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Abstract

Flexural or membrane-coupled or capillary gravity wave scattering by a sub-
merged or a piercing vertical porous barrier is analytically studied based on a
connection that involves the solution potentials and few auxiliary potentials.
The problems for the auxiliary potentials are relatively easy to handle for
their solutions. The original problem is decomposed into two scattering or
radiation problems of this type. The solution wave potential is determined in
terms of those resolved wave potentials. Numerical results for the explicitly
obtained scattering quantities are also presented.
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1. Introduction

The study of free surface gravity waves and their interaction with struc-
tures like ice-sheets, membranes and elastic plates plays a significant role in
the design and the development of floating breakwaters and very large float-
ing structures (VLFS) that are needed to protect offshore structures or to
utilize the ocean space for humanitarian activities and military operations.
It is known that membrane breakwaters have economic and environmental
advantages over the elastic ones in coastal zones. On the other hand, VLFS
have a major role in the offshore regions. One of the issues in the construction
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of VLFS is curbing the undesirable plate deflections. By placing submerged
structures at one end of or beneath the VLF'S, these deflections are controlled
[16-19]. In this context, it was also desirable to study the problem of flexural
gravity wave interaction with a submerged ridge in polar oceans [12].

It is not uncommon to find many interesting studies on wave interac-
tions with an ice-cover [4, 8]. Also, flexural gravity wave interactions with
submerged bodies are semi-analytically studied by Das and Mandal [2, 3].
In particular, flexural wave interaction with an inclined submerged vertical
solid barrier is studied by Maiti and Mandal [9] with the use of hyper singular
integral equations. However, a very few analytical studies are available in
the literature to deal with the boundary value problems associated with such
problems. An explicit method of solution has been devised by Manam [10]
and Manam and Kaligatla [12] to tackle the membrane-coupled or flexural
gravity wave scattering by thin vertical solid barriers. Their solution method
has special importance that is exhibited in capturing enhanced reflection at
certain wave frequencies due to the presence of the floating structure and
the partial vertical barrier. Using generalized expansion formula and associ-
ated orthogonal mode-coupling relation, Karmakar et al. [5] have analyzed
the flexural gravity wave scattering problem involving multiple articulated
floating elastic plates. Mondal and Sahoo [14, 15] have investigated flexural
gravity wave interaction problem involving solid barriers in a two-layer or a
three-layer fluid with finite and infinite water depths. Behera et al. [1] have
studied oblique flexural gravity wave scattering by a finite submerged porous
plate.

Free surface wave interactions with porous structures is an important
study to understand the role of permeability in wave attenuation. Partial
porous structures such as bottom-standing or surface piercing ones are usu-
ally considered in coastal applications for various reasons that pertain to
navigation or the bottom condition. Not a single analytical solution proce-
dure is available in the literature to tackle the scattering problem involving
any partial porous structure until recently when Manam and Sivanesan [13]
completely resolved the problem involving thin vertical porous barriers for
normal wave incidence in deep water. The method of solution is based on the
decomposition of the original problem into two explicitly solvable scattering
or radiation problems involving a vertical solid barrier of same configuration.

In the present paper, the decomposition method of Manam and Sivanesan
[13] is exploited to tackle the structure-coupled gravity wave scattering by
a submerged or a surface piercing vertical porous barrier. The decomposed



problems in the present paper are solved explicitly by the aid of a weakly
singular integral equation. It is useful to study the present class of problems
in the development of VLFS or floating breakwaters with an aim to control
undesirable plate deflections and in coastal engineering applications. The
floating elastic structure is considered with or without compression. Also,
this study can be a model for the scattering of flexural gravity waves by a thin
submarine porous ridge in polar oceans. In Sections[2] and [3] the mathemati-
cal problem and its decomposition with the help of integral relations between
the wave potentials associated with the original and the decomposed prob-
lems involving either the submerged or the surface piercing barrier. More-
over, explicit solutions of the decomposed problems are obtained in Sections
and [3| for flexural or ice-coupled as well as capillary or membrane-coupled
gravity wave problems involving the barriers. Numerical results that describe
the effect of the porous barrier on these structure-coupled gravity waves are
presented along with conclusions in Sections [4] and [3]

2. Mathematical problem and its solution approach for submerged
porous barrier case

A two-dimensional irrotational wave motion is considered in an inviscid
incompressible fluid of infinite depth. Cartesian coordinates (x,y) are cho-
sen with y = 0 being mean free surface and y pointing vertically downwards.
A uniformly extended submerged thin vertical porous barrier is positioned
at © = 0,y € B = (a,00), where B denotes the barrier position. The
linearized wave motion can be represented by a time-harmonic velocity po-

tential ®;(z,y,t) = Re{ggj(:z:,y)e(_l)jw}, Jj = 1,2, where ®;(x,y,t) with
7 =1 and 57 = 2 represent the velocity potential associated with the incoming

wave traveling from x = 400 and & = —oo respectively and w is the incident
wave frequency. Then, the velocity potential ¢,(z,y), j = 1,2 satisfies

;0%

8x2+8y2 =0, —oco<x<oo,y>0. (1)

The boundary condition at undisturbed plate or ice-covered surface is given
by

o, +M33</3j N 0;

D oyd oy3 dy

+K¢;=0, on y=0j=12 (2)




where D = El/(pg — pidw®), M = 7/(pg — pidw?) and K = pw’/(pg —
pidw?). ET = Ed®/12(1 — v?*)-denotes flexural rigidity of the plate/ice-sheet,
E-Young modulus, v-Poisson ratio, p—density of water, p;—mass density of
the ice-sheet, d-thickness of the plate/ice-sheet, the flexible plate is under
compression if 7 < 0 and tension if 7 > 0 (see Manam and Kaligatla [12]).
When the surface is covered with a membrane of thickness m, the boundary
condition (2)) becomes third order condition with D = 0, M = 7/(pg — mw?)
and K = pw?/(pg — mw?), where 7 is the membrane tension. When the
free surface is considered with surface tension 7, the boundary condition
becomes with D =0, M = 7/pg and K = w?/g (see Manam [10]).

The condition on the submerged vertical porous barrier is obtained as

%(Oi,y) = (=1IAT[6,(0%,9) = 6;(07, )], y€(a,), j=1,2, (3)

where I' is the non-dimensional complex porous effect parameter such that
[ = ~v(s; +is2)/[Md(s? + s2)] in which « is porosity constant, d is plate
thickness, s; is resistance force coefficient, s, is inertial force coefficient,and
A is incident wave number (see Yu and Chwang [20]).

Since the fluid flow is continuous across the gap x = 0,y € G = (0, a), where
GG denotes gap position, the potential ng)j, 7 = 1,2 must satisfy

6;(07,y) = 4;,(07,y), y € (0.0). (4)
Absence of the fluid motion at large depth suggest that

|V$j|—>0, as y— o0, j=1,2. (5)
The radiating conditions are specified as

7 O(_x7y) + Rp ¢O(x7y)7 (_1)j+1x —r 00,
b1t y) ~ { O R e =

where ¢°(z,y) = e*~ represents an incident wave with \ being the positive
real root of the dispersion equation Dz® + Mz® + 2 — K =0 and R,, T, are
reflection, transmission amplitudes of an incident wave respectively.

The potential function ng j = 1,2 has the edge behavior

IVo;| ~r Y2 as r— 0. (7)



where 7 is the local radius from the edge point x = 0, y = a (see Karp and
Karal [6]).

Since the horizontal velocity of the fluid is continuous across x = 0, one could
reduce the upper-half plane problem for the potentials qgj (z,y),7 = 1,2 into
a quarter-plane problem. This is done by writing

) =z, y) + Oz, y) + O (z,y),  (—1)z <0,
¢j($,y) B { —Qﬁ?(—l?,y), <_1)j$ > 07 for j = 172

The new functions ¢} (z,y) and ¢4(z, y) are defined in the domain « > 0 and
x < 0 respectively.

Therefore, if the functions gbf (r,y),j = 1,2 is found then by using the
above relation, it can be obtained the potential functions of original problem
éj (z,9),j = 1,2. Now, the new potential functions ¢ (x,y),j = 1,2 satisfy
, , and the boundary conditions

0P
%(O,y) + 21FA(¢§(07?J) + ¢°(0,y)> = 0,for y € (a,00),5 = 1,2,

¢7(0,9) +¢°(0,5) =0, y€(0,a),j=1,2 (8)
and

¢(z,y) = (R, — 1)¢’(z,y) as (—1)'z — —oc0, j=1,2

with T, = 1 — R,
The porous barrier edge condition 1} satisfied by ggj (x,y),j = 1,2 suggests
that

(V| ~ rV2 s r—0,5=1,2. 9)

When the porous barrier becomes a solid barrier, that is I' = 0, the
quarter-plane porous wave potentials gzﬁﬁ-’ (x,y),7 = 1,2 reduce to solution po-
tentials for wave scattering by the submerged solid barrier. These potentials
are solid wave potentials and are denoted by ¢;(z,y),j = 1,2. They satisfy

—, —@ and the Neumann boundary condition

9¢;
ox

Also, radiation conditions are modified in this case as

ij(l’,y) — (R - 1)¢0<$,y) as (_1)]'1, — —00, j - 1727

(0,y) = 0,for y € (a,00),5 =1,2.

where R is the reflection amplitude of an incident wave due to the solid
barrier.



2.1. connection between the porous and the solid wave potentials

The connection takes the same form as the one in Manam and Sivanesan
[13] that has been established for free surface gravity waves. It is an integral
relation among the functions qb? , 05,7 = 1,2 and the auxiliary wave potential
functions 7, j = 1,2 as given by

Mw

) + 00 [ [1(0.0) + ()} + 1, y)

= ¢j($ay) + %‘(%Z/)» (_1)j+1x > 07] = 172 (10)

Each term in the above connection is shown to satisfy Laplace equation. Also,
it helps to decompose the original problem for (b? (x,y) into two problems for
the functions ¢; and ;. The reader is referred to Manam and Sivanesan
[13] for more details. Then, the problem for ¢;,j = 1,2 is merely scattering
of structure-coupled waves by the submerged vertical solid barrier while the
problem for the auxiliary potentials ¢;, j = 1, 2 satisfy -, along with
the conditions

wj(oay) =0, ye€ (O>a)7 (11>
wjm(ovy) = Oa RS (a7 OO) (12)

and
Vi(z,y) ~ R} ¢°(2,y) + R} ¢"(—z,y), (—1)"'z — oo,

where Ri, k = 1,2 are unknown constants.

Adding the relations in after rewriting them in the same domain x > 0
and then make use of the addition in produce the porous wave potentials
¢j(x,y),7 = 1,2 in an explicit form as given by

Qﬁ?(l’,y) = [¢j(m7 y) + djj(‘r? y)] - F[¢O($, y) - ¢0(—$,y)] -
IKFZ/Ox [¢l((_1)j+lt7y) + @Z)l((_l)j—i_ltvy)} dtv (_1)j+1x >0,7=1,2. (13)

Now, it is only remained to explicitly solve the decomposed boundary
value problems for ¢; and v;,j = 1,2. Their details are given in the next
section.



2.2. Determination of the decomposed wave potentials
2.2.1. flexural or ice-coupled gravity wave scattering
We consider a problem for the function x(x,y),z > 0,y > 0 that satisfies

—, , , and the radiating condition
X(@,y) ~m ¢ (2,y) +n2 ¢°(—2,y), as @ — oo (14)

The general solution x(z,y) that satisfies —, and can be written
as (see Manam and Kaligatla [12])

X(-T,y) — mei)\xf)\y_i_n2€fi)\a:f)\y_|_Alei>\1zf)\1y_i_AQe,ij\m,;\ly
+ / A(E) LiE y) e dg, >0,y >0,
0

where 1y, 79, A1, As, A(€) are unknowns, L(€,y) = £(1— ME?+ DEY) cos £y —
K sin &y and the roots of the polynomial equation Da® + Qa® + 2 — K = 0
are A\, \j,\;,j = 1,2, It is not difficult to see that A > 0,Re(\;) > 0 and
Re()\g) < 0.

Application of the boundary conditions and produces a pair of
integral equations

g/ A(€) sinéyde = —(m + 1) e — Aje™Y — Aye™Y, y € (0,a)
0
and

«Z/ EA(E) sin€yd€ = (m — ma)ide™ + i\ Aje™Y —id Ay ™Y, y € (a,00),
0

where £ = (D;—;5 +M§_;+a% - K).
These are integrated to find that
/ A(8) sin€yde = Cy e + Co eV + Cy MY + Cy eV + O ™2
0

(m +m2) 5, Al Ly A sy L
TSy ¢ s +S<X1)€ = f(y), y€(0,a) (15)

and
/ EA(E) sin€ydE = Dy e + Dy + DyeM¥ 4 Dy + Dy e
0
i iM

__ _ Ay _ 2! =1y - -y —
SV (n — ma)e S()\l)Ale + S(AI)AQQ = h(y), y € (a,00),(16)




where C;,D;,j = 1,2,3,4,5 are arbitrary constants and S(X) = X(1 +
MX?*+ DX*) + K.

Since the Fourier integral tends to 0 as y — 0 and it is differentiable at
least four more times, it may be obtained from that

1 1 1 1

O+ Cy+ Gy + Oy + Cs + -~ tson M Tgoy =0 17
S TP VIR TPV KT W NTO W o

2 2 12 2 12 A? N )\% 5\%

A — Ay =

A C’1+)\ICQ+)\103+)\204+>‘205+S()\)771+S()\)n2+5(/\1) 1+S()‘1> 20
(18)
MO MOy MG M MO bt M4y My, g
1 1Ca 1C3 2Ly 2%5 S(/\)/rh S()\>772 S()\l) 1 S(j\l) 2 =— U.

(19)
Also, since h(y) — 0 as y — oo, the constants D3 = D, = 0.
By the inversion of the Fourier sine transform , it may be obtained that

A(g) = 7% /OOOP(y) sin &y dy, (20)
where
_ Jaly), forye(0,a)
P(y) = {h@)a for y € (a, 00)
with

0(y) = / EA(€) sinéyde, y € (0,a).

Now, substituting A(§) in the integral relation , one may obtain the
weakly singular integral equation

1 [~ u+x
= awos[ 2 au = fiw). o € a,00) (21)
where

filz) = f(x) — l/aooh(t) log ‘i—i)dt.



Due to the fact that the pair of integral relations and are differen-
tiable at least for four times, one can obtain a pair of weakly singular integral
equations by applying the above procedure again and it may be obtained as

L[> u+x
— i(u)l ‘d = f; 22
= o[ = o), v e (o0, (22)
where
R P2U-Df 1 oDy T4t .
gj(y)zm, jlx —m—;/a 26D log‘ ‘dt,j:2,3.

By applying the above process, A(§) in can be written as two more
different integral forms. Then equate these A() recursively, one may obtain
the following conditions

h(a) =0, h"(a) =0, ¢gi(a) = h'(a) and g¢{"(a) = h"(a).
The first two of the above conditions become
I\ N . i\

)\zaD S\QGD . —Aa . —Aa
S A ATs VA RO W
5\ B
AT
and
-5 3 A3 iz3 iA3
/\2 )\QaD )\2 )\gaD o t —a —Aa . 1 *AlaA
5€ 1+ Ae 2 —S(/\)e 771+—S()\>e M2 S(/\l)e 1
Z>\3 —5\1(1
+S(A1) Ay =0. (24)

The solution to the integral equations and subject to the bounded
behavior of the functions g;(u), j = 1,2, 3 at u = a is obtained as (see Manam
and Kaligatla [12])

= —uva2 —u? f/( ) u a
g'( )* \/j( )dt> € <O7 )

provided that
© fit)

\/T =0, j=1,2,3. (25)



The conditions are expressed as

AL (AN)CL A+ M1 (M) Co 4+ A1 J1 (M) C5 + XaJ1(A2)Cy + Ao J1(Xo)Cs

—Js(\a) Dy — J5(3e) Dy — [Sz\;l)Jl(—Xl) n SZ(A;l)Jg(_Al)] A,
-%uAnAl—cmxml—[5%5J4—A»+3%5Jm—xﬂn2=o, (26)

N T N)OL + X3 (A1) Cy + AT (M) Cs + A3 J1 (M) Oy + A3 J1(A2)Cs

(D1 — Xa(A) Dy~ | S(A;)u )+ Sz&i’l) T(-20)] As
~60n)A = BV — [ BN + g AN =0 (21

and

N T (A)C) + MAST (A Cy + A0 T (M) Cs + A5 J1(A2)Cy 4+ A5 1 (Xa)Cs
/\5 - 2)\5
Ji (=
5o 56

7\ O 5

—y (M)A — y(N)m — [%Jg(—k) + ﬁh(—k)]na =0, (28)

A T (M) Dy — A5 (M) Dy — Ja(— xl)]AQ

where a(X) = S(X) s (—X) =555 5s(=X), B(X) = 251 (—X) 25 Js(—X)
and y(X) = S(X) = J1(—X) — g)g;) Jg( X) with Ji, J3 as in the Appendix.

Finally, the conditions g} (a) = h/(a) and ¢{'(a) = h"'(a) may be modified as
(see Manam and Kaligatla [12])

t2f”/ tQh// o]
—ag;(a) = d— dt+ th” (t)dt
and
t2 f///// t2 h//// oo
—ag(a d — dt+ th"" (t)dt.

These are further expressed as linear equations

N TN Cy + NI (A)Cy 4+ X3 T3(M)Cs + A3 T (M) Oy 4+ X3 J5(X2)Cs

10



[ = X 00)| Dy + [0 = R (Ra) | Dy = 31 (W)
— [%ﬂ(—)\) + ﬁjﬂ_)‘) - %

A3 - i\ -
— [mb(—/\ﬁ + 5(5\1)(]4(_)\1) —

64&] n2 — 71(A1) A4
ih
S(A)

6_5‘1“] Ay=0 (29)

and
N Ty (AN)O1 + M AT (M) Ca + A0 J(A1)C5 4 A5 J2(A2)Cy + A5J2(A2)Cs
—|— |:)\%6>\2a — /\3;]4()\2)] D1 —f- [;\ge%a — 5\3J4(5\2)] D2 — ’}/2(/\)771

i\’ PN i3
— | e a(—A) + =5 (=) — My — (A1) A
[S()\) 4( )_I—S(/\) 2( ) S()\)e ]772 72( 1) 1
A - A3 . x5
— | === J(—A L Ji(=M\) — ==—e M Ay =0, (30
500 2R+ Sy gy A= 60
where 71 (X) = %JQ(—X)—%L(—X)—?—%B’X“ and 12(X) = %JQ(—X)—
%JA—X) + éfg?)efxa with Jy, Jy as in the Appendix.

Then, the flexural gravity wave potentials v¢;, 7 = 1,2 are obtained as
Yi(x,y) = x(z,y) > 0,y > 0 with 1 = Ry, n = Ry and ¢(z,y) =
X(—=z,y) * <0,y > 0 with n, = R2, n, = R2.

By following the above solution procedure to the scattering problem in-
volving the submerged vertical solid barrier, it is found that

QS](a:') y) — (R _ 1)61)\17—)\34 + Blel‘A1$—)\1y + B2€—i§\11:—5\1y
+/MQL@ww4W&&x;wa>mj:Lz
0

where L(&,y) = £(1 — ME%2+ DEY) cos&y — K sinéy and R, By, By, B(£) are
unknowns.

The function B(&) will take the form of with an appropriate P(y) while
the other constants satisfy the system of linear equations

1 1 1
U + Uy +Us + Uy + U R B — B, =0 31
1+ U+ Uz + Uy + 5+S(A) +S(A1) 1+S(A1> 9 , (31)
2 A2 A2
LB +—=-By,=0, (32)

AUy + N2Us + AU + AUy + M3Us + =< R
1+ATU, 1U3 2Us+AUs S(,\) +S()\1) S()\l)

11



N B A4 4 4
MU+ MUy + MU+ MU+ \2U. R L B 1 By,=0
1 F A Ua+ AT Us+ A Us+ Ay 5+S()\) +S()\1) 1+S()\1) 2 ,

)\gav S\QGV - —)xaR o —Aa - —Aa
e 1te 2 ()\)6 S()\1>€ 1+S()\1) 2
2 —Aa
SN
. A3 iN iN 5
A2eeays 4 \2pheays _ ’ “Xap 1 _—\a M _-Xa
5€ 1+ Ae 2 S(/\)e —S(/\l)e 1 S(}\l)e 9
_ iA3 o—Aa
S

AL (NUL 4+ M T (AU 4+ AL (A)Us 4 Ao J1(A2) Uy + Ao J1 (M) Us
—Jg()\Q)Vvl J3<>\2)‘/2 — Of()\)R — a()\l)Bl

- i\
A (—Al)]BQ - mJg(—x),

A
- mj( A1) +

’l)\l

S()

ML NUL + X2 T. (00U + X3 T (M) Us 4+ AT (M) Us + X1 () Us
—A3J3(A)Vi — A3 J5(A2)Va — B(A)R — B(A1) By

A3 - iX3 < s
LR R ) T VRl

NI AU+ M T (AU 4+ X T (A Us 4 X5 J1 (M) Uy + A5 J1 (M) Us

A2 < Mi’ i\
5o =00+ gy A Ba = o )

12

(33)

(34)

(38)



N I(MNUL 4+ X3 Jy(A)Us + X3 Ty (M) Us + X3 Jy (M) Uy + A3 Ty (M) Us
+ [e’\” - A§J4()\2)} Vi+ [eM XL Ve = R = 1 (M) By

5\? - 25\3 Z)\l 3
— | —J(=\ —71J ) — _ —A1a B
[S(Al) 2(=A)+ g M~ 55,¢ 2
ix3 iAo
W 4<_)\)_me ) (39>
and
N TN U 4 X2 Ty (M) Us 4+ X2 Ty (M) Us + A5 Jo (M) Uy + A5 J2 (M) Us
+ |:)\§6)\2a - /\3(]4()\2>i| Vi + |:5\§65\2a — 5\§J4(5\2)j| ‘/2 - ’YQ(/\)R — ’)/2(/\1>B1
A} - iA - i s
- ——J _>\ ——J —)\ — — —Aa B
[S()q) o( 1)+S()\1) 4(—A1) S()\l)e ] 9
i\° ix3
_ _)\ . —Aa 4

where Uj, 5 =1,2,3,4,5 and V}, j = 1,2 are unknown constants.
Now, by using far-field behavior of the each term in the connection ({10J),
it may be obtained that

(1+T)R, = R+ R}, (41)
I'R, = —R} (42)
for j =1 and
(1+T)R, = R+ R3, (43)
I'R, = —R? (44)
for j = 2.

The linear equations (17)-(19), ([23)-(24) and (26)-(40) withn, = R}, 7, = R}
orny = R3, 1y = R? along with (41))-(42)) or (43)-(44)), respectively, are solved

to find all the unknown constants involved in the problem. Thus, the porous
potentials ¢ (z,y),j = 1,2 are explicitly known from the relation (13).

13



2.2.2. capillary or membrane-coupled gravity wave scattering
The general problem for x(z,y),z > 0,y > 0 in this case is (1)),

with D =0, (5)), (1I)-(12) and (14). x(z,y) is routinely determined as (see
Manam [10])

X('xv y) = nlei)\xi)\y + 77267i)\m*)\y + / A(é) Ll(f? y) e*ﬁx df? T > 07 Yy > 07
0

where Ly (&, y) = £(1—ME?) cos &y — K sin £y, ny, 12, and A(£) are unknowns.
Also, ) is a positive real root of the dispersion equation Mz3 +x — K = 0.
The equation has complex conjugate roots A;, \; with a negative real part.
Then, the unknowns involved are found to satisfy the linear equations

1 1
Ci+Cy + C o =10 45
1+ Co + 3+S()\)771+Sl()\) ; (45)

2 2 12 A2 A2

AC1 4+ N[ Cy + X C =0 46
1+ A G2 + A 3+51(>\)m+81(>\)772 ; (46)

5 A A
eMiDy + MDDy — Z—e_’\“n +Z—e_’\“ng =0, (47)

Si(\) eN

)\Jl()\>01 + )\1J1()\1)Cg + 5\1J1(5\ )03 — Jg()\l)Dl — J3(5\1)D2

—a(m = [ AN + g AN m =0 @

NJLN)OL + X3 T (A Cy + AT (M) Cs — X2J3(A) Dy — A3 J5(\)Ds

=B = [5G BN + g AN m =0, (49

N Jo(NC1 4 A3 Jo(A)Co + A Jy(3)Cs + [e’\“’ — A§J4(A1)] D,
i bt
W“‘A) BSTOY
where S;(X) = X(1+ MX?)+ K, a(/\) Ti(=A) = gy J3 (=), BON) =

)
A TN = 255 Ja(= ), 7 (A) = )= 5 Ja(=A) + s e and

Cj, D; are arbitrary constants.

e = X)) D2 =3 — | h(=A)]m = 0(20)

JQ(

S, ()\)

14



Then, the membrane-coupled gravity wave potentials v;,j = 1,2 are ob-
tained as ¥y (z,y) = x(z,y) = > 0,y > 0 with n;, = R}, m, = R} and
o(z,y) = x(—z,y) © < 0,y > 0 with n, = R3, n, = R3.

The solid wave potentials ¢;, 7 = 1,2 are similarly obtained as

¢z, y) = (R— 1) / B Li6,y) eV e (—1) T > 0,5 = 1,2,
0

where Li(£,y) = £(1 — M&?) cos&y — K siny and R, B(£) are unknowns.
Again, The function B(§) takes the form of with appropriate P(y) while
the reflection amplitude R satisfies the system of linear equations

1
U+Us+Us+——R=0 51
2 2 N2 )\2

MU+ A\Us + A\jUs + ——R =0 52
1+ 1 2+ 1 3+Sl(/\) ’ ( )

Aa Aia i —Aa A —da
etV 4+ eMV, — e = — e, 53
TPy S0 %9)

ML (NUL 4+ M T (AU + M T (AU — J3(A) VL — J3(A) Vs

—a(MR = Sfa) J(=N),  (54)
NN+ XT ()T + NI (U5 — A2 J5(0)Vi — A2J5(A)Va
~BVR = g5 RN, (59

and
N LN + N T (M) Us + N Jo(3)Us + [e*w _ A$J4(A1)] v,

L[t 5\%J4(5\1):| Vo —y(A\R = %A(—/\) — Sf()\)\)QM’ (56)

where Uj, 7 =1,2,3 and V},j = 1,2 are constants.

The system of equations — will determine the reflection amplitude
R of the submerged solid barrier while (45))-(50) with 7, = R}, n, = R} or
m = R3, 1o, = R? along with relations (41)-(42) or (43)-(44), respectively,
produce the reflection amplitude R, and the other unknowns in an explicit
form.
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3. Mathematical problem and its solution approach for surface
piercing porous barrier case

We consider the scattering problem involving a surface piercing barrier

when the surface is covered with either a membrane or surface tension by
assuming D = 0 in . In the former case, both side of the barriers, mem-
brane is connected with a spring of zero stiffness (see Manam [10]). Then, the
spatial potentials ngj(a:, y),7 = 1,2 satisfy the mixed boundary value problem
— (7)) with B = (0,a) and G = (a, c0).
It may be observed, due to the surface tension effect, the horizontal velocity
of the fluid is not continuous at the piercing point (0,0). In order to make the
problem in which horizontal velocity is continuous across x = 0 and to utilize
the previously established solution procedure, we define a new potential as
given by

O-j<m7y) = gg](xay) —§£5<$,y)7 —0<r <00,y > 07.] = 172 (57>

In the above, ¢ is the complex potential associated with wave scattering
by complete porous wall occupying the position at x = 0,y > 0. Then,
¢, J = 1,2 may be obtained (see Manam et al. [11]) as

~

WPLw+Rwﬂxw+/wﬂ@w«mm%“%4—wa>a
P52, y) = 0

T, ¢°(—x,y) + /OOO Ey(€)Ly (€, y)e~ Sl dg, (1) < 0,

where )\ is the positive real root of the dispersion equation Ma?+x — K =0
and Ly(&,y) = £(1 — M&?) cos €y — K siny. Also, in the above, by utilizing
the mode-coupling relation on orthogonal functions L;(£,y) and e (see
Manam [10]), the reflection and transmission amplitudes of the incident wave
from the complete porous barrier are obtained in an explicit form as given

by

2iM (p~ — p') 1 e =)

=1-T, = 14+ 2%MT = |

R A 1gerl M e

M(p~ —p") . (v~ —p")

Ei(§) = —BEy(&) + —F— 2 — —i\MT R
() =-50) A() A(€)(€ — 20AT)

L 095(0%,0) . .

where = = ———— are undetermined constants in the problem and

0xdy
A(€) = (1 - M&)? + K2,
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Also, first it may be observed that if ((¢;).(0—,0) — (qgj)m(O%—,O)) =
((65)2(0=, 0)=(¢5)2(0+,0)), then ((¢;)2(0—, y)=(0;)=(0+,9)) = ((65)(0",y)—
(05)2(0+,y)) for all y > 0 and subsequently, the potential % is continuous

across © = 0 . Then the undetermined constant (u~ — p*) will carry for-
. . — 4y _ [99;(0-,0)  94;(0+,0)
ward to the problem for o;(x,y) since (u= —p*) = 5507 5edy ) In

other words, the undetermined constant (= — ™) in the scattering problem
involving the complete porous barrier has been fed from the last equality.

Since the membrane cover is connected to the barriers with the spring of
aqﬁj(O*,O) 8¢>j(0+,0)

zero stiffness, then —4—-= = —L=-= = (. In the case of free surface with
Y oy N
C(M)j(O*,O) 8¢j(0+,0)

surface tension these constants, are also known as edge

ox0y Oz0y
slope constants at the surface. (see Manam [10])

Now, the partial derivatives o;_,7 = 1,2 are continuous at x = 0,Vy > 0.
It is clear from the definition that the potentials 0;,j = 1, 2 satisfy —
, and . The new potentials ¢;(z,y),7 = 1,2 can be decomposed as

(see Lamb [7])
) _ on(x7y)7 (_1)j+lx >0,
oj(z,y) = {—%(—%y}, (=1)7*+z < 0.
The functions ¢;(z,y),j = 1,2 defined in the quarter plane satisfy (1])-(2),
and along with
0. (0,9) + 2iAT'p;(0,y) = 0, y € (0,a),
@](an) = QJ(y)> y e (&7 OO)?
QDj(QT,y) ~ (Rp - RC)¢O($,y), T — 00,
where the function ¢;(y),j = 1,2 is given by
1 j ([ AC c
g(y) = S (@50+,y) = 65(0—.y)), y € (a,00),

= Re ™+ [ E(Li(&y)dE, y € (a,00)
0

with

_ 1 (iM(u —uh) 1) B(e) = M E(pm —pt)
142\ 1 +3MN2 ’ 2 A(&)(€ —2iATD)’
Next, the above quarter plane problems for the solution potentials ;(z,y), j =

1,2 are solved by defining a connection between them and a relatively easily
obtainable potentials, also known as auxiliary potentials.
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3.1. Determination of the potentials

The connection between the solution and the auxiliary potentials may be
defined as

pi(w.9) + T [ [oa(-17"18,0) + a1, )]
0
= Q;(z,y), (=1)"z >0, =1,2,
where the auxiliary potential €2; satisfies — and . Then, it can be
easily verified that the potential €2}, 7 = 1, 2, satisfies the boundary conditions

Q, (0,5) =0, y € (0,a), (58)

(O,y)Z i(Y), y € (a,00), (59)
Qj(@,y) ~ Ri;¢"(2,y) + Reyd"(—x,y), (=1) "'z — 00, (60)

where the Ry;, Ryj, j = 1,2 are unknown constants such that

Ry — Roy = (1+2I') (R, — R.), Ri1+ Roy = R, — R, (61)
and

Ryy — Ria = (1+2I')(R, — R.), Ros + Ri2 = R, — R.. (62)

The potential function Q(z,y) that satisfies (I)-(2)),(5) and may be ex-
panded as

Qz,y) = RN 4 Ry~ A=Ay +/ C(&) L (&, y)e‘éx d&, x>0,y > 0.
0

where Ry, Ry, C(€) are the unknowns and \; and A; are the other two roots of
dispersion relation. It is seen that Q(z,y) = Q(z,y), x > 0 with R; = Ry,
Ry = Ry and Qg(x,y) = Q(—I,y), z > 0 with R, = RQQ, Ry = Rqs.

A pair of integral equations are obtained by using the boundary conditions
and . These integral equations are solved by the procedure as in
Manam [10], Manam and Kaligatla [12]. Then the unknowns R; and R
satisfy a system of linear equations

2

G1+ Gy + Gy — 50
1

(B — Re) =0, (63)
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ix3

G + GoA] + G3AT — 5.0 >(R1 Ry) =0, (64)

1

_ )\
G Aa G A1a G Ala ¢ Ri— R —/\azo 65
1€77 + Goe™ " 4 Gse 51()\)< 1 E ) (65)

J5(N)G1 + Js(A)Go 4 J5(A)Gs + A Js (M) Fy 4+ A Js( M) Fy

ST BN+ B = Ry) = o BN (R~ R

/ /ootht2 COSgtdfdt, (66)

_a2

)\2J5()\)G1 + A J5( A1) G + X12J5(X1)G3 + A Js (M) FL + X13J6(X1)F2
3 i3

———Js(—\)(Ri1+ Ry — R) — ——

Sl()\> 6( )( 1 2 ) S ()\)

3E(¢
/ / t& T Cosgtdfdt, (67)

— a2

Js(=A) (R — Ry)

AJLA)G + A1 J1(A)Ga + A J1(A)Gs + A2 J5(A)Fy + A J3(0) F
A2 iN?
J3(=N)(Ry + Ry — R) + ———

/ / EE( _Sljftdgdt, (68)

where Jq, Js, J5 and Jg are given in the Appendix.

These set of six equations — and a pair of equations in or
are solved by taking either Ry = Ry1,Ry = Ro; or Ry = Roy, Ry = Ry
for the eight unknown coefficients G4, G2, Gs, F1, Iy, Ry, Ry and R, interms
of umu — .

Ji(=A)(Ry — Ra)

4. Numerical results

4.1. Flexural or ice-coupled gravity waves with submerged barrier

Numerical results are evaluated for the reflection coefficient and the total
energy against a wave parameter. Conservation of energy |R,|* + |T,|* =
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is validated when I' = 0 for two barrier positions. In the computation,
parameters Young modulus F = 5G Pa, Poisson’s ratio v = 0.3, ice density
pi = 922.5 kg m~3, water density p = 1025.0 kg m~3, acceleration due to
gravity g = 9.81 ms~2 are fixed. A typical value 7 = —(EIpg)'/? is chosen
for the compressive force on the floating structure.

IRl

Time Period 21lw Time Period 277/ w

(a) (b)

Figure 1: Variation of (a) reflection coefficient and (b) total wave energy
against time period 27 /w when d = 0.5m and a = 1m.

In Figures [IH2] the reflection coefficient and the total energy for flexural
gravity waves are plotted against the time period T' = 27 /w for different
values of the porous parameter I' when the thickness of the compressed plate
d = 0.5m and the submerged depths a = 1m,20m respectively are kept
fixed. As observed in Manam and Kaligatla [12], enhanced reflection at
certain smaller time periods is sensitive to both the depth of submergence
and the plate thickness. For waves with these shorter time periods, reflection
as well as energy dissipation is found to be significantly small for any porous
parameter. At certain short to moderate resonant time periods of the incident
wave, significant energy dissipation is caused by the porous barrier. For
waves with moderate to longer time periods, 40-50% of the wave energy
is dissipated and 9-20% of the energy is reflected by the barrier when the
the porous barrier is considered with resistant effects in the moderate range
[' = 0.5 to 1.0. Also, flexural gravity waves with certain time periods pass
through the porous barrier completely without any dissipation of energy. The
time period of these fully transmitted waves becomes longer with an increase
in the submerged depth of the barrier.

Figure [3| depicts that flexural gravity waves with small and intermediate
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IRl

Time Period 277/ w Time Period 2 77/ w
(a) (b)
Figure 2: Variation of (a) reflection coefficient and (b) total wave energy

against time period 27 /w when d = 0.5m and a = 20m.

time periods have higher reflection than the flexural gravity waves under the
compressive force while those with longer time periods have slightly lower
reflection.

1.0 ‘
=0 {\/ 10
0.8 r=0.5

09¢

----- r=1 N
o (0] S— =14 E 0.8F
g '''' = [=1+2i [\f o o7t

Time Period 27l w Time Period 277l w

(a) (b)

Figure 3: Variation of (a) reflection coefficient and (b) total wave energy
against time period 27 /w when d = 0.5m, a = 20m and 7 = 0.

4.2. Capillary or membrane-coupled gravity waves with submerged barrier
The reflection coefficient and the total energy are plotted against the non-
dimensional wave parameter Ka for different values of the non-dimensional
membrane tension parameter 3 = MK?2. A typical value of 8 chosen for wa-
ter at the room temperature is 0.074. The reflection and the energy curves for
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capillary gravity waves in this case are shown in Figure [d] Enhanced reflec-
tion as well as significant energy dissipation takes place at certain frequencies
which is due to the interplay between the surface tension and the incident
wave frequencies for all I' values. However, moderate values of resistance
effects in the porous parameter I' cause significant enhancement in the reflec-
tion and dissipation as compared to the inertial effects in I'. Figure [5| shows
similar results for membrane coupled gravity waves with widening the gap
between resonant frequencies. Clearly, surface or membrane tension causes
enhanced reflection and porosity causes energy dissipation significantly at
the resonant frequencies.

IRl

3.0 0.0 0.5 1.0 1.5 2.0 2.5 3.0

Figure 4: Variation of (a) reflection coefficient and (b) total wave energy
against the non-dimensional wavenumber Ka when g = 0.074.

4.3. Capillary or membrane-coupled gravity waves with surface piercing bar-
rier

The coefficient of reflection and total energy are evaluated against the
time period and non-dimensional wavenumber for membrane-coupled grav-
ity waves incident on the surface piercing barrier. Computations have been
done for the same edge slope constants. In Figure [0 reflection and energy
curves are depicted versus time period when 3 = 0.1 and a = 1m. Figure[6]
shows that reflection decreases as absolute value of porous effect parameter
I' increases and energy loss increases as absolute value of non-zero I' value
increases for waves with smaller time periods. Reflection of a solid barrier
is expectedly high. In Figures [7H3] reflection and energy curves are plotted
against the wavenumber Ka for various porous effect parameter I' values
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Figure 5: Variation of (a) reflection coefficient and (b) total wave energy
against the non-dimensional wavenumber Ka when § = 0.1.
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Figure 6: Variation of (a) reflection coefficient and (b) total wave energy
against the against time period 27 /w when = 0.1 and a = 1m.
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with parameter values = 0.074 and § = 0.1, respectively. The former one
for water with surface tension and latter for a tensioned membrane. Figures
depict that reflection increases with the decrease in the inertial and the
resistance of the porous parameter for all wavenumbers. Complete transmis-
sion occurs for waves with certain frequencies. Moreover, dissipation of wave
energy is mostly caused by the resistance effect of the porous parameter and
this happens for moderate to higher wavenumbers.

IRl

Figure 7: Variation of (a) reflection coefficient and (b) total wave energy
against the non-dimensional wavenumber Ka when # = 0.074.

IRl

Figure 8: Variation of (a) reflection coefficient and (b) total wave energy
against the non-dimensional wavenumber Ka when g = 0.1.
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5. Conclusions

Structure-coupled gravity wave scattering by a submerged vertical porous
barrier is explicitly solved by utilizing a connection between its solution wave
potential and the one pertaining to wave scattering by a submerged vertical
solid barrier. Also membrane coupled wave scattering by a surface piercing
porous barrier is explicitly solved by a similar connection between the wave
potentials. The method decomposes the original problem into two explicitly
solvable ones. Then, by solving the involved integral connections, the solution
wave potentials of the original problems are explicitly determined.

Numerical results for the explicitly found scattering quantities are graph-
ically presented. It is found that porous barriers with moderate resistance ef-
fects cause much desirable wave reflection and energy dissipation. At certain
resonant frequencies, enhanced reflection is caused by the membrane tension
while significant energy dissipation is caused by the porous barrier. Further,
complete transmission of capillary or membrane-coupled gravity waves past
the surface piercing porous barrier occurs at certain resonant wave frequen-
cies.
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Appendix

@ et T
Jl(LC) = /0 Wdt = 5[[0(@37) + Lo(al')],

@ ¢2emt a’m am
Jo(z) = dt = —/[Io(ax) + Lo(az)] — —[I1(az) + Ly (ax)],

0 a2 — t 2 2x

o] ext

J3(r) = / = ant = Ko(—ax),
[ e a )

Jy(z) = ’ ﬁdt = —;Kl(—ax) + a*Ky(—ax),

= ’ text = a a_ﬂ- axr axr
Js(z) = /o\/ﬁdt_ + 2[11( ) + Ly (az)],

o tert

Jo(x) dt = aKy(—azx),

o t2—a2

where Ky, K1, 1y, I; are the modified Bessel functions and Lg, L; are the
Struve functions.
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