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Abstract. We shall investigate the asymptotic behavior of solutions to the Cauchy problem for
the one-dimensional bipolar quantum Euler-Poisson system with time-dependent damping effects
(1‘4{7;»(2 = 1,2) for —1 < A < 1. Applying the technical time-weighted energy method, we prove
that the classical solutions to the Cauchy problem exist uniquely and globally, and time-algebraically
converge to the nonlinear diffusion waves. This study generalizes the results in [Y.-P. Li, Nonlinear
Anal., 74(2011), 1501-1512] which considered the bipolar quantum Euler-Poisson system with constant
coefficient damping.
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1 Introduction

To model and simulate the charged particles transport in ultra-small sub-micron semiconductor
devices, for instance resonant tunneling diodes, where the quantum effects (such as particle tunneling
through potential barriers and build-up in quantum wells [2, 6, 5, 18]) arise and cannot be simulated
by classical hydrodynamic models, the quantum hydrodynamic models are driven [6, 7]. The quantum
hydrodynamic models usually take the form of compressible Euler-Poisson systems with an additional
dispersion term which represent the effect of quantum (Bohn) potential. In this paper, we consider
the following one-dimensional isentropic bipolar quantum Euler-Poisson system with time-dependent
damping
nit + Jiz =0,
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ot (G pm)) —m (Y52) =mE — gl
2

1
ot + Joz =0,

E; =ny —no,

for (z,t) e Rx Ry, p € Ry, and A € R. Here, ny = ny(x,t) > 0,ne = na(z,t) > 0,J1 = Ji(x,t), Jo =
Jo(z,t), E = E(x,t) are unknowns, represent the electron density, the hole density, the current density
of electrons, the current density of holes, and the electric field, respectively. The nonlinear terms
p(n1) and ¢(ng) denote the pressures of electrons and holes. The time-dependent damping effects
ﬁ(}i(i = 1,2) are called under-damping for A > 0, which are time-gradually-vanishing; and are
called over-damping for A < 0, which are time-gradually-enhancing. The under-damping and over-
damping make the structure of the solutions to (1.1) more interesting and complicated.

In recent years, the theoretical theory on the quantum hydrodynamic models for semiconductors

has been one of hot spots in mathematical physics because of their physical importance and wide
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range of applications. Due to the mathematical complexity and difficulty, the studies on the bipolar
quantum Euler-Poisson system are very limit. Unterreiter [31] first studied the isothermal solutions
to the multi-dimensional stationary model in a bounded domain. Liang and Zhang [27] obtained the
existence and asymptotic limits of the steady-state solutions in a bounded domain of R¥(1 < d < 3).
Zhang and Zhang [36] proved the existence and uniqueness of thermal equilibrium solution to the multi-
dimensional bipolar quantum Euler-Poisson system in the whole space, and obtain the semi-classical
limit and a combined Plank-Debye length limit. Li, Zhang and Zhang [24] established the global
existence of the classical solutions to the Cauchy problem for the 3-D bipolar quantum hydrodynamic,
and proved the algebraic decay rates of the smooth solutions. Later, they considered the semiclassical
limit and the relaxation limit of the solutions to the multi-dimensional model in [37]. Li [20, 21] studied
the Global existence and asymptotic behavior of the classical solutions to the 1-D bipolar quantum
hydrodynamic model in the whole line and half line, respectively. Hu, Mei and Zhang [14] considered
a initial-boundary problem for a 1-D bipolar quantum hydrodynamic model, they first establish the
existence and uniqueness of the stationary solution to the corresponding stationary model, then they
obtain the exponentially asymptotic stability of the stationary solution and the semi-classical limit.
Hu, Li and Liao [15] stuided the stationary solutions to the 1-D bipolar quantum hydrodynamic model
with general doping profile in a bounded domain. For classical bipolar hydrodynamic model, we refer
the interesting readers, however not limit, to [3, 8, 11, 12, 13, 16, 19, 22, 23, 25] and the reference
therein.

Next, to understand the damping effects in the bipolar quantum Euler-Poisson system, it is
interesting and challenging to study the asymptotic behavior and regularity of solutions to (1.1). Due
to complex and difficulty of the system (1.1), the research is very limit. For the case that A = —1, Wu
[35] studied the large-time behavior of the classical solutions in the whole space. Moreover, when the
effect of quantum potential vanishing, system (1.1) can be reduced to the following classical bipolar
Euler-Poisson system with time-dependent damping

nyg + Jiz =0,

J3 _ J1
Jie + (,Tl er(”l)) =l — ahyxs
Not + Jag =0,

Jzt + (Lg + q(n2)> = 7TL2E .
ng - (14t)>

EI = N1 — N3.

Li, et al [25] first studied the diffusion wave phenomena of global classical solutions for the case
—1 < A< 1and g > 0 when the pressure functions are identical. Furthermore, Wu, Zheng and Luan
[33] investigated a more physical, and a challenging case that two pressure functions can be different
and with a non-zero doping profile. Later, Wu, Li and Xu [34] studied the stability of the nonlinear
diffusion wave in a half line. In this paper, we study the Cauchy problem for the system (1.1) with
the initial data and the far field conditions

(1.2)

(’I’Ll,nQ,Jl,Jg)(l‘,O) = (nlo,’IZgo,JlmJgo)(.’L’) — (ni,ni,Jli,Jgi) as T — iOO7
E(—o0,t) = E~,

where ny > 0, J14, Jor and E~ are given constants. Throughout this paper, for simplify, we assume
that

p(s) =q(s)=s",v>1,-1<A<1,pu=1

As in [25], the asymptotic profiles of the solutions of IVP (1.1)—(1.2) are expected to be the
solutions to the following system

t
p(’ﬁ)w = _ﬁv (J},t) ERXR-H (13)
(n,J) = (n+,0) as z — Foo.



[4] shows that this system possesses a unique self-similar solution in the form of

(1, 7) 1) = (1, ) (ﬁ) ,

which is usually called the nonlinear diffusion wave.

Before stating our main results, we first give some notations which will be used throughout
this paper. The symbol C' > 0 stands for a generic constant, which is independent of time, and
C; > 0(i = 1,2,--+) represents some specific constant. LP(R)(1 < p < +4o00) are the spaces of
measurable functions whose p-powers are integrable on R, with the norm | - || z»r) = (pr(R) |- |pdx)%
For the case that p = 2, we simply denote || - [[z2r) = || - ||. And L*°(R) is the space of essentially
bounded measurable functions on R, with the norm || - |[pe~®) = esssup,cg| - |. Moreover, for a
nonnegative integer m, H™(R) denotes the Hilbert space with the norm || - ||, especially || - ||o = || - |-
We also denote ||(f1, f2,- = fi)l|2, := | fill2 + [ f2ll2, + - - - + || fx]|2,. Furthermore, letting 7' > 0, we
denote by C*([0,T]; H™(R)) (resp. L?(0,T; H™(R))) the space of k-times continuously differentiable
(resp. square integrable) functions on [0, 7] with values taken in H™(R).

The main purpose in this paper is to study the asymptotic behavior of solutions to the IVP
(1.1)-(1.2), and the main results are stated as follows.

Theorem 1.1 (Case of —1 < XA < 1) Assume that (¢10, P20, Y10, ¥20) € H*(R) x H5(R) x H3(R) x
H3(R). Set @y := ||(d10, P20) |5 + [|(¥10,P20) |3 and 61 := |ny — n_| + do with &o := |J14| + |J1—| +
|Joi |+ |Jo—| + |E+|. Then, there exists a sufficiently small constant e9 > 0 such that if o+ 61 < &g,
then IVP (1.1)-(1.2) has a unique global classical solution (ny,ne, Ji, Ja, E)(x,t), which satisfies

3
> (4 ) EEDCED9E (ny — 7,y — ) ()17 + (14 )05 (01 — n,ne — 0) ()]
k=0
2 A A
+ Y (L )FOTORROE (T — Ty = T Ty — Ty = D))
k=0

+ ()P = Ty = T Ja— Jo = D)) < C(RF + 61),
and
(1 = n2) ()13 + (J1 — J1 — Jo + L) )3 + (B — E)(®)|IF < C(F + 61)e ™

for some constant vy > 0. Here, E is given in (2.1), (¢10, 20, Y10, ¥20)(2) is given by

Gio() := /Z (nio(y) — 7i(y,0) — Ay + 20,0)) dy, io(z) := Jio(x) — Ji(2,0) — J(z + x0,0)

fori=1,2, with xy defined in (3.1), and (i1, N, jl.jg,E)(x,t) is defined in (2.11)-(2.13).

Theorem 1.2 (Case of A = %) Under the assumption of Theorem 1.1, there exists a sufficiently
small constant eg > 0 such that if 9+ 61 < €g, then the IVP (1.1)-(1.2) has a unique global classical
solution (n1,na, J1, Jo, E)(x,t), which satisfies

3
S+ ) FEIIT(2 4 )]|0% (0 — 72, no — 1) (8)])?
k=0

+ (1 )FIn 22+ )]0 (n1 — 7, ng — 7)(1)])?

+ AT+ )0y — Ty — T, Jo — Jo — J) ()]
k=0

+ (1 —|—t)%ln_2(2 +t)|\8§(J1 — jl — j, Jo — jg — j)(t)”z < C(‘I)g +51),



and
(1 = na)(O1E + 1T — iy — o+ ) (O3 + (B — E)D)II; < O3+ 81)e "
for some constant vy > 0.

Theorem 1.3 (Case of% < A < 1) Under the assumptions of Theorem 1.1, there exists a sufficiently
small constant 9 > 0 such that if Do+ 01 < £¢, then the IVP (1.1)-(1.2) has a unique global classical
solution (ny,ng, J1, Ja, E)(x,t), which satisfies

3
ST+ EDODHE=EN R () — fany — ) ()2 + (14 1) EHE |92 (n0 — 7, g — 1) (2)]|2
k=0
2
S RNy — )~ T, Jy — Jy — D) (1))
k=0

+ (141

9_3)
27 2

103 (I = Ty = T, s = Jo = T)(B)|* < C(@F + 61),
and
[(n1 =n2) (D5 + (1 = 1 = T2 + B) (O3 + (B = E)(D)]F < C(8F + d1)e” "
for some constant vy > 0.
Furthermore, according to Theorem 1.1-1.3, employing the Sobolev inequality

£ llzoe@ < CIFIENf2ll 2 (1.4)

and noting the time-exponential decay rates of the correction functions (71, fig, Ji, jg,E)(.T,t) (see
Lemma 2.2), we have the following estimates:

Corollary 1.4 Under the assumptions of Theorem 1.1, it holds

(14125, ~1<A<d,
Iy = 7i,ng — 1) (8| o) < § C(L+1)"Fln(2+1), A=1,

C(1+t)*1 1<a<y,

C(14)~ 4, “1<a<i,
[Ty =T,y = D)) ze@ < CL+ )" FIn(2+1), =1,

C(1 +1t)~ 25, Lon<l,

and
|E(t)|| pomy < Ce™ 9

for some constant vy > 0.

Remark 1.5 Theorem 1.1-1.3 show that for the case —1 < A < 1, > 0, the solutions to the Cauchy
problem for the one-dimensional time-dependent damped bipolar quantum Fuler-Poisson system with
two identical pressure functions and without the doping profile time-algebraic converge to the nonlinear
diffusion waves. However, we mention that for the critical case A\ = 1, the system (1.1) exhibit
different mathematical structures, and the asymptotic behavior of the solutions may different from
what we study here. For time-dependent damped Euler and classical bipolar Euler-Poisson equations
with A = 1, one can refer to [1, 9, 26, 29, 30]. Next, we also mention that for the corresponding
general case that two pressure functions are different and the doping profile is non-zero, the asymptotic
profiles of the solutions are expected to be the corresponding stationary waves rather than the nonlinear
diffusion waves, which is more physical, but more challenging. Moreover, it is also interesting to
study the same kind of problems for the non-isentropic bipolar quantum FEuler-Poisson system with
time-dependent damping and the multi-dimensional bipolar quantum Fuler-Poisson system with time-
dependent damping. These are expected to be studied in the forthcoming papers.



Remark 1.6 We shall point out that compared to the results in [25] for the classical bipolar Euler-
Poisson system with time-dependent damping, it is highly nontrivial, due to the additional dispersion
terms, in establishing the a priori estimates. More precisely, first, after introducing perturbation
variables, we reformulate the original problem into a system of forth-order hyperbolic equations rather
than second-order, and we need more reqularity for the solutions. Second, the nonlinear terms f14,
and fay, shown in (3.8)1 and (3.8)a are third-order terms, and they can not be controlled by the left-
hand side terms of (3.8) when applying the energy method. For this, we introduce the new variables
(3.12), (3.16) and (3.17)1 and (3.17)2, and reformulated the original problem into (3.18)-(5.19), then
f1az and fosr can be controlled by the left-hand side terms of (3.18), and the a priori estimates can be
established by the relation between the variables (3.4)—(5.5) and (3.17), (3.20) (see (3.23)). Moreover,
the results in this paper are also totally different from that in [35] which studied the case A = —1, 1 > 0.
When —1 < XA < 1, the time-dependent damping effects lead the decay rates of the nonlinear diffusion
waves are no longer in logarithmic form, they are in algebraic form, which enforces us to decompose
the range of A into three parts, —1 < A < %, A=1 and % < A < 1, to obtain the algebraic convergence

7
rates of the solutions toward the nonlinear diffusion waves.

The rest of this paper is organized as follows. In Section 2, we make some preliminaries. In
Section 3, we reformulate the original problem in terms of the perturbation variables. Section 4 is

the key part of this article, in which we first establish the a priori estimates by means of the energy
method, then complete the proofs of Theorem 1.1-1.3.

2 Preliminaries

In this section, we first show the behavior of solutions at far fields and analyze the difference
between the original solutions and the nonlinear diffusion waves at * = =4oo, then, to delete the
difference, we construct some correction functions. To begin with, without loss of generality, we
assume that

E~™ = E(—o0,t) =0.
Set
FE(t) == f(£oo,t), [ €{n1,na,J1,J2, E}.

On the one hand, integrating (1.1)5 with respect to 2 over R, then taking ¢t = 0, we have

+o00
E(0) :/ (n10(2) — nso(2))dz =: . 2.1)

—o0
On the other hand, integrating (1.1); with respect to z over R and differentiating the resultant
equation with respect to t gives
d _ _
S BT = =110 = B (0) + (I () = Ty (1), (2.2)

which together with (2.1) leads to

+oo t
B0 = [ o) =ma(@)do+ [ [ =IO + U@ =T @) (23)

— 00

Then, as  — £o0, (1.1) and (1.2) can be reduced to

gtnI—L( ) =0, ie., nI—L(t) =ng,
TE (1) —niEﬂ ) -
dtnz 5 () = ;5 () = na,
TE(t) = —neB5 () - B
(t) J23 (nao(w) = nao(x)) dar
+ fo [~ (7) = I3 (1) + (J7 (1) = J5 (7)) dr,
(Ji I3 ED)0) = (Jig, Jox, By ).




Further, analyzing similar to [32], we have for —1 < A < 1

- _ d _ d __ oA
@]+ g 01+ |57 @) + | 295 (0] < Coe", (2.4)
for -1 <A <0
B0+ | S B 0] + 170+ 1 @)+ [ S 0]+ [ S50 < choe ™, (25)
and for 0 < A <1
+ d ot + + d 4 d .+ —ct'=>
B0+ | Z B @] + 1T O+ 15 0 + | ZIF 0] + | 5750 < Caoe @, 26)

where ¢y is defined in Theorem 1.1. Therefore, from (2.4)—(2.6), we obtain that for —1 < A <1

n;(£oo,t) — (oo, t) =0, i = 1,2,
|Ji(£00,t) — J(F00,t)| < Cooe= " i=1,2, (2.7)
|E(+00,t)] < CopeCt"

for some positive constant vy.

Moreover, we notice that there are some gaps between the original solutions and the nonlinear
diffusion waves at far fields * = oo, more precisely, J; — J, E ¢ L?(R), i = 1,2. To delete these
gaps, we need to construct some correction functions. For this, we choose the correction functions
(’ﬁ,l, ’ﬁ,Q, jl, jg, E)(IE, t) such that

i + Jia =0, n(r) - ne as x — oo

jlt:ﬁE—ﬁ, fni(z,t) >0 as x— too,i=1,2,

fgr + Jow = 0, with Ji(z,t) — JE(t) as x— +o0,i=1,2, (2.8)
Joy = —nE — (1+t)>" E(x,t) = ET(t) as z — 4o,

E, = fy — fo, E(x,t) —0 as x — —oo0,

and 7(z) and the initial data (i1, fa, Jy, Jo, E)(x,0) are chosen as follows

i) =n_ + (ng —n_) [T mo(y)dy,

ﬁi(xvo) OimO(I)a i=1,2 (2 9)
jz(.’IJ,O) Jif + (JH — J,) ffoo mo(y)dy7 7= 1,27 .
BE(z,0)=E4 [T mo(y)dy.

Here Lo > 0 is some constant, mg(x) is chosen as

+o0
mo(x) >0, mo(x) € C§(R), suppmo(z) C [—Lo, Lo, / mo(x)dx =1, (2.10)

—00

and C1,Cy are constants such that C; + fOt(J; (1) — J;" (7))d7(i = 1,2) have no constant terms and

“+o0
Cy—Cy = / (n1o(x) — ngo(x))dx.
Remark 2.1 |E*(t)] < Cooe= Y and (2.3) imply that fj;o(nlo(a:) — ngo(x))dx + fot [(J7 (1) —
JH(r) - (JQ_( ) Jof (r ))]dT has no constant terms, then there exist some constants C; and Cy such
that C; +f0 )—=J;"(7))d7(i = 1,2) have no constant terms and C;—Cy = fjoc:(nlo(:c)—ngo(x))dz.



Then, as in [32], we define

fi(z,t) = (C; —|—/O (J7 (1) — Jf(r))dr)mo(x), 1=1,2, (2.11)
Jiet) = I+ OO =T 0) [ mo(u)dy.i = 1.2 (2.12)
E(z,t) = ET(t) /_ mo(y)dy. (2.13)

One can verify that (2.11)-(2.13) satisfies (2.8)-(2.9). Noting the decay rates of J(t), JE (), ET(t)
(see (2.4)—(2.6)), and the definition of mq(z) (see (2.10)), we have the following Lemma.

Lemma 2.2 There holds
10105 (1, faz, Ju, Jo, B) (1) ey < Coe™ ", k20, 1=10,1 (2.14)
for some positive constant vy, and
(i1, fiz, 1, J2, E) (00, ) = (0,0, 17 (¢), J5 (), E¥(2)),

(ﬁl,ﬁg, jla jg,E)(—OOﬂf) = (0?07 J;(t)?J;<t)’0)7

+oo t+oo
/ (A (2, 0) — i (2, 0))da: = / (n10(x) — nao(z))dz = B (2.15)

— 00 —00

3 Reformulation of the original problem

Since it is convenient to regard the solution (ni,ng,J1,J2, E)(x,t) to the IVP (1.1)-(1.2) as
the perturbation of (7,7, J, J,0), we are going to reformulate the original problem in terms of the
perturbation variables in this section. To begin with, we define

1 +oo
- 7/ (n1o(z) — i (x,0) — Az, 0))da. (3.1)
ny —n—- J_
Then by the same method as in [13, 25], we can prove that
+oo
/ (ni(x,t) — ni(x, t) — a(x + zo, t))de =0, i = 1, 2, (3.2)
— 0o

the details are omitted. Next, from (1.1), (1.3) and (2.8), we have

J? = ( n )TT _ YT J- 7j —J
(#1 +P(n1)—P(n)>x—n1 ( \/\/E—l )z—nlE—nE— G~ T fo,
(

z T 2 n2)cx o 7 —Jo—J
o= Jo = D)o+ (2 +pn2) —p() —ma (W2=) = —maB 4 i — Hfsd 1,

Here fo := (1 +t)*p(R)et + M1 4+ ) " p(R)s, and (7, J) = (7, J)(z + x0,1) is the shifted diffusion
wave. Now we take the perturbation variables (¢1, @2, %1, 2, H)(x,t) as

T

(¢za¢z) = (/ (ni(y7t) - ﬁi(?ht) - ﬁ(y + 3307t)) dyw]i(x’t) - ji(x7t) _j(x'i_x()vt))’ i=1,2, (3'4>

— 00

and
H(z,t) := E(z,t) — E(x,1). (3.5)

EN|



Next, using the fact that

: 2
g (\/n»i)émf = lnzx;ﬂw - 1 ”7”; yt=1,2,

we get the following equations for perturbation variables (¢1, @2, %1, 2, H)
¢1t + 1/)1 = Oa
7 T\2
wlt + (% +p(¢1LE + ﬁl + ﬁ) - p(ﬁ)>x - %((Zslmmzac + ﬁlwww + ﬁzww)
~ - 2 A
+3 (%)I = (¢1o + 1 + W)H + ($1o + 1 + 00 — ) E — u_qfii)x + fo,
¢2t + wQ = Oa (36)
7 T\2
¢2t + (% + p(¢2m + ﬁQ + ﬁ) - P(ﬁ))z - %((b%mmcz + ﬁszz + ﬁmxm)
_|_l ($200 +N2s+715)> __(¢ +h —|—ﬁ)7—[—( + i _,’_,ﬁ_,ﬁ)EA'_ ) +f
2 " - 2x 2 2x 2 (1+t)>‘ 05

b2z+N2+n
H = ¢1 — ¢o,
with the initial data

(01, P2, 01,12, H)(x,0) = (P10, P20, Y10, Y20, P10 — P20)- (3.7)

Further, substituting (3.6); into (3.6)2, and (3.6)3 into (3.6)4, respectively, we obtain the following
system for ¢, and ¢, that

{¢1tt + (1?%71{» + %¢1mm = (P'(N)¢12)z = — (P12 + 71 +2)H — fo — f11 + fi2e + f13z + [z,

¢2tt + (1?’_72;” + %¢29::1:ww - (p/(ﬁ)¢2a:>z = (¢2m + ’ﬁ,2 + ﬁ)H - fO - f21 + f22x + f23w + f24wa
(3.8)

with

(¢1,92)(x,0) = (d10, P20) (), (P16, P2t)(x,0) = (=210, —¥20)(T). (3.9)
Here for i = 1,2
(—¢is + J; + J)?

GPiz + Ny + 10

1 (¢1ww + ﬁiw + ﬁa:)2
2 g tnit+n

fir = (1) (hig + ity + 7 — ) E +

(ﬁzwx;ﬂ + ﬁwmw)a fi2 =

)

M| =

fiz :=p(¢iz + 1y + 1) — p(R) — D' (N) iz, fia :=

Moreover, from (3.8)—(3.9), we have

Htt + (1:1[7;))\ + %szza: - (p/(ﬁ)Hz)w + 2nH = _((Zslw + ¢2w + ﬁl + 'ﬁ‘Q)H - (fll + f21>
+  (fiz = fa2)e + (f13 = f23)e + (f14 — foa)e, (3.10)
with
H(QL'70) = ¢10($) — (;520(1'), Ht(.’ﬂ, 0) = —1/)10(‘%) + 1/)20(.%). (311)

Furthermore, due to the additional dispersion term, it is difficult to estimate (¢1, ¢2, H) from
(3.8)—(3.9) and (3.10)—(3.11) directly. More precisely, the nonlinear terms fi4, and fos, in (3.8) and
(3.10) can not be controlled by the left hand side terms. To overcome this difficulty, we introduce the
new variables

w1 = /N, wgz\/@. (312)
Then, from (1.1)—(1.2), we have

2wywyg + Ji = 0,
J? )

Dt (2 +ptud)), - uf (57), =i - e

2uwowoy + Jog = 0, (313)
J3 2 2 [ waga 2 _Jo

Jor + (wfg +p(w2))x—w2 ( 2 )x— WiE — g

2 2
B, =wi —wj,




with the initial data
(w1, wa, J1, J2) = (v/N1o, /120, J10, J20) (). (3.14)

Further, substituting (3.13); into (3.13)2, and (3.13)3 into (3.13)4, respectively, we have

2 J2 2
et 8 e = 5 = 0RO g (B epd) e
J2 X 2 .
Watt + (11172;)/\ + %MQZECECEI = _& + E(W%E)m 2w2 (F% +p(w§))xw + 715?5; .
Moreover, denoting
=7, (3.16)
and setting
z1(x,t) = wy(x,t) — w(x + xo, t), 22(x,t) = wa(x,t) — w(x + xo,1), (3.17)

which together with (3.15) leads to the following system for z; and 29

21t + 7y + 3 21eces = —91 — 911 — 12 + 913 + J1a,
cor s (3.18)
Zott + (ﬁ%y + 322zzzz = —91 — Y21 + g22 + 923 + G4,
with the initial data
z1(,0) = 210(2) = /n10(z) — /AT + 20, 0), 22(z,0) = 220(x) := \/n20(z) — /R(z + 70,0),
— . _J10e(2) Jx(2420,0) _ o J20.7:(fr) Jz (x+0,0)
th(m, O) o le(x) T 2\/n10(a:) T 2\/ﬁ(z+w0,0)’ ZQt(x’ 0) %21 (J?) ’ 2\/7120(9:) 2\/ﬁ(aj+wo,0)’
(3.19)
where )
g1 = Wy + iwx:cam'a
and for i = 1,2
(zit + wy)? 1 ( . .
L i2 = o ( (& E ) ;
2 Zi+’lf) 9i2 2(21'1-’&)) (Z+1U) (H+ )3:
R p((zz + w)2)LEI _ p(wz)mz + 1 (_¢it + ji + j)2 D (zzx;ﬂ + wwx)2
987 00+ w) 20 2(z + ) (2 + )2 T T W)
rxr
Here we have used the fact that
w1 w1 (40 ()er P07
1+t (1+t)r2w  (1+t)N 21 N 2w
Finally, setting
X = 21 — 22, (320)
and subtracting (3.18)2 from (3.18)1, we obtain
Xt 1
Xtt + =% A+ + 5 Xavae = —(g911 — g21) — (912 + g22) + (913 — 923) + (914 — g24), (3.21)
with
X(2,0) = z10(z) — 220(%),  X¢(2,0) = 211(2) — 221(2). (3.22)
Remark 3.1  The definition of z1, 22 and x imply that
iz Ai . T Em
i Gt g o Mt B (3.23)
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4 A priori estimates

To prove Theorem 1.1-1.3, we only need to study the global existence of classical solution
(¢1, P2, H, 21, 22, X) (z, 1) to IVP (3.8)—(3.9), (3.10)—(3.11), (3.18)—-(3.19) and (3.21)—(3.22). To prove
this, we shall employ the standard continuation argument based on the local existence and the a priori
estimates. The local existence of the classical solution can be obtained by Galerkin method together
with iterative method (refer to [10] for details). Thus, the main effort in the rest of this article is to
establish the a priori estimates for the solution (¢1, @2, H, 21, 22, X)(x,t) . To begin with, we list the
decay estimates of the nonlinear diffusion wave (7, .J) and w as follows (see [25]).

Lemma 4.1 For —1 < A < 1, it holds that
min{ny,n_} < n(z,t) < max{ni,n_},min{/ny,/n_} < o(z,t) < max{/ny,/n_},
1810 (7, @) (£) | < Clny —n_|(1+ )~ 2420 k41> 1, k1 >0,

an 7 (2k—3)(A+1)
18108 T(t)]| < Clng — n|(1+ ¢)~ =550+

Furthermore, it holds that

Jk+1>0,k1>0.

k(A41)
2

10105 (2, @) ()| Loe @) < Clng —n|(1+8)" 2 L k+1>1, k1>0,

and (k—=1)(A+1)
= —(4)

10105 T ()| L= () < Clny —n—|(1+1)~ Jk+1>0,k,1>0.

Next, for T > 0, we define the solution space as

X(T) := {(¢1, 02, H, 21,22, x)(z, ) | ¢ € C7([0,T]; H = (R)), z; € C7([0,T]; H*~* (R)),
H e C([0,T); HS 72 (R)), x € CY([0, T]; H*?(R)), i = 1,2, j = 0,1,2}.

It is convenience to introduce

N@)? = sup {3 101 + (14 026a)? + L+ 0o (0]

0<t<T
3 1
+ 3 (A )EFDOED 9k )2+ (1 4+ 0k ()2 + D (1 + ) FFDOEDR2 gk (12
k=0 k=0
bR O + (L 9P O]}, —1<A< 3, (4.1)
2
NT)2 = s (2@ +0) Y [I:0I + 1+ 026 + (1 +0F o ()]
0<t<T P
3 1
+ 3@ O)FEDOEL O] + (L + O T 0tz ()2 + D (1 + )T FHEIF2 |9k 2, (1|2
k=0 k=0
30 2 2 30 2 1
+ P2 + A+ 0P @] f A== (4.2)
and
2
N2 = swp {1+ 03237 [IoaI + (1 + 2o + (1 + 0 g (1)
0<t<T o1
3 1
+ 3 (A )EEDOEDE 2 ()] + (1 + 0k ()2 + D (1 + ) FFDOEDR2 gk (12
k=0 k=0
D22 (02 + (14 Oz (1), §<A<1. (4.3)

Then, to prove Theorem 1.1-1.3, it is sufficient to prove the following a priori estimates:

10



Proposition 4.2 ForT > 0, let (¢1, p2, H, 21, 22, X) € X(T) be the solution to IVP (3.8)-(3.9),(3.10)-
(3.11),(3.18)-(3.19) and (3.21)-(3.22) in the time interval [0,T]. There exists a sufficiently small
constant € > 0 such that if N(T) + 61 < e, then the following estimates hold for any t € [0,T)

2

>[I 12 + (1 + 26 ®)]2 + (1 + O [ gin ()]

i=1
3 1
+ D A )FFIOTI () + (1 + ) 0520017 + Y (1 4+ ) FFVAIE ok, (1)
k=0 k=0

1
+ (L )P 07 2 ()] + (1 + t)”“HZitt(t)llz} SO@5+0), —1<A<z,

2
22463 [l + 1+ 2ou®)2 + (1 + D F g (0)]*
=1

3 1
32 8
+ > (AT E 0k @)+ 1+ )7 05z + Y (1 +6) 7T ETIT 0k z (1))
k=0 k=0

1
£ 40P + 1+ 0% |z ®)?] < C@F+ oM+, A=,

and

2
S 1012 + 1+ 02160 ®) + (1 + 03 | du (1)
=1
3 1
£ 3 EEOID bz 1)+ (14 MRz ()2 + (1 + ) EFIOTDIZ ok 1))
k=0 k=0

1

bR + (P )] < C@+)1+)FE, <A<l
Moreover, for —1 <A< 1 and 0 <t < T, there holds
[(H M My Mo X X Xt Xrws Xert X)) (B)]|* < C(DF + 61)e
The proof of Proposition 4.2 will be completed by some Lemmas for the sake of clarify. To begin

with, from the Sobolev inequality (1.4) and the a priori assumptions (4.1)—(4.3) as well as (3.23), we
have for i = 1,2

N(t), ~1<A< 1,
[o:®I < N (2+1),  A=1, (4.4)
N1 +6)7T, t<a<t,
[(Pizas Ziz, Piat, zi) )| < CN(t), =1 <A <1, (4.5)
and for —1 <A <1
@iz ()| Lo ®) + 12 ()] Lo (r) < ON(2), (4.6)
6t (B)l| ey < CN((A+1)F 7, (4.7)
”Qbixz(t)”L‘”(R) + [[zia (Ol Loy < ON(E)(1+1)" 2 (4.8)
it ()| Low () + | Piee (1) || oo ) + 1266 (1) || Lo ) < CN(#)(1 + 1)1, (4.9)
||¢iza;w(t)”L°°(R) + | Ziza ()]l L @) < CN () (1 + 1) (4.10)
it ()| e ) + it (Dl oo () < CN(8)(L +8) =74 L, (4.11)

11



Furthermore, we also have for i = 1,2 and -1 < A < 1

[nia ()| < C(N(t) + 61), (4.12)
A+1
1 (0)llpe ) € CIN () +8)(L+1)7F 7, (4.13)
_Aa1
[nie ()| e @) + Wiz ()|l Loy < C(N(E) +61)(1+1)" 2, (4.14)
i (0| oo ) + [wie (8) | os ) + 1w (D)]] oo () + | Jit (8) | Lo ) < C(N () +81)(1+8)7",  (4.15)
172z (8) | Lo (®) + 1 Wiza ()| Lo @) < C(N(E) 4+ 61) (1 +8) 7, (4.16)
A1
17210 (8) | oo ) + Wizt ()] oo (®) + | Jiza ()| Loy < C(N () +01)(1+8)" "7 ~L (4.17)
Since N(T') 4+ 01 < 1, then from (4.6), there exist some constants Cs, Cy > 0 such that
1 1
O<—§ni:¢m+ﬁi+ﬁ§03,0<—Swi:\/a§04,i:172. (418)
03 C4

We first show the exponential decay estimates of  and x in Lemma 4.3 and 4.4.

Lemma 4.3 There exists a sufficiently small constant e1 > 0 such that if N(T') + 61 < &1, then the
following estimate holds that for —1 <A <1 and t € [0,T]

I(H, s Hes Hows X Xaos Xts Xaw) (8|2 < C(F + 61)e 1. (4.19)

Proof. First, by performing fjoos((?;lO) x 2H; + (3.21) x 2x¢)dx, we have

d too 1 1 +o0
G [ (e v gt gk )dos [ 200708 4 s
+o0 +oo
= / (p" (R)neH2 + 20y H?)dx + / 2H; [ — (P12 + P22 + N1+ N2)H — (f11 + fo1)

+oo

iz = Foa)a + (s = foa)a + (o = foo)a] o+

— 00

2x¢ { — (911 — g21) — (912 + g22)
+(g13 — g23) + (914 — 924)} dr. (4.20)
The right hand side of (4.20) can be estimated as follows. First, from the decay rate of n; shown in
Lemma 4.1, it is easy to obtain
—+oo +oo
/ (p" (R)RHE + 20 H? )dx < 051/ (14+)" (H? + H2)dx. (4.21)

We next estimate the second term on the right hand side of (4.20). First, noting the exponential decay
rates of niy, 7o, F in Lemma 2.2 and of f,., in Lemma 4.1 , we have

+oo
—/ 2H; [(¢1x+¢2x+ﬁ1+ﬁ2)7‘l+(f11 +f21)}d$

d [+ e L
S _% ((blx, + ¢21,)H2dx + / (¢1It + ¢2wt —ni— ng)H2d$‘
+oo
106, / (14 ) H2dx + C5e €
d [T 2 e —14,2
< - (P12 + d22)H dx + C(N(t) + 01) (I+1)" Hdx
+oo
+C6 / (14 t)MH2dz + C5e " (4.22)
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Second, taking integration by parts and using the Young inequality, Lemma 2.2, 4.1, (4.5),(4.8),(4.9)

and (4.13)—(4.15), one gets

+oo
/ 2H(fr2 — fo2)edx

oo J? 2J
< [ (—;Hm - 1%) da
—c0 ny ny
+oo B
+C/ [ Hel(|p202| + |D2at| + [Ma] + [Jo|)([He| + [Ha| + [2a] + 2| + /1] + [J2])
< d +oo Jl ’}-[2d _/+°° (2J1J1t _ 2J1’I’th>7{ i +/+°° (4.]1J1$ _ 4J1n1w>7_[ Y da
- dt —00 Tl% nl [e%s} Tl% nl !
2J T 2J17’L1w
- / (2= - M2z + (16200 (b)) + 920D L@ + 170D 22y
0o n 1

T Om) [ Pl + ] + ] + iz

— 00

—+oo

CU O + 1) =) /
d [ Jl ) ko
7 7-[ dx+ C(N(t)+ 1) (1+t) " "Hidx
“+oo .
FON () + 6) / (1+ 1) "H2dw + Coye-Cr. (4.23)

—0o0

IN

Next, noting that
(fis— fos)e = (P'(n1) —p' () Haa + (P'(n1) — p'(
+p/(n1)ﬁ1w - p/(n2)ﬁ2z - p”(ﬁ)ﬁwHwa

n2))(¢2mr + "_Lz)

then applying the Taylor formula, using Lemma 2.2, 4.1, (4.8) and (4.14), we obtain

+oo
/ 2H:(f13 — f23)zdx

_;o too / / 2 oo

[ W -y |
+o0 +oo

- / W Ho (" (m)1s — P (R)0)dz + C / 62zl + ) Hel (Hal + lin] + ]}l

(p" (n1)ny; — p" () ) H2dx

IN

—0o0

+oo
+C / 3l (7] + ] + i ooy

d “+oo +oo . o
g W) = p @R C [ (ol + nd + (61s + )i
“+o0

IN

+oo
+c/ (62mel + 20 )Ml (Ha] + 1] + []) dxw/ el (1a] + [fa] + 70 Mo )z
d too / /(= 2 +eo
g [ W) =y - o + o) [
(4.24)

+o0
+C(N(t) +61)/ (14 t) " 'H2dx + Coe .

—00

(1+t) " Hidx

IN
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Finally, using the following identity

3 3
o NizNiza Ny, N2xMN2xa N9y
(f14_gl4)32_ _72_7+72

ny 2ny ng 2n3

= 411}1;5)(3;3; + 4w2xxX:cv

and employing (4.14) and (4.16), we get

+o0
/ 2H(f14 — foa)adx

- +oo +o00
(1+t)—w§dx+cuv(t)+51)/ (L+ )7 03 + 3, de. (4.25)

— 00

< C(N()+8) /

—00

Therefore, combining (4.23)—(4.25), we have the following estimate for the second term on the right
hand of side of (4.20)

+o0
/ 2H, { — (P12 + d20 + 11 + 12)H — (f11 + fa1) + (fr2 — fo2)a

—00

+(fi3 — f23)e + (f14 — f24)z:| dx

< Tt vardn— L [ ) — ) - yza
>~ dt . 1z 21 T dt - p(n1 pn n% 2 AT
“+o0 “+oo
+C(N(t)+61)/ (1+t)*A7{t2dx+C(N(t)+61)/ (140 (M2 +H2 42 42, )da
+C5e . (4.26)

Moreover, let us show the estimates of the third term on the right hand side of (4.20). First, a
simple computation gives

W1t + Woy W%t v Uor F 1 2
_ - _ )=
(911 — g21) + (912 + g22) o1 X wrwg + S, + 5w, (H+E)+ 2(w1 + wa)7X,
then using (4.12), (4.14) and (4.15), we conclude
“+o0
—/ 2x:((g11 — g21) + (912 + g22))dz
— 00
d +oo 1 5 o +o00 ) )
< -5 §(w1 +wa2) X dz + C([[wie(t)[| Lo ®) + [[wae(t) | Lo (w)) (X" +xi)dz
— 00 — 00
oo - oo 2 2 2
+C(Jma (@) ) + e Ollem) [ Dblde + CIE@liem [ (G +nd, +n)do
d [t>°1 +oo
< —ﬁ/ (w2 + C(N (1) + 51)/ 1+ 07 (03 + ) da
+oo
LON() + 1) / (14025 [y Hlde + C61e=C" (nna |2 + [nas|2)
d +o0 1 5 o +oo 5
< % §(w1 +wsy)*x dx + C(N(t) + 61) (14+t) " xidx
o0 vo
+C(N(t) + 61) / 1+ )7 (2 + H?)dx + Coe 1", (4.27)

Next, noting that

T I3 ) n <J1J1m _ J2J2m> B <2J1J1znla; J2J23:n2:1;>

g13 — 0923 = _
winy w22 winy w22 2

win? wan3
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_ (anlww J22n2iﬂfv) (J%n%z J22n31> + (p//(nl)n%w _ p/l(n2)n§w)

2win? 2wyn3 win} wan 2w w9
p/(nl)nlzz p/(nZ)n2zz
+ - )
211)1 2’(1)2

then by a tedious computation but in a similar way as (4.23) and (4.24), and using Lemma 4.1 and
(4.13)—(4.17), we can show

“+o0
/ 2x¢((g13 — go23)dx
—o0

IN

“+o0 J2 +oo
[ (B s ) dos CN 0 +8) [ 00202 s
—o0 1 —0o0

“+ o0
LO(N(E) +61) / (L4 )70 + 2 + H2 + H2)da + Coye O

— 00

d oo / 2 d e J12 2 oo —A 2 2
< - p'(n1)xzde + — —5Xzdz + C(N(t) +61) (1+8)"(Hy +xp)dz
dt J_o dt J_oo ny oo
+oo
+C(N(t) + 61) / (L+8)7 O3+ X2 +HE+HE)da + Coe . (4.28)

Finally, utilizing the Young inequality, and using (4.16), one gets

+oo +oo 2

Wiz +w xT W3pa

/ 2x¢((g14 — goa)dx = / 2x¢ ( ! 5 22T N o — 5 2 X) dx
—o0 — o w1 wi1wW2

—+oo
< C’(N(t)+51)/ (1+1)" \dx
+C(N(t) + 61) / +m(1+t)*1(x2+xi$)d:v. (4.29)

— 00

Therefore, combining (4.27)-(4.29), we conclude

“+o0
/ 2xt [ — (911 — g21) — (912 + 922) + (913 — 923) + (914 — 924)}6133

d +oo 1 d +o00 J2
< 5[ glmrmpca - g [ @) - S
—+oo —+oo
HCV@+8) [0 0 4o+ CVO +8) [ 4070+ 4
+H2 + H2)dx + Coe O (4.30)
Then, Substituting (4.21), (4.26) and (4.30) into (4.20), we see
d oo — 2 2 /(= J12 2 1 2 1 2.2
S @At b+ G2+ HE 4 (D) = 5 ) HE 4 SHE 4 (wn +wa)
dt J_o ny 2 2
J? 1 +oo
ot () = 5 )k ot [ 2140208 s
1 —00
+o00 +oo
< C(N(t)+ 61)/ (L+ 6" (H; + xi)dz + C(N(t) + 61)/ (L+t) N (H? +H2+H2,
+x2 + Xi + Xim)df + Coe ", (4.31)

On the one hand, when —1 < A < 0, performing fj—z((310) X (1+ ) "H +(3.21) x (1 +t)* x)dz,
then analysis similar to (4.31), we obtain

d +oo

1 A 1 A
o [(1 + ) HH, + §H2 —ZAHOMTHE A+ )Mo+ o - S(1L+ )M P | da
—00

2 2 2
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<

-/
ofC

+o0 _ +°°
M(H)A 2(H? + ¥ d:c—i—/ (1l + ) "H2dx

+oo

14+ ) (M2 +x?)dx+/

( —
)

A(wl + 'LU2)2X2d:U + /

—0o0

1
S+t 1+ (R)(H2 + x2) da:+/ S(L+MNHE, + x5, )da

oo
+oo

C(N(t) + 61) / A+ MNHE+HE+HE+H2, + P+ 02+ 2+ 3, )de + Co e, (4.32)

—0o0

which together with (4.31) implies that

<

Further, setting

d [t 1 A
G| et o oaHE 31— S (0 e+ 2
/7_*]712 2 1,0 1 2.2, 1 o A A—1,2 A 2
A\ P'() = 5 ) Hy + 5 He + 5 (i +w2)™x7 4+ 5x7 = S+ + (160 + i
1
2 1 +oo +oo
+(pm) ;) S pddos [ 20208 exdde - [ @08 e
1 —00 —00
+00 +o0 +o0
+/ ’Hﬁerxm)der/ 1+ (7 )(H2+xx)dx+/ 2n(1 + t) H2dx
+oo -1
+/ —(14t)Mw +w2)2x2dz+/ %(l—i—t))‘d(’lﬂ—l—xﬁdz
+oo
N +6) [ (L N4 12+ 32, 3% 48 4 xE + )
+o0
+C(N(t)+61)/ (1+8)MH; + x7)dz + Cre” ", (4.33)
oo — 2 1 2 )\ A—14q42 A 2
hi(t) = [(2n+¢1w+¢2w)H +§7'l —5(14-?5) Ho+ (L+8) " HH: + H;

+(p'(n) — Uy H2 4 L2y 1(wl + w2)?x* + 1x2 — é(1 + 612
n2) et T g 2 2
A 2 / ']12 1
HA D00+ + () = o5 2+ ZXm}d (4.34)
1

and using the smallness of N(T') + 01, there exists a positive constant 6; such that

d Y
ahl + 91(1 + t))\hl S 061676% ’ .

Then applying Gronwall’s inequality, we have

hi(t) < C(®2 4 6,)e 1",

which together with (4.34) leads to

“+o0
/ (M2 +H2 + HE+H2, + P+ X2+ XE + X2p)da < C(DF + 61)e 1 (4.35)

— 00

On the other hand, when 0 < A\ < 1, by performing fj—;o((310) X (14+) " H+(3.21) x (1+1) " x)dx,
and analysis similar to (4.35), we also have

—+oo
/ (M2 + HE+H? +H2, + X7+ X2+ XE + X2, )de < C(DF + 61)e 1.

— 00

Thus, for —1 < A < 1, we have (4.19). The proof is completed.
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Lemma 4.4 There exists a positive constant €5 < €1 such that if N(T) + 61 < eq, then the following

estimate holds for —1 <A <1 andt € [0,T]
[ (Xat: Xaaa) (B> < C(BF + 61)e™ " (4.36)

Proof. By calculating f :(3.21) X 2x¢dz, then employing Lemma 4.3, we can prove that

d e 2 1 2 / J122 2 e
+oo +oo vo
< O(N(t)+61)/ (1487 X% dz + C(N ()+61)/ (14 8)7 "X ppd + C(RF + 01)e ™.
(4.37)

(14 t)*xzdz, we have

+oo 1
ao - [ 040N - 5

—0o0

Firstly, when —1 < X\ < 0, by taking f +(3.21) x

d +oo \ 1

< C(N(t)+4) /

— 00

Adding (4.38) to (4.37), using the smallness of N(T') + §; and Gronwall’s inequality, one gets

A
[(1 + t>>\Xmet - 5(]— + )
o0 vo
(1 4+ )2 de + O(BE 4 51)e " (4.38)

“+o0
|0 e < 0@+ e,

—00
On the other hand, when 0 < A < 1, by taking f .(3.21) x (1 +t)~*xpdx, then analysis similar
to above, we also have

—+oo

[0 e < @4 s e

Thus, for —1 < A < 1, it holds
—ore, (4.39)

+o00
[0 e < 0@+ d)e

—00

We complete the proof.
Lemma 4.5 There exists a positive constant €3 < £9 such that if N(T) + 61 < e3, then the following

estimates hold for t € [0,T] and i=1,2
(@2, 2) @)1 + L+ (i, Gt Pizs Zias 2t Ziaa) ()]

t t
+/ (1 +T))\||(¢7T;¢zrraZ?T;ZZTT)(T)HZdT+/ (1 +7—)||((rz$7tath)('r)H2d7_
0 0

< C@2+4y), 4<A<;

|| (¢17 Zz)(t) ||2 + (1 + t))\+1 H ((bzwv ¢ita ¢iwwa Zixy Zits Zzww)(t)”Q
t t

+ / (14 7Y [ (Bias drnns 210 a0 ) (7|27 + / (14 P)I(bies 2)(7) 2
0 0

< C(@2+ 62+ 1), A:%

and
(1 + t))\Jrl H (¢Z:C7 Git, Piva, Zizs Zit Zz;cac)(t)||2

(i, 2:) (1)]1> +
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t t
+ / (14 7Y [ (Bias drens 210 2100 )(7) |2 + / (1 + )| (612, 220) (7)| P
0 0

- 1
< C@+6)(1+0) "7, Z<A<L

Proof. Let a > 0,8 > 0,k > 0 be constants which will be determined later. Multiplying (3.8); by
(2(a+ )1 + B(a+ )" 1¢y1) and (3.18)1 by (2(a +t)"z1¢ + B+ ¢)" '21), adding them together
and then integrating the resultant equation with respect to x over R, one has
d [T
dt

@t 5 (@R + 2200) + (a4 1) ()2,

2
. k—1
+B(a+ )" (dro1 + z121) — w(a +4)" (61 + 21) + m\(ﬁ - Z%)]dx

(a8 (8 + 22) +

—+oo

+oo o
[ 0 G shdat [ (B = a0 ()0da
2( ) k—1 2 2
# [P e i 0k e

+o0o K — a K—2 a r—1
+/ [g(ﬁ'—l)( - 2)(a+1)"? — Al 2(11)11;“ + 5;((1 jtfll }(Qb%-i-zf)dm

—00

— 00

+oo too
= / (a+t)"p" (R)ne gt dx — / (2(a +1) b1 + Bla + t)m_1¢1> (¢12 + 71 +n)Hdx

— 00 — 00

+o0
+/ (2(0‘ + 1)1 + Bla+ t)nflﬁbl) (—fo — fi1 + fiza + fi3z + fiaz)dx

— 00

+oo
+/ (2((1 +1)" 21 + Bla+ t)KﬂZl) (=90 — 911 — 912 + g13 + g14)dz. (4.40)

— 00

Now let us estimate the terms on the right-hand side of (4.40) one by one. First, from Lemma 2.2,
4.1 and 4.3, and using the Young and Hélder inequalities and (4.13)-(4.15), we have

+oo

+oo
/ (a+t)"p"(n )ntgzﬁlzdx<051/ (a+ )" 1p3 de, (4.41)

—0o0 —00

and

+oo
/ (2(a + )1 + Bla+ t)ﬁ_1¢1) (= (P12 + 1 +n)H — fo — f11 + fiz2e)dx
—+o00

(o + )" Idm+C(N(t)+51)/ (4 1) 2, dx

—0o0

Iy
dt | n?

IN

Foo Foo 2n+5/\ 5

+C(N(t) + 61) / (a+1)"1p2 dx+ C(N(t) + 61) (a+1)"3pidx + C6, (1 + 1)

— 00 — 00

FOS (141 061+ T o ()] + Co (1 +1) 5 |1 ()] + Core O . (4.42)

Next, applying Taylor’s formula, and using Lemma 2.2, 4.1, (4.14) and (4.15), one gets

“+oo
/ (2(a+1)"pu + Bla+1)""¢1) fizada

— 00

d e K (] /(= 2 e Kk—1 42
< -4 @) - p@)etds OO +8) [ (@6 do
+C(N(t) + 61) /W(a + 1) g2 da + Coe . (4.43)
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Moreover, noting that

2

n

lx

flae = = 41, W1ze,
2TL1 .

then with the help of integration by parts, and using Young’s inequality, Lemma 4.1 and (4.14), we
get

+oo
/ (2(a+ 1) pu + Bla+1)"""¢1) fraada

— 00

+o0 too 2
= / 8(0( + t)nqﬁltwlxwlmrdx — ﬁ(a + t)ﬁfl(z)lx < 1I> dm

—0o0 —00 in
o0 o At1 ~
< C(N@) +b) / (0 0525 (102100 + |6110a)da
+OO A+3
+oo
< C(N() +8) / (o 6522+ (05 (b1 + By + 22 ]da
FO8(1+ 1) 4 05,e=C1" (4.44)

Next, similar to (4.41)-(4.42), by a simple computation, we also have

+oo
- / (2(a+t)"z1¢ + Bla+1)"""21) (g0 + g11 + g12)dz.

Foo 4k+3X—9
< CO(N(t)+61) / [(a+ )" 221 + (@ + )" 322)dz + Oy (1 +¢) 5
FAH )T @+ O +0)™F T + 1+ )T (1407
+C(D2 4 5y )e . (4.45)

Moreover, taking integration by parts, we have

—+oo
/ 2(Oé+t)”zltg13dx

e K 12 /(=2 = o WizNiz 4 WeNg
= [— (a4 )" (2p (w]) w1, — 2P (W) Wy) 212t + (a0 + 1) (Tp (ny) — - P (n))zlt

— 00

1 (21 J1e  2J2w1i, wig (2J1J1e  2J2w1.
(a+t)n< - >Zm+(a+t)ﬁ v ( e )thdm
w1 w3 w? w3 wi wy
= L +1I+ 13+ 1. (446)

First, going through a tedious computation, employing Young’s inequality and Taylor’s formula, and
using Lemma 4.1 and (4.14)-(4.15), we obtain

+oo
L = —/ (a + )" (2 (W) w1, — 20 (02 ) 210ed
+o0 +o00
= _/ 2(a+1)"p (1) 2102100 dw — / 2(a+ ) (p'(n1) — p'(R)) Wy z15dx
d +oo +oo 400
= (o +1)"p/(n1)27,dz + / k(a+ )" 1p/ (ny)zi,de + / (a4 t)p" (n1)nye 21, da
+o0 400
+ / e+ )5 (P (1) — P (7)) Baw 210 + / e + 1) (P (n1)nre — P (7)o ) Taredes
o -
d e / 2 e -1,/ 2 —_Ctvo
T (a+t)*p (nl)zlzdx—i-/ k(a+1)" 1 (n1)zi,dx + Cdre
—o0 —0o0
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FON() + 61) /+OO(04 ORI 4 62 4 @2 Vdo+ C(N () + 61) /+°°(a )2 da
+C6e” 0 (4.47)
and
I, = /+OO(04 + )" (U11;Zl1zp,(n1) - w%nmp,(n)> z1dx

“+o0
= / ( + t) m (zla:nlwp ( ) + wxp/<nl)(¢lw;v + ﬁlm) + wzﬁa:(p/(nl) - p/(ﬁ))>d$

—00

+oo
B / (o + 1) Mp“(mﬁm)z“dx

— o0 nin
“+ o0 “+o0
< OWV(t) + ) / (00712, + 62 + Bn)da + C(N(H) + 61) / (o + 1) 222, da
+Coe ¢ (4.48)

Next, using the fact that Ji, = —2wjwy;, and utilizing (4.13)-(4.15), one gets

+oo 2
1 (2J1J1. 2J7wis
.[3 = —/ (a + t)mi ( ! 21 — 11;}1 ) Zlmtdir
oo w1 wi w3
+oo J 2 +o0o J2
= / da+t)"— (21 + W) z100dx + / 2(a+t)" e L (210 + Wy) 21 0ed
—o0 w1 —00 wy
d +o0 J2 o0
< — (a+ 1)~ % wdz + C(N ()+§1)/ (o + )52, dx
dt — 00 ni — 00
Foo 1.2 2n+5>\ 5
LO(N(E) +61) / (a+ 1) 122 do + C8y (1 +4) , (4.49)
and
+o0 2
x W1 2J1J1 2J1 w1
N e A
Foo 4.Jyw oo 2J2w1,
= _/ (a+ )" 1w th(th + Wy )dx — / (a + 1)~ 11:1 (212 + Wy ) z1¢dx
—o00 wl —o00 wi
+oo 2k4+5XA—5
< o +a) [ [+ s a0 R do s 014 ™ (4.50)
Therefore, combining (4.46)-(4.50), we see
+oo
/ 2(a 4 t)*z11g13dx
d [t d [T J?
< 5[ erovmdant G [ vt
—+oo +oo
[ nlat W ) de 4 COVO +80) [ (@ 0 et + 6+ dhia)ds
+oo A2 254525 Cvo
FON() + 51)/ (a4 1) 2yda + OO (14 1) B 1 05, CF. (4.51)
Next, in a similar way, we also have
+o0 +o00 +o00
Bla+t)"tzigizde < —/ Bla+ 1) 1p (ny) 23, dx + C(N(t) +(51)/ (a+ 1) 222 de
—0o0 — 00 —0o0

20



“+ oo

LO(N(E) +6) / (a4 8 (2 + @, + B )de

—0o0

FCO (1L +8)72 4+ Coe O (4.52)

Finally, utilizing Lemma 4.1, (4.6) and (4.9), we have

+o0
/ (2(a+t) 210 + Bla+ )" '21) fouda

— 00

+oo
CN(1) / (a4 8 (R, + 02,)de

— 00

IA

Foo 2k—3 5
< CN(t) / (a+ )22 de+Co(1+1)" 7. (4.53)

Therefore, substituting (4.41)—(4.45), (4.51)—(4.53) into (4.40) yields
d [T
dt
+a o (#m) -

k=1 too g
%w +23)] dm+/_ : T (@ ) (B + 2 )de

v :" [m ~ (54 B)a +t>ﬂ—1] (6%, + 2,)ds

(@803, +23) + Bla+1 " (G161 + m1me) + %(a +1)"($as + 2loc)

2 K —
) (6 ) - 2 et 4D

1

_|_

+oo

+oo
+ / (8 — K)(a+ 1)1 ()82, d + / (6 — r)(a+ 1) (1) 2y de

. 5(1; —D(a+1)"2  BAa+t)"!
2(1+t)* 2(1 + )t
+oo
C(N(t) +d1) / (a0 +1)"3(¢2? + 23)dx + C(N(t) + 6,) / (4 1) NP2, + 22,)dx
+C(N(t) + 1) / +Oo(oa +1)"T 1(% + Gy + 21, + 2ip)de + Co (14 1)

R +oa( H 05T R O+ T (e ()] + = ()]
(g1 ()] + 21 @)]]) + C(@2 + 81)e =", (4.54)

+/+<>0 [g(n Dk —2)(a+t)"3—

—0o0

} (& + D)da

—+oo

IN

2n+.))\ 5

+CH(1+1)°
+Co1(1+ t)

In the following, to obtain the desired estimates, we need to choose proper constant «, 3, k. Indeed,
when —1 < A < 0, taking « = 1,8 =1,k = A+ 1 in (4.54), integrating the resultant equation over
(0,%), then using the (4.4) and N(T') + §; < 1, we have

+oo +oo
/ (67 + 27)dx + / (LML, + O, + Plan + 200 + 211 + Z10p)da

+oo t +oo
/ / 1+ T (82, + G + 22 + 220, )dad + / / (1+7)(82, + 22, dadr
0 —00
< C(BE +6y).

Nest, when A = 0, we take a = 8 =1,k = 0 in (4.54), then integrating it over (0,¢), one has
+o00
/ / (1+7)2(62 + 22)dzdr < C(D2 + 61). (4.55)
0 J—oco
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Moreover, taking o« = 8 = 2,k = 1 in (4.54), then integrating the resultant equation over (0,t), by
using (4.55), we can prove

+oo +o0o
[ @eder [ Q0@+ 0kt bt oot ot o

—00

oo
t ptoo t ptoo

+ / / (63, + B2s + 220+ 22, )dadr + / / (L4 7)(82, + 2,)dedr < C(3 1 6,),
0 —00 0 —00

Finally, when 0 < A < 1, taking 8 =2(A+ 1),k = A+ 1 in (4.54), we get
d [T
dt J o

+(a+ )M (p'(nl)

[+ 0 (@, + 22) + @A+ 2)(a + (G161 + 21210) + %(a + 2 (Gles + 21aa)
2
= D) (@t ) = AN+ Dl 02+ )

A +o0
GO0 e a+ [ A 0P 6+ e

(L+0)> w2
+oo « A+1
+[ [% -3\ + 1) (a+ t)A] (3, + 23,)dx
iooo “+o0
—|—/_ A+ (a+ t))‘p'(ﬁ)cﬁwdl‘ + /_ A+ D(a+ t)Ap’(nl)zfmdx
+oeo o AAFED@+D)M XA FD(e+ DN .,
+/_OO [A(>\—1)(>\+1)(a+t)A _ X (l)it)’\ ) + ( a +)t()A+1 ) (¢p7 + 27)dz
+o0 +oo
< WO +a) [ (@t e+ e+ OO +8) [ (@t (6} + e
+C(N(t) +61) / 0 L+ @R + G+ L)+ OBy (14 8) P
+C8 (L4 (|61 ()] + Iz (D)) + C(@F + 61)e . (4.56)

Moreover, when « is sufficiently large, we can prove that

(a+ )M, + 25,) + @A+ 2)( + )N (b1t + 21210)

(w — A+ 1)(a+ t)*l)(dﬁ +22)

(1+t)>
1 A1
> a4+l + 21) + —5— (41 + 21),
2 + A+1
m\—3()\+1)(a+t)Aza+t,

and

AA+F D@+ A+ D(a+) ! A+ 3
= e e e R G e e GRS

Then integrating (4.56) over (0,¢) and using the smallness of N(T') + 1, one gets
+oo +oo
[ @i [ a0 @+ Gk bt s

t +oo t +oo
4 / / (14 1)NG2, + @rn + 22, + 22,0 )dadr + / / (14 7)(82, + 22,)dedr
0 J—oo 0 J—o0
t

5 t TA—3
< 051/ (1+7’)Lﬁfa(||¢1(7')||+||zl(7')Hd7'+C51/ (L+7)°5 4 C(@2 + 6). (4.57)
0 0
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Firstly, when 0 < A < %, using (4.4), we obtain

“+o0 “+oo
/. w+@m+/ (1 0PV 0 + 8+ By + 2, + 2, + )

— 00

+oo t +oo
/ / 1+ 7)MNF, + Bles + 200 + 2100 dzdT + / / (1+7)(¢7, + 21, dadr
0 —00
< C(B2+6y).

Secondly, when \ = %, from (4.4), it follows that

“+o0 “+oo
[ @rabint [ a0 @R G+

— 00 — 00

t “+o0 t “+o0
+ / / (1+7)MNF, + Blan + 214 + 210 )dadT + / / (1+7)(¢3; + 23,)dzdr
0 —00 0 —00
< C(PE+01)In?(2 +1).

Finally, when 1 z <A <1, by (4.4), we can show
+oo +oo
/ (6% + 21)da + / (L+ MG, + Oy + Doy + 28p + 28 + 21,0)de

t +oo t +oo
4 / / (14 7)NG2, + @rn + 22, + 22,0 )dadr + / / (14 7)(82, + 22,)dedr
0 —00 0 —00

< C(®3+81)(1 +t>”2‘1

Moreover, similar arguments apply to ¢o, 22, we also can obtain the desired estimates. This
completes the proof.

Lemma 4.6 There exists a positive constant €4 < €3 such that if N(T') + 61 < e4, then the following
estimates hold for t € [0,T] and i = 1,2

t
L+ 2@ + 1+ 2|2z, 2iza, zi) (O + /0 (L4 72 (210, 2i0a) (7) [T

t

1

+ / (1 4+ 1) 2| (2 (D) ||Pdr < C(@2 +61), —1<A< 7
0

t
(1+t)7llzi(t)||2+(1+t)7||(2mzimazit)(t)IIQ+/0 (14 7)7 | (22 2iza) (7)[|PdT
t
15 1
+ /(1—1—7’)7||(zit(7')\|2d7'SC(<I>(2)+61)1n2(2+t), A= =
0
and

t
L+ DM 2O + (1 + 022 (ziz, 2iwas 2zie) () + /0 (1 + 1) (210, 2iaa) (1) | *dr

1

t
7 1
+ /(1+7)*+2|\(zit(7)||2d7§C(<1>3+61)(1+t) el ?<)\<1.
0

Proof. Let « be a proper large constant. Taking fjoooo (3.18)1 x (2(a+ )2 22y, +4(a + 1) Mz )dr,
then by the same method as in the proof of Lemma 4.5, we can prove that

d +o00o J2
o [(a + )25 + Ao+ 0 ez + Sl PR 4 (a+ )P () (w) - i)
1
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909N 4+ 1 2,2 2(a + ) ! 2] 4 +002_2)\ AL (0252 d
A+ 1D(a+1) Zl—’_i(l—&—t))‘ 21 |dx + ( Ja+1) p(wy)z1,dx

+o00 +00 2(a _|_t)2)\+2
+/ (1 =N (a+ )2 122 da + / {W — (2A +6)(a + t)”“} 23, dx
+oo +oo
< of artpdiaco+a) [ @rE 4 e
oo A2 2 =3 A 2 —Ct¥0
+C(N(t) + 61) (a+t)" 25 de+ CohH(1+t) 2 +CoH(1+t) 2 +C(D5+d1)e .
Then integrating it over (0,¢), and using relation z; = % and Lemma 4.5, we obtain the desired

estimates for 7 = 1. The estimates for ¢ = 2 can be obtained in the same way. This completes the
proof.

By performing fj;o 02(3.18); x (2(a + )M 32504 + 6(a + )22 22;,)]dx and fj;o 92(3.18); x
(2(a + )M 420 + 8(a + 1) 32, )]dz for some large number o and i = 1,2, and analysis similar
to the proof of Lemma 4.6, we can prove the following two lemmas.

Lemma 4.7 There exists a positive constant €5 < €4 such that if N(T) + 61 < e5, then the following
estimates hold for t € [0,T] and i = 1,2

t
(1 + t)3A+3l|(ziwxa Ziwts Ziwwa:)(t)HQ + / (1+ T)3A+2||(Ziwwv Ziwww)(T)HQdT
0

t

1

+ / (14 7)223) 2400 (7) || 2dr < C(®E+61), —1<A< =
0

t
(14 ) 7| (Zias Zints Zinan) (0] + / 1+ 7) 7 | (2iwas Zivaa) (7)|Pdr
0
t
1
+ / (14 1) ¥ i) |Pdr < C(83 + )@+ 1), A= 1,
0
and

t
(1+ t)3)\+3”(zizz» Ziwt, szz)(t)||2 + /0 (1+ T)3A+2||(Zimv Zixmx)(T)”QdT

TA—1
)

t
1
n / (1 4+ )28 200 (7)|2dr < C@2 4601+ 625, L <a<l.
0

7

Lemma 4.8 There exists a positive constant €g < €5 such that if N(T) + 61 < eg, then the following
estimates hold fort € [0,T] and i = 1,2

t
(]- + t)4k+4||(zizzxa Zizxts Zzzxmr)(t)nz + /0 (]- + 7—)4>\+3H(Zix931:7 Zzzxmr)(T)”2dT

t
1
4+ / (14 1) i) e < @ +61),  ~1< A<z,
0

t
0
¢ 31 2 ].
+ / (14 1) ¥ foiawe(7) Py < C@F+ 50022 +1), A=,
0
and

t
(1 + t)4)\+4||(ziacmma Rizats Zvrrrz)(t)||2 + / (1 + T)4)\+3H(Zimmma ZfTTTI)(T)||2dT
0
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TA—1

t
1
+ / (14 7)Y 240t () ||Pdr < C(®2 +61)(14+1) "2, Z<A<L
0

Lemma 4.9 There exists a positive constant €7 < gg such that if N(T) + 61 < 7, then the following
estimates hold for t € [0,T] and i = 1,2

(L+0)21(Bit, 2t ) OI° + (1 + )2 (Giat, Dite: Diaats Ziats Zitts Zizat) (1) ||
¢ ¢
+ / (1 + T))\+2||(¢ia:ta (biw:vty Zizts ziza:t)(T)||2dT + / (1 + T)3||(¢itt7 Zitt)(T)HQdT
0 0

1
< C(@®2+6), 0<A< =
(L + )2 (Bits zit) () I* + (1 + t)272 [ (Bits Pitt Piats Zizt» Zitts Zizat) ()]

t t
+ / (14 7Y [(Biats Bivats Zints 2iaat) (1) |27 + / (L4 7 (it 200)(7) |2
0 0

1
< C@G+a)*(2+8), A=z,

and
(1+6)2[(Bae, 2t ) OI° + 1+ )2 (Giat, Bite, Dizats Ziats Zitts Zizat) () ||

t t
+/ (1 +T))\+2||(¢imta¢izztaZiztazimrt)(7)||2d7—+ / (]— +T)3||(¢itt,z’itt)(7_)H2dT
0 0

(eN

1 1
T —<A<]
7

< O(®F+01)(1+1)

Proof. Let o > 0,8 > 0,k > 0 be constants which will be determined later. By performing
fjozo [8t(38)1 X (2(0[ + t)“gbltt + ,@(O& + t)nild)lt) + 8t(318)1 X (2(0[ + t)“zm + B(Oé + t)ﬁilzlt)}dl', we
have

d “+o00 2

J
G ler ottt 20+ @ o (5o - 2F) Ght 2

— 0o

1 _
+§(OZ + ) (DT awt T 21aae) + Bla+ 1) HPrdru + z102100)

Blat ) Moty B .
(R~ G~ 2t De+0"2) @k + 2| do

+ /+OO <W — (k4 B)(a+ t)“‘1> (P14 + 2i)dz

oo \ (T4

+oo o K +oo
[ 0 Bt o+ [ (B e+ 0 ()

+o0 +oo
[ -mar o e+ [ [Je- Dis- 2@+

(k=B)Ma+t)" 1 AA+1)(a+t)"  Blr—1)(a+1)~2
21+ L A+ 2z 2l }(ﬁt 2 )de
“+o0 +oo
< C(N(t)+61) /_ (a4 6)" @1y + 2)dz + C(N(t) + 61) /_ (a+ )" N1 + Hloe

+o0 too
2751 + Zigme)dz + C / (a+1t)"%(¢3, + 21,)dz + C / (a+1)" 725, + 27,)da
— 00 — 00

2k4+5X—9

+o00o
+C/ (a+ )" 2], + 2l )da + Co(1+ ) 2
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2k—3X—9

+C&H(1+1)" 2 +O(DF+1)e 9. (4.58)

To obtain the desired estimates, first, we taking a be a large number, 8 = 4,k = 2\ 4+ 2 in (4.58),
then analysis similar to the proof of Lemma 4.5, we can prove that

t +oo t +oo
/ / (14 7262, + 22, )dadr < C / / (1+ )N, + 22,)dadr
0 J—oo 0 J—
t +oo t —+oo
+ C’/ / (1+T)(¢ft+zft)dxdr+0/ / (1—|—T)2)‘+1(¢fm+zfm)dxd7’
0 J—oo 0 J—oo
t t
+ 051/ (1+7)72;3d7+051/ (1477 dr + C(®2 + 1) (4.59)
0 0

Next, taking a = 1,8 =4,k = A+ 3 in (4.58), and using Lemma 4.5, 4.6, 4.7 and (4.59), we obtain
the desired estimates for ¢ = 1. Applying the same argument for i = 2, we then complete the proof.

Lemma 4.10 There exists a positive constant eg < £7 such that if N(T)+ 1 < eg, then the following
estimates hold for t € [0,T] and i = 1,2

L+ Ozt + 1+ 02 (2ot zite, 2imat) (O]

t t
[ @ P s ) )P+ [ (17 ()P
0 0

1
< C(BE+6y), 0<)\<?,

30
il

A+ |z + (L +1)

+ / (14 7) % | (2iats 2i0at)(7) |2 + / (1+7)

(ziwt, Zitts Zigat ()|

29
il

(zite(7)|Pdr
< C(@®2+0)In*(241), A= %
and
(L P32 D + (14 P (210t 2i0, 2i00) (D)
+f (7 (s 1) () P+ / (Wt P () P
N

1 1
< C@®2+6)(A+t) 7, <A<

Proof. By performing fj;o 0:(3.18); x (2(a+ )2 42144 + 6(a + )2 321, )dx for some large number
« and ¢ = 1,2, then analysis similar to Lemma 4.9 and applying Lemma 4.3-4.9, we can obtain the
desired estimates. We omit the details here.

Recalling Lemma 4.3-4.10, we complete the proof Proposition 4.2. Then by the definition of
(¢1, P2, H, 21, 22, x) shown in (3.4)—(3.5), (3.17), (3.20), we complete the proofs of Theorem 1.1-1.3.

Acknowledgements: The author is greatly indebted to Prof. Peicheng Zhu and Prof. Yeping Li
for their careful guidance during the preparation of the paper. The author is supported in part by
Science and Technology Commission of Shanghai Municipality (Grant No. 20JC1413600).
References

[1] S.-G. Chen, H.-T. Li, M. Mei and K.-J. Zhang, Global and blow-up solutions to compressible
Euler equations with time-dependent damping. J. Differ. Equ., 268(2020): 5035-5077.

26



2]

3]

[18]

[19]

[20]

P. Degond and C. Ringhofer, Quantum moment hydrodynamics and the entropy principle, J.
Stat. Phys., 112(2003), 587-628.

D. Donatelli, M. Mei, B. Rubino and R. Sampalmieri, Asymptotic behavior of solutions to Fuler-
Poisson equations for bipolar hydrodynamic model of semiconductors, J. Differ. Equ., 255(2013),
3150-3184.

C.J. Duyn and L.A. Peletier, A class of similary solutions of the nonlinear diffusion equations,
Nonlinear Anal, 1(1997), 223-233.

D.K. Ferry and J.-R. Zhou, Form of the quantum potential for use in hydrodynamic equations
for semiconductor device modeling, Phys. Rev., B48(1993), 7944-7950.

C. Gardner, The quantum hydrodynamic model for semiconductors devices, SIAM J. Appl. Math.,
54(1994), 409-427.

I. Gasser and P.A. Markowich, Quantum hydrodunamics, Wigner transforms and the classical
limit, Asymptot. Anal., 14(1997), 97-116.

I. Gasser, L. Hsiao and H.-L. Li, Large time behavior of solutions of the bipolar hydrodynamical
model for semiconductors, J. Differ. Equ., 192(2003), 326-359.

S.-F. Geng, Y.-P. Lin, and M. Mei, Asymptotic behavior of solutions to Euler equations with
time-dependent damping in critical case, SIAM J. Math. Anal., 52(2020): 1463-1488.

F.-M. Huang, H.-L. Li and A. Matsumura, Existence and stability of steady-state of one-
dimensional quantum Euler-Poisson system for semiconductors, J. Differ. Equ., 225(2006), 1-25.

F.-M. Huang and Y.-P. Li, Large time behavior and quasineutral limit of solutions to a bipolar
hydrodynamic model with large data and vacuum, Dis. Contin. Dyn. Sys., A24(2009), 455-470.

F.-M. Huang, M. Mei, Y. Wang and T. Yang, Long-time behavior of solution to the bipolar
hydrodynamic model of semiconductors with boundary effect, SIAM J. Math. Anal., 44(2012),
1134-1164.

F.-M. Huang, M. Mei and Y. Wang, Large time behavior of solutions to n-dimensional bipolar
hydrodynamic models for semiconductors, SIAM J. Math. Anal., 43(2011), 1595-1630.

H.-F. Hu, M. Mei and K.-J. Zhang, Asymptotic stability and semi-classical limit for bipolar
quantum hydrodynamic model, Commun. Math. Sci., 14(2016), 2331-2371.

J. Hu, Y.-P. Li and J. Liao, The stationary solution of a one-dimensional bipolar quantum
hydrodynamic model, J. Math. Anal. Appl., 493(2021), 124537.

L. Hsiao and K.-J. Zhang, The global weak solution and relaxation limits of the initial boundary
value problem to the bipolar hydrodynamic model for semiconductors, Math. Models Methods
Appl. Sci., 10(2000), 1333-1361.

S. Kawashima, S. Nishibata and P.-C. Zhu, Asymptotic Stability of the Stationary Solution to
the Compressible NavierCStokes Equations in the Half Space, Commun. Math. Phys., 240(2003),
483-500.

N.C. Klusdahl, A.M. Kriman, D.K. Ferry and C. Ringhofer, Self-consistent study of the resonant-
tunneling diode, Phys. Rev., B39(1989), 7720-7735.

H.-Y. Kong and Y.-P. Li, Relaxation limit of the one-dimensional bipolar Euler-Poisson system
in the bound domain, Appl. Math. Comput., 274(2016), 1-13.

Y .-P. Li, Long-time self-similarity of classical solutions to the bipolar quantum hydrodynamic
models, Nonlinear Anal., 74(2011), 1501-1512.

27



[21]

22]

[35]

[36]

[37]

Y.-P. Li, Global existence and large time behavior of solutions for the bipolar quantum
hydrodynamic models in the quarter plane, Math. Meth. Appl. Sci., 36(2013), 1409-1422.

Y.-P. Li and X.-F. Yang, Pointwise estimates and LP convergence rates to diffusion waves for
a one-dimensional bipolar hydrodynamic model, Nonlinear Anal.: Real World Appl., 45(2019),
472-490.

Y .-P. Li and X.-F. Yang, Global existence and asymptotic behavior of the solutions to the three
dimensional bipolar Euler-Poisson systems, J. Differ. Equ., 252(2012), 768-791.

H.-L. Li, G.-J. Zhang and K.-J. Zhang, Algebraic time-decay for the bipolar quantum
hydrodynamic model, Math. Models Methods Appl. Sci., 18(2008), 859-881.

H.-T. Li, J.-Y. Li, M. Mei and K.-J. Zhang, Asymptotic behavior of solutions to bipolar FEuler-
Poisson equations with time-dependent damping, J. Math. Anal. Appl., 437(2019), 1081-1121.

L.-P. Luan, M. Mei, B. Rubino and P.-C. Zhu, Large-time behavior of solutions to Cauchy problem
for bipolar Euler-Poisson system with time-dependent damping in critical case, Commun. Math.
Sci., 19(2021), 1207-1231.

B. Liang and K.-J. Zhang, Steady-state solutions and asymptotic limits on the multi-dimensional
semiconductor quantum hydrodynamic model, Math. Models Methods Appl. Sci., 17(2007), 253~
275.

S. Nishibata and M. Suzuki, Initial boundary value problems for a quantum hydrodynamic model
of semiconductors: asymptotic behaviors and classical limits, J. Differ. Equ., 244(2008), 836-874.

X.-H. Pan, Global existence of solutions to 1-d Fuler equations with time-dependent damping,
Nonlinear. Anal., 132(2016), 327-336.

X.-H. Pan, Blow up of solutions to 1-d Euler equations with time-dependent damping, J. Math.
Anal. Appl., 442(2016), 435-445.

A. Unterreiter, The thermal equilibrium solution of a generic bipolar quantum hydrodynamic
model, Commaun. Math. Phys., 188(1997), 69-88.

Q.-W. Wu and L.-P. Luan, Large-time behavior of solutions to unipolar Euler-Poisson equations
with time-dependent damping, Commun. Pure Appl. Anal., 20(2021), 995-1023.

Q.-W. Wu, J.-Z. Zheng and L.-P. Luan, Large-time behavior of solutions to the time-dependent
damped bipolar Euler-Poisson system, Appl. Anal., 2021.

Q-W. Wu, Y.-P. Li and R. Xu, Large-time behavior of solutions to bipolar Euler-Poisson
equations with time-dependent damping in the half space, J. Math. Anal. Appl., 508(2022),
125899.

Q.-W. Wu, Large-time behavior of solutions to the bipolar quantum Euler-Poisson system with
critical time-dependent over-damping, Dis. Contin. Dyn. Sys. Ser. B, 2022.

G.-J. Zhang and K.-J. Zhang, On the bipolar quantum FEuler-Poisson system: the thermal
equilibrium model solution and semiclassical limit, Nonlinear Anal., 66(2007), 2218-2229.

G.-J. Zhang, H.-L. Li and K.-J. Zhang, Semiclassical and relaxation limits of bipolar quantum
hydrodynamic model for semiconductors, J. Differ. Equ., 245(2008), 1433-1453.

28



