-
convective-advective equilibrium (RCAE) Romps (2021), but which we call the driven
equilibrium (DE).

We create the DE simulations by imposing the large-scale tendencies in moisture
and temperature associated with the vertical motion profile that we wish to emulate and
allowing the model to evolve to equilibrium. The horizontal advection is also imposed
for these simulations as well as in the SWTG simulations. Because we assume there is
a finite relaxation timescale, the mean temperature profile of the DE simulation still has
a temperature anomaly associated with the active convection relative to the largescale
background temperature that we wish to emulate (See Bernardez and Back (2024) for
a complete description). We correct the temperature profile for this anomaly and uti-
lize the corrected DE temperature profile as the reference profile for calculating the SWTG
vertical velocity.

We initialized a simulation (not the one utilized in this paper) with the reference
temperature profile and an initial moisture profile that is taken from the DE simulation.
The simulation was initialized with the wind profile, SST, and imposed horizontal mois-
ture advection from reanalysis as well (see (Bernardez & Back, 2024)). This first sim-
ulation went to the dry equilibrium and, to nudge the model towards the moist equilib-
rium, we set the moisture profile so that it had a uniform relative humidity of 85 % and
ran the model again. This simulation entered into the new equilibrium where the model
state undergoes a steady-state periodic oscillation, which we describe in the next sec-
tion.



3 The Periodic Equilibrium: a Moisture Mode

We were successfully able to force the model to leave the dry equilibrium by set-
ting the moisture to 85 % RH through the depth of the column, at which point the sim-
ulation enters a new kind of equilibrium where the moisture and vertical motion fields
show a distinct steady-state oscillation. The basic features of the oscillation are shown
in figure 1 using the WTG vertical motion, the column-integrated water vapor (CWV),
and the precipitation reported by the model. The simulation and oscillation begin with
a period of shallow bottom-heavy vertical motion which acts to slowly decrease the CWV
while the precipitation slowly increases. The precipitation and moisture then rapidly in-
crease as the vertical motion becomes deeper and extends through the depth of the col-
umn. After precipitation and CWV peak, the vertical motion becomes stratiform and
both the precipitation and CWV start decreasing. The stratiform vertical motion ends
when the moisture and precipitation reach a minimum and the cycle is restarted. The
period of the oscillation is approximately 14 days, although the lack of a diurnal cycle
makes comparison to days in the real atmosphere somewhat dubious.

Upon first discovering the new equilibrium, we tested several different aspects of
the model, to figure out how, why, and when the periodic equilibrium appears. We only
obtained a periodic oscillation when using an interactive radiation scheme and imposed
horizontal moisture advection. Doubling or halving the characteristic WT'G relaxation
time-scale doubled/halved the period of the oscillation. Changing the SST, temperature,
moisture, or wind profiles would sometimes excite the periodic equilibrium. However,
we were not able to determine a perceptible pattern from the basic tests that we con-
ducted, so we moved onto studying the behavior of the oscillation. All of the periodic
equilibrium simulations are consistent with the results that we report here, so we only
show the results from the first simulation which displayed the oscillatory behavior.

The oscillations have many of the markers of a moisture mode, which is a dynam-
ical mode that acts through the prognostic moisture (Fuchs & Raymond, 2007; Sobel &
Maloney, 2012, 2013; A. F. Adames et al., 2019; Ahmed et al., 2021). Recent research
has started to reveal the importance of moisture modes to the tropical atmosphere and
the implication that they are emergent in SWTG models is attractive. Understanding
the periodic equilibrium could provide a crucial tool to understand and correctly param-
eterize moisture mode behavior.

Ahmed et al. (2021), building off of work by A. F. Adames et al. (2019), established
three criteria for determining a moisture mode, which we show our simulation satisfies
in figure (2). Each dot is a model output time step and the dots are 6 hours apart in model
time. The criteria are (a) a strong correlation between precipitation and the total col-
umn water, (b) a leading order WT'G balance in the DSE budget, and (c) variations in
MSE anomalies are dominated by moisture anomalies.

The color of each dot corresponds to the top-heaviness angle (Bernardez & Back,
2024), which is a measure of the shape of the vertical motion profile and differentiates
ascent, versus descent and top-heavy versus bottom-heavy. The top-heaviness angle is
calculated by projecting the vertical motion onto two structure functions, then taking
the ratio of the amplitudes of the two structure functions, and finally taking the arct-
angent to get an angle. The two structure functions are the first two empirical orthog-
onal functions from a principal component analysis of vertical motion as a function of
pressure. We use ERAS5 daily vertical motion profiles over maritime regions from 1979
to 2019 to calculate these structure functions. Details of how the top-heaviness angle is
calculated are found in Bernardez and Back (2024). The top-heaviness angle is used here
only for visual clarity.

The first criterion, seen in panel (a), is a strong correlation between the precipi-
tation and column water vapor anomaly. There is a broadly linear relationship between
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Figure 2. Moisture mode criteria are satisfied for the periodic equilibrium shown in figure
(1). a) The relationship between the column water vapor (CWV) anomaly and the precipitation
anomaly, b) the relationship between apparent heating and vertical advection of DSE, and c¢)
the relationship between column MSE anomalies and column moisture anomalies. Each point
is colored based on the vertical motion profile shape called the top-heaviness angle, following

Bernardez and Back (2024), for visual clarity.

the two and a clear hysteresis. The section of the period with the greater slope occurs
during the amplification phase and the section with the lesser slope occurs during the
contraction phase.

The second criterion is a leading order WTG balance in the dry static energy (DSE)
budget:
0Os

“op

Here s = ¢, T + gz is the DSE, w is the pressure velocity, Qg is the column radiative
heating, @ p is heating from condensation, and @, is the surface sensible heat flux (panel
b). This criterion is forced by the SWTG parameterization and the nature of the model,
and the figure confirms the balance.

= QR""Q;D""Qsh- (1)

The final criterion is for variations in the moist static energy (MSE), which is the
sum of the DSE and the latent heat h = s +1,q,, to be dominated by moisture varia-
tions (panel c¢). This criterion is also enforced partially by the SWTG parameterization
and would be enforced fully using a strict implementation of WTG.

With all three criteria for a moisture mode satisfied by the periodic equilibrium,
we can call it a vertical motion moisture mode. The variations in this vertical motion
moisture mode are driven by differences in the vertical motion profile shape.

The column MSE budget is a useful tool for studying moisture modes because of
its relationship to moisture and precipitation. The equation for the column energy bud-
get is:

o(h oh
oh) _ o
ot dp

Here h is the MSE, defined as h = ¢,T" + gz + L,q,, where T is the temperature, z is

the height, g, is the specific humidity, and cp, g, and L, are the constants of specific heat
of air, gravitational acceleration, and latent heat of vaporization. Qpqq4, is the column
horizontal MSE advection, which in our case is the imposed horizontal moisture advec-
tion that is constant in time, and Q) is the surface latent heat flux. The () represents

a mass-weighted integral over the depth of the troposphere. The surface sensible heat
flux is small enough in our cases that we ignore it.

)+ Qhado + Qrad + Qin (2)
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Figure 3. Projection of MSE budget terms onto the column MSE anomaly in the periodic
equilibrium shown in figure (1) (a) and the column MSE tendency (b), which shows the relative
contribution of each term to the maintenance of the moisture mode (a) and propagation of the

moisture mode (b).

A prevalent way of investigating moisture modes is to use the MSE budget to in-
vestigate how each MSE budget term contributes to the amplitude and the period of the
wave (Andersen & Kuang, 2012; A. F. Adames, 2017; A. F. Adames & Maloney, 2021;
Mayta et al., 2022). The time series of the column MSE anomaly measures the ampli-
tude of the wave and we can measure how each term in the MSE budget contributes to
the maintenance of the amplitude by projecting the time-series of each budget term onto
the column MSE anomalies (figure 3 a), given by:

e oyl
Mo = Trmel ®)

Here M, is the maintenance contributed by x, because it shows what contributes to main-
taining the amplitude of the wave, and ||y|| is the integral over the time-series.

The column MSE anomaly projection, shown in figure (3 a), shows how much each
term contributes to amplifying or weakening the moisture mode oscillation. The two most
important terms in the energy budget are radiation and MSE advection, which is essen-
tially the combination of moisture and vertical motion variability. The radiative cool-
ing contributes to amplifying the wave and increasing the variations in column MSE over
time while the MSE advection contributes to damping the wave. It is only their balance
that leads to the steady-state oscillation that we observe.



The projection of the time series of the budget terms onto the column MSE ten-
dency gives us the propagation term:

e (onjan)]
= T@hjane] @

The propagation shows how much each term contributes to the period of the oscillation.
The contribution of the budget terms to the propagation of the moisture mode is shown
in figure (3 b). We see that the most important terms are again the MSE advection and
the radiation, although this time the radiation is relatively less important. The major-
ity of the work is being done by the vertical MSE advection increasing the propagation
of the wave and the radiative heating slowing it down.

P,

Generally, vertical advection and radiation changes are coupled together in the at-
mosphere. They also tend to balance energetically such that their combined effect on con-
vection is to neither amplify nor decay (Back & Bretherton, 2009a; Inoue et al., 2020).
We see the same balance through the maintenance terms. We need to dig deeper to un-
derstand how the radiation and vertical advection interact to generate the moisture mode
variability while still maintaining a steady-state. We do this by decomposing the ver-
tical motion and radiation into two modes of vertical variability which explain the vari-
ance of the moisture mode the best. In the next section, we will discuss the derivation
of the simplified model and go over what it tells us about the oscillation.

4 Two-Mode Framework
4.1 Vertical Advection

Two-mode models of vertical motion are common in the field in part because the
vertical velocity profile variability tends to be dominated by the first two modes of vari-
ability. When principal component analysis is used to look at how vertical motion pro-
files vary, we find that two modes explain more than 85 % of the variance (Back et al.,
2017). Utilizing the two modes, we rewrite the vertical motion as:

UJ($, Y, p, t) =01 (LE, Y, t)Ql(p) + Og(iE, Y, t)Q2(p) (5)

Here o; are the amplitudes of €;, the vertical modes that are used to decompose the ver-
tical motion. We can calculate the specific modes we use in several ways including solv-
ing the anelastic equations (Wang et al., 2016), using a Fourier transform (Herman &
Raymond, 2014), or using principal component analysis (PCA) to find the vertical struc-
tures which explain the most variance (Back et al., 2017). We choose to use vertical modes
calculated from PCA of 40-year climatology of daily maritime vertical motion data from
ERA5 (Hersbach et al., 2019b). We have verified that the results of the following sec-

tion were not sensitive to this choice by repeating the analysis using the vertical modes
calculated using PCA of the WTG vertical motion. We apply the vertical decomposi-

tion to the vertical motion and keep only the first two modes based on the criteria of North
et al. (1982).

The distinct vertical shapes of the two modes mean they interact with the MSE
and DSE budgets differently. To show how this we start with the vertical advection com-
ponent of column integrated MSE budget:

Ptop
[ g (6)
pewrace OP 9

We next integrate by parts, apply mass continuity and assume that there is no vertical
motion at the surface and top:

Ptop ah ap /ptop aw 8p /’ptop _’ap
W2t _ Bt W @ 7
/ p g dp g g ™

Psurface Psurface Psurface
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Figure 4. An illustration of the impacts of vertical motion on moist static energy and dry
static energy budgets using (a) the first and second modes of vertical motion and their associ-
ated convergence along with (b) an example profile of MSE and DSE . The arrows indicate the
direction of the convergence associated with the vertical motion. When they are pointed to the
left energy is entering the column and when they are pointed to the right energy is leaving the

column. The color of the arrow reflects the mode of vertical motion.
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This shows that the column integrated vertical advection of MSE, and by extension DSE,
is determined by the slope of the vertical motion profile and the profile of MSE and looks
like the integrated convergence of MSE. Vertical velocity increasing with height is as-
sociated with convergence of MSE and DSE and decreasing with height is associated with
divergence of MSE and DSE. A diagram of this is shown in figure (4), along with sim-
plified profiles of DSE and MSE. The arrows indicate the circulation associated with the
modes with a rightward arrow showing the divergence where the energy is leaving the
column and a leftward arrow indicates convergence and energy entering the column. The
arrow is colored by the vertical mode.

We can see that the first mode has a strong influence over the DSE budget due to
the very different energies that it is importing versus exporting but has a much smaller
impact on the MSE budget. The second mode will have very little effect on the DSE bud-
get while having a much larger impact on the MSE budget. Based on this, we expect
that the first mode should have a strong impact on the DSE budget, and thus the pre-
cipitation, but should not affect the MSE budget as much, and thus have less impact on
convective amplification or decay. The second mode, on the other hand, should show lit-
tle effect on the precipitation, while having a much stronger effect over convective am-
plification.

To confirm this, we apply the two-mode simplification to the projection of the MSE
budget terms onto the MSE budget, as in figure 3, so that we can see the contribution
of each mode to propagation and maintenance (figure 5 a and b). To do this we calcu-
lated the advection contributed by each mode, along with the residual, and we project
those time-series onto the MSE tendency and anomaly as we did with the full vertical
advection. The first panel shows how each mode’s contribution to the vertical advection
maintains the oscillation and it is apparent that the first mode does not have a large im-
pact. The second panel shows the contribution of each mode to vertical advections’ role
in setting the period of the wave and again we see that the second mode is more impor-
tant than the first mode. The oscillation variability occurs primarily in the MSE bud-
get, which the first mode does not have much of an ability to affect, so the lack of con-
tribution to the propagation of the vertical motion moisture mode matches the expec-
tations we had from the simplified picture of our two modes above. Next, we apply the
same decomposition to the radiation.

4.2 Radiation

Variability in radiative heating is caused primarily by moisture differences in the
form of clouds, rain, and water vapor, which tends to be correlated with the vertical mo-
tion that moves the moisture around. This means that we can understand the contri-
bution of the radiation to the two-mode model by assuming that the radiative heating
variability is controlled by the vertical motion variability as Back and Bretherton (2009b)
did. We do this using the following linear regression model which we solve using a least
squares approach:

Qrad =70+ 0171+ 0272 + € =79+ R1 + Ra + €, (8)

Where rg is the constant column radiative heating, and r; » are the column radiative heat-
ing rate constants associated with each mode. Ry and Ry are the product of the con-

stant with its corresponding mode, which gives the portion of radiative heating contributed
by that mode.

The contribution of the radiation from each mode to maintenance and propaga-
tion can be seen in the middle panels of figure 5 (c,d). In short, radiative heating tries
to increase the amplitude of the oscillation and both modes contribute about equally to
that goal. The propagation of the oscillation by the radiation is contributed primarily
by the second mode, which resists propagation, and the radiative variations associated
with the first mode are not important to the propagation of the oscillation.

—11—
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Figure 5. The contributions from each vertical mode to the column MSE budget projected
onto column MSE anomaly (a,c,e) and the column MSE tendency (b,d,f), which shows the rel-
ative contribution of each term to the maintenance of the moisture mode and propagation of
the moisture mode. The top panel (a,b) shows the relative contribution of the two modes to the
vertical advection of MSE. The middle panels (c,d) show the relative contribution of each mode
to the column radiative heating. The bottom panels (e,f) show the contribution of each mode
to the combination of the MSE advection and column radiation, which means it is the top panel

subtracted from the bottom panel.
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Figure 6. MSE anomalies and MSE tendency anomalies for the periodic equilibrium are
projected onto each of the two vertical motion profile mode amplitudes. The first panel shows
the MSE profiles that correlate with and excite the two modes (blue and orange) that we get by
projecting the MSE anomalies onto each mode. The second panel shows the MSE anomaly that
each of the modes tends to excite, which is given by projecting the MSE tendency onto each of

the two modes.

The residual of the radiation, the part of the radiative heating that is not explained
by the two-mode approximation, is also important for wave propagation. The radiation
residual driving propagation is the largest effect that any of the residuals display, which
indicates the two-mode model does a good job of explaining the oscillation. We now move
on to understanding how the combined effects of radiation and vertical advection con-
trol the oscillation.

4.3 Combined Effects

The sum of the vertical advective and radiative effects is shown in the bottom pan-
els of figure (5 e and f). It shows the maintenance of the oscillation is accomplished by
a balance of both modes, with the first mode trying to amplify the wave and the second
mode trying to reduce the wave amplitude. The first mode effect is primarily due to the
radiation while the second mode effect is due mostly to the vertical advection. The prop-
agation of the moisture mode is primarily accomplished by the second mode and within
the second mode the vertical advection drives the oscillation and the radiation reduces
the propagation. To summarize, the second mode is responsible for the propagation of
the oscillation and the balance between the two modes is responsible for the steady-state
nature of the oscillation.

—13—



The interaction between the radiation and vertical advection which leads to the os-
cillation is complex. However, we can simplify with more linear regression, this time fo-
cused on looking at understanding the vertical variability. We project the MSE anoma-
lies and tendency at each height onto each of our two modes individually, shown in fig-
ure (6). These profiles are the level-by-level correlation between MSE anomaly and ten-
dency and the time series of each mode and they represent how the MSE excites the ver-
tical motion and how the vertical motion affects the tendency of MSE anomalies, respec-
tively. The previous section showed that the two-mode model explains most of the con-
tributions of both the radiation and the vertical advection, which means these correla-
tions represent the combined effects of both the radiation and vertical advection on the
MSE.

The first panel shows MSE anomaly profiles, which are the MSE anomaly profiles
that tend to correlate with or excite each mode. A positive first mode, which corresponds
to general ascending motion, is excited by either a lower or upper tropospheric MSE anomaly,
with the lower tropospheric anomaly being more powerful in excitation. This means that
the first mode is generally excited by a column relative humidity (CRH) anomaly:

Ptop
qudp
CRH — Psurface

Pt,op * !
v*0
Psurface q p

Here guv is the specific humidity, gv* is the saturation specific humidity.

The second mode is excited by a dipole MSE structure with a negative MSE anomaly
in the lower troposphere and a positive anomaly in the upper troposphere, which tends
to generate a top-heavy vertical motion profile shape. The separation point between the
positive and negative lobes appears around 600 hPa or the approximate freezing level.
This anomaly can be tracked by a metric we call the moisture dipole coefficient, which
is defined as:

Priddie * Ptop *
_ Psurfuce qv/qv ap Priddie qv/qv ap
MDC = et — =Priaa .
f middle top ap
Psurface Ppiiddle

The middle pressure level is set at 600 hPa. The two modes are generally excited by an
MSE anomaly that is of a similar vertical shape to the vertical motion and MSE rela-
tionships. We can see the relationship between the vertical motion PCs and our two mois-
ture metrics in figure (7). The CRH generally follows the first mode of vertical motion
and the MDC generally follows the second mode with a sign change. Next, we look at
how each of the modes generates MSE anomalies.

The second panel shows the projection of the MSE tendency onto each of the modes
individually. The correlation between each mode and the tendency of MSE shows the
MSE anomalies that each mode tends to generate. The first mode excites a dipole MSE
anomaly structure, with a positive MSE anomaly in the upper troposphere and a neg-
ative MSE anomaly in the lower troposphere. The second mode tends to excite a neg-
ative MSE anomaly response in only the lower troposphere.

We can now put together the story of the oscillation through our understanding
of the vertical dimension provided by figure 6. The first mode tends to correlate with
a CRH anomaly and tends to excite a negative MDC anomaly. The second mode tends
to correlate with a negative MDC anomaly and excite a negative CRH anomaly.

We describe the equations corresponding to this oscillation below. We start by writ-
ing down the correlations from the first panel of 6 in equation form:

CRH ~ a101
(9)
MDC =~ —a209.

The second panel gives the correlation with the tendency of MSE, and shows that the
first mode correlates with an MDC anomaly tendency and the second mode correlates

—14—



0.2 Vertical Motion PCs
. I

0.1 —o2(
O -
10 20 30 40 50 60 70
1 Moisture variability 06
—CRH
0.9 —MDC: 4
0.8 0.2
0 10 20 30 40 50 60 70

Time (days)

Figure 7. The upper plot shows the PCs of the first two vertical motion EOFs and the lower
panel shows the CRH and MDC.

with a CRH anomaly tendency:

OCRH _
ot ~ — U302

OMDC (10)

7815 ~ —a401.

Combining these with the previous set gives the series of first-order linear differential equa-
tions:
801 as
8t al
802 a4
8t - ag
When we calculate the coefficients, either by finding the area under the curves in figure
6 or by directly calculating the correlations in the above equations using the CRH and
MDC, and solve the system of equations we get an elliptical solution that matches the
oscillation. We have not shown the scatter plot of the oscillation with the solution to the
set of equations above because it is not informative and have instead opted for a more
descriptive diagram in figure (8).

(11)

The state of the model at any given time is shown as the red dot and the oscilla-
tion is shown as the black ellipse. The two sets of axes are the basis formed by the two-
mode model and the moisture variables plotted on top of each other. Visualizing both
sets of axes is important because if we were to look only at the two-mode phase plane
the tilted ellipse is puzzling, and by laying the moisture phase plane it becomes clear why
it is aligned so. The moisture axis is shifted so that it is centered at the mean values that
define our anomalies. The axis is rotated relative to the vertical motion axis because of
the asymmetric nature of how the two modes interact with each other and the MSE bud-
get.

We begin a period at point 1, with bottom-heavy lightly ascending air, high MDC,
and low CRH. The column moistens throughout driving an increase in both modes mov-
ing the dot towards point 2. The vertical motion is deep and slightly top-heavy, the CRH
is nearing its maximum and the MDC is starting to decrease. The first mode continues
to effectively move MSE from the lower to upper troposphere while the second mode re-
moves moisture from the lower troposphere, leading us around the curve as the second
mode becomes stronger than the first and the CRH begins to decrease depositing us at
point 3. The vertical motion at this point is stratiform and the moisture is primarily con-
centrated in the upper troposphere. The first mode becomes smaller and has less of an
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Figure 8. Schematic of the periodic oscillation, given in equation (11), viewed on two phase
planes: the vertical motion phase plane and the moisture phase plane. The orange axis is for the
two-mode model basis and the blue axis is for the moisture basis. The moisture axis is defined
using the column humidity and the MDC, a measure of the moisture dipole, so that a decrease in
MDC correlates with an increase in mode 2. The model state at any moment is shown as the red

dot and the path that it takes during an oscillation is shown as the black line.
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effect, while the second mode slowly removes moisture from the lower troposphere driv-

ing us to point 4 where the atmosphere is near its driest and the first mode becomes slightly
negative which begins to increase the lower tropospheric moisture and decrease the up-

per tropospheric moisture, increasing the MDC. When the upper troposphere has dried
enough the second mode becomes negative and begins to increase the lower tropospheric
moisture and MDC even further catapulting the oscillation to begin the journey again

at the start.

The two-mode model provides a qualitative description of our oscillation. In the
next section, we will discuss the implications of the model and what conclusions may be
drawn from our results.

5 Discussion

The periodic equilibrium has been seen in other research using the WTG approx-
imation (Raymond et al. (2024), Wong and Kuang (2023), and personal correspondence
with Dr. Tristan Abbott), although there are important differences between our setup
and the other model setups which produced the periodic oscillation. Both Wong and Kuang
(2023) and Raymond et al. (2024) observed the oscillation without interactive radiation.
The former found the periodic equilibrium when the relaxation timescale was varied, dur-
ing idealized modeling to compare WTG formulations. The latter found the periodic equi-
librium during less idealized simulations of field campaign data. Dr. Tristan Abbott found
the oscillation while using interactive radiation when the SST was increased by a small
amount in idealized simulations. The variety of conditions and perturbations that bring
about the oscillatory behavior is too broad and complex to have an obvious and simple
solution and requires further investigation.

Some aspects of the periodic oscillation that we have described above are some-
what prevalent in the literature, although this has not been highlighted to this point.
The oscillation that we describe here is similar to some aspects of the oscillatory behav-
ior that is seen in Maithel and Back (2022) with both the moisture signature and effect
of radiation and vertical advection contributing partially to driving the moisture recharge
discharge cycles that the authors note. The periodic equilibrium meets the criteria for
a moisture mode which means that it is also similar to a great deal of the variability which
has been investigated (e.g. Jiang et al. (2018) and Mayta et al. (2022)). The real world
is not temporally stationary like our model but a better understanding of the oscillations
that the model generates will help us to understand what confines the oscillations to a
particular shape and could help us better understand the evolution of convection (e.g.
Wolding et al. (2022)).

The two-mode model acts as a kind of predator-prey system, with the two modes
generating and consuming each other through the MSE anomalies captured by the CRH
and MDC. This is a particularly attractive possibility because of the substantial math-
ematical foundation that exists to understand systems of this type. If we were able to
obtain the coefficients in equation (7) a priori, we could determine which equilibrium
the simulation would fall into before running the SWTG simulation.

The coefficients are also important because of their relation to how the moisture
and two-mode axes are translated and rotated relative to each other and why the oscil-
lation appears. They are a linearization of the functional relationship between the MSE
and DSE budgets of moist convection. The functional relationship is moderated by fac-
tors like the radiation-moisture relationship, moisture-precipitation relationship, and frac-
tional entrainment and detrainment rates. A better understanding of how these coeffi-
cients are determined and if they are predictable could shed light on better ways of pa-
rameterizing moist convection.
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While the details of how the two axes are related would be helpful, the schematic
diagram using them is still a good tool for understanding the oscillation and the mul-
tiple equilibria phenomena more generally. On the two-mode phase plane, both the moist
and dry equilibrium states move towards a very particular equilibrium point and stay
in the neighborhood of it while randomly jiggling around it. Taking the average over a
long time highlights this equilibrium point and removes the random variability of the jig-
gling. The periodic equilibrium, on the other hand, settles into an elliptical orbit.

In this way, it is also good for showing how the oscillation, while a steady-state equi-
librium, is fundamentally different from the other two equilibria because the mean be-
havior is not able to represent important variability. The time average of the periodic
equilibrium will give a point inside of the orbit that the model state never actually reaches.
This contrasts with the dry and moist equilibria which settle into a spot that defines the
mean. This can be important when asking questions like ”Do the radiation and verti-
cal MSE advection balance?” In this oscillation, they balance if you ask the column-integrated
MSE anomaly, but not if you ask the column-integrated MSE tendency at a given time.

6 Conclusion

We have discovered a new kind of WTG multiple equilibrium state which is char-
acterized by a periodic oscillation in the vertical motion and moisture. This oscillatory
state is a vertical motion moisture mode according to the criteria developed by Ahmed
et al. (2021) and applied by Mayta et al. (2022). The moisture mode results from an en-
vironment that is laterally homogeneous and constant in time and is due to radiation
and vertical advection and their interaction.

We can describe the vertical motion profile moisture mode as a closed elliptical loop
on a set of axes defined by either a two-mode decomposition of the vertical motion or
moisture. The vertical motion axis describes whether vertical motion is ascending or de-
scending and top or bottom-heavy and comes from principal component analysis of a 40-
year climatology of daily maritime vertical motion data from ERA5. The moisture axis
is defined using the CRH and MDC because they capture the moisture variability related
to the oscillation well. We can understand the ellipse by relating changes in each of the
two axes to each other, with moisture variations driving vertical motion changes and vice
versa. The oscillation acts as a sort of predator-prey dynamic between the moisture and
vertical motion anomalies, forming a limit cycle on the phase planes of moisture and ver-
tical motion. We can solve the set of equations and get a solution that qualitatively matches
the oscillation.

The existence of the oscillation, and multiple equilibria, in WTG models is con-
tingent on many particular factors. The large-scale temperature and initial moisture pro-
files, wind profiles, SST, and parameterizations of radiation and horizontal moisture trans-
port are some of the factors that we found to be important to which equilibrium state
the model settles into and the existence of the periodic oscillation. While we have pro-
vided a description of the oscillation and know many of the factors that control it, we
do not have an explanation for its emergence. A deeper understanding of how the pe-
riodicity emerges from moist convective processes is needed to fully understand the os-
cillation. The existence of the periodic equilibrium and the potential for the advances
in understanding that they can help with is fascinating and compelling.

Open Research Section

The data used in this study comes from simulations using WRF (v3.5.1) (Skamarock
et al., 2008) and the WTG parameterization from (Wang et al., 2016). The model is ini-
tialized with ERAS reanalysis data from the Copernicus Data Store (CDS) for both pres-
sure levels (Hersbach et al., 2019b) and single levels (Hersbach et al., 2019¢) on June 30,
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2020. The scripts and simulation data used in the creation of the figures can be found
at https://github.com/mbernard3605//JAMES WTG periodic_equilibrium data/ (Bernardez,
2024).
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