APPROXIMATION BY MODIFIED g-GAMMA TYPE OPERATORS IN A
POLYNOMIAL WEIGHTED SPACE

Jitendra Kumar Singh!, Purshottam Narain Agrawal? and Arun Kajla®

L2Department of Mathematics
Indian Institute of Technology Roorkee
Roorkee-247667, India

3Department of Mathematics
Central University of Haryana
Haryana-123031, India

lisingh@ma.iitr.ac.in, 2p.agrawal@ma.iitr.ac.in, 3

arunkajla@cuh.ac.in

ABSTRACT. In this research article, we construct a g-analogue of the operators defined by Betus and
Usta (Numer. Methods Partial Differential Eq. 1-12, (2020)) and study approximation properties in a
polynomial weighted space. Further, we modify these operators to study the approximation properties
of differentiable functions in the same space and show that the modified operators give a better rate of
convergence.
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1. INTRODUCTION

In 1912, Bernstein [6] gave an elegant and simple constructive proof of Weierstrass first approximation
theorem, which deals with the approximation of continuous functions on a compact interval [a, b], by using
a sequence of polynomial operators known as Bernstein polynomials [28]. The approximation properties
of the Bernstein polynomials and their various modifications and generalizations have been extensively
discussed by many researchers in the literature, see for instance [2] and [20]. The essential role of a
sequence of positive linear operators was not observed meticulously until the theorem of P .P. Korovkin,
which provides a tool to determine the convergence of a sequence of positive linear operators to the identity
operator with regard to the supremum norm of the space Cla,b]. Several researchers e.g., Baskakov
[5], Szész [37] and Lupag and Miiller [31] etc., introduced the sequences of positive linear operators to
approximate continuous functions on the infinite interval [0, 00). The approximation properties of these
most familiar operators have been invesigated by many researchers, for instance please see [12|{18]211135//38]
etc. In 1976, the famous mathematician Gadjiev [17] gave the Korovkin type theorem to approximate
continuous functions defined on [0, c0), which has since been applied by many researchers to establish the
convergence of various sequences of positive linear operators. The sequence of positive linear operators
introduced by Lupasg and Miiller [31], widely known in the literature as Gamma operators, is defined as

Gn(f: ) :/0 Ky (5, u) f (%) du, (1.1)
where
%n+1
Kn(%7 U) = meikuun, ” € (0,00).

These operators are one of the most extensively discussed operators in approximation theory. Zeng

[40] studied some convergence properties of Gamma operators,e.g. the asymptotic rate of convergence

for locally bounded functions and the optimal rate of convergence for absolutely continuous functions.

Karsli [23] determined the rate of convergence by a new kind of Gamma operators for functions with

derivatives of bounded variation. Later, Karsli et al. [26] extended the study of these operators to the
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pointwise convergence rate of the operators at the Lebesgue points of a function of bounded variation on
[0,00). Several generalizations and modifications of Gamma operators have been thoroughly investigated
by researchers to study the approximation of functions in different function spaces, for instance one may
refer to [|1}/3}/4L[0H11L[13}|141{16L[19L[241[25L(29L30L[33L34L[36L39] etc.

Following King’s approach [27], Betus and Usta [7] introduced a modification of the operators as

Go(f: 30) = /OoolCn(z,u)f< (n— 1)(”_2>> du, (1.2)

ul/n

where

%n — U
ICn(%, U) = me

1/n

, 7 € (0,00),

so as to preserve the function 32, and studied some approximation properties e.g. Voronovskaya type
theorems, pointwise estimates and the rate of convergence of continuous functions in a weighted space.
Our goal in this paper is to define a ¢g- analogue of the operators and examine some of their approx-
imation properties for functions in a polynomial weighted space. To this end, first we recall some basic
notations and definitions of quantum calculus [22], which are used throughout this article.
For any fixed real number ¢ satisfying 0 < ¢ < 1 and r € N, the ¢-integer of r is defined as

1—q" -

17:1(13 if q 7& ]-7

T, ifg=1,
and the g-factorial [r],! as

[r]q! = {[T]q[T —1]4...[g, if r € N,
v 1 if r =0.

For any k € N{J {0} such that 0 < k < r, the binomial coefficient is defined as

The g-exponential function is defined as

> R(K— un
Eq(u):Zq ( 1)/2W7
k=0 a

and for any real valued function h, the g-improper integral is defined as

/OOO/A h(u)dgu = i h(lqnq)q"‘.

KR=—0C

Further, the g-analogue of Gamma function is defined as
co/A
Ty(k) = / u" B (—qu)du, k> 0.
0

For any p € NU {0}, let us consider the weighted function w,(u) defined as

wo(u) =1, wy(u) =14+u, if p>1, uel0,00).

With the above function w,(u), the associated weighted space is given by

C,:={f:(0,00) = R| () is bounded and uni formly continuous in (0,00)},

wp(u)



Bp(zg)‘ For any pi < pa, it is evident that C,, C C,, and || f|[,, < ||f]ls,-

Further, for any v > 0 and p, k € N, the following inequalities are easily verified:

with the norm ||f]|, = sup,~q

2
w2p(u)2 <1, (wp(u)) <4, wp(u)wk(“) <3. (1.3)
(wp(u)) wa,(u) Wotr ()
For f € C,, and ¢ € (0,1), we present a ¢- analogue of the modified Gamma operators (|1.2)) as follows:
oo/A [n—1],[n — 2]
Gn,g(f; ) = /0 Knq(se,u) f ( u1jn . dqu, (1.4)
where
_ 7" _ 1/n
ICn7q(%7 u) - F[TL 4 l]qEq( qrxu )'

It is clear that as ¢ — 17, the operator G, 4(f; ») tends to the modified Gamma operator (|1.2)).
We also consider a modification of the operators (1.4)) to approximate functions in the space

cri={fecC,: f™ eC, ., forall 0<m<p}, pec NU{0}

For f € C*, p € NU{0}, the modified operator is defined as

oo/A —1],[n—2
Guaolli7) = [ Kugloe), <%, et “) dyu. (15)
s € (0,00) and n(€ N) > 2p and
P (k)
Tp(22,u) = Z ! k'(u) (3 —u)*, »,u > 0. (1.6)
k=0 ’

Note that the operator G, 4 , reduces to the operator G, , defined by , if we take p =0 and f € C°.
In Section 2, we shall show that G, 4 , is a positive linear operator from C” to C, for all n > 2p. In section
3, we show that the operators G, 4 , have better rate of convergence than the operators G,, 4.

The main purpose of this paper is to study the approximation properties of the operators in a
polynomial weighted space f € C, of continuous functions on (0,00) and the approximation degree of
the modified operators for the differentiable functions in the above weighted space. Following the ideas
developed in the paper [34], we determine the convergence rate of the operators in terms of the
moduli of continuity of first and second orders through the approach of Steklov means. We also establish
the Voronovskaya type asymptotic theorems for the ¢- operators and for their modification defined
for a polynomial weighted space of differentiable functions.

2. AUXILIARY RESULTS

This section is devoted to preliminary results, which will be useful to prove our main results.

Lemma 1. For q € (0,1),s € (0,00) and k € NU {0} we have

D= K/ =1yl —2))*
gn,q(“k§ %) = F[n]q P
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Proof. Putting su!/™ = t, we have

" oo/A n—1gln — 2, k
Grg(u¥;20) = 7]/ E(—q%ul/")\/([ gln —2]y) »
qJ0

Consequently, a simple calculation yields:

Lemma 2. The operators G, q(f; ») satisfy
(i) Gn.q(1;2) = 15
(i) Gn.q(u; ) =

(i1) Gp.q(u?;3¢) = 5%
(iv) gnq( 3. ) = \/ n—l]q[n—Z]q%&

)

e,
. u4'%:n— ql — 2lq 4
(v) Gnoa(w's2) = L—gp g

|
Using the linearity of the operators (1.4]) and applying Lemma we easily obtain the following result:
Lemma 3. The operators G, q(f; ») satisfy

(0) Gog(t — 523 52) = (m_ 1)

(b) gn,q((u - %)25 %) = 2<1 - [n:ﬂz>%2;
n—1]4[n—2], n—2], .
(wgmﬂu%ﬁ%><[pii "3 quQ%S
n n n—1]4[n—2 n
wywmh%ﬂw=GnMnﬂ—“ e Wn?+0

Remark 1. Throughout this paper, we assume that {qn }nen is a sequence in (0,1) such that lim g, =1
n—oo

and lim ¢ = A, (0 < X\ < 1), then using Lemmaﬁ we easily derive:
n— oo

. 1
nh_fgo[n]qn Ongn (U —3650) = _§>‘%7
lim [n]g, G, ((u—2)%3) = A5
n—oo
242
2, G (=) = (P20
lim [n]gn Grogn ((u—30)%22) = 32754

n—roo

Remark 2. Continuing the process further in an analogous manner in Lemmal[3, it can be observed that
for k € N and n > 2k, there exists a positive constant My(k), depending on k such that

2k

G o (1 — 5)2%; 5¢) < Mo (k) 2=, 5 > 0.

Wa



Lemma 4. Let k € N. Then there exists M;(k), a positive constant depending on k such that
k sk
Gn.q(lu— [ 5) < ]\/.[1(16)7k/27 x> 0.
[n]q

The proof of the lemma easily follows from Cauchy-Schwarz inequality and Remark[3

The following result shows that the operators G, , are positive linear operators from the space C, into
C,, for all n > p.

Lemma 5. Let p € NU {0}, then for every f € C,, there exists Ma(p) a positive constant depending on
p such that

1Gn,a ()l < Ma(p)[[ f1lp; V1 > p.

Proof. From equation (|1.4) and Lemma , we have

Gng(wp(u);se) = Gng(l+u’; )
_ F[n—p]q\/([n—1]q[n—2}q)”%p
- I,
_ \/([n — 1g[n — Q]q)p 2P n
L Sy ) e I
This shows that
L Grn.q(wp(u); 22) < Ma(p), V2« > 0and n > p, (2.1)

’LU,,( )
where Ms(p) > 01is a constant depending upon p.

Now, from equation (|1.4) and , we get
1Gn,a(Dllp < I 1pllGnq(wp)llp < M2(p)|f|]p, n > p-

Lemma 6. Let k € N then for all n > 2(p + k), there exists a constant Ms(k,p) > 0, such that
1 1

k .
prrk(%)gn,q<U — )" w, (u); %> < M3(k’p)W’ 2> 0.

Proof. Since
1

Wg"’q (|u — slPw, (u); %) = Gnyq (wa(u); %).

By using Cauchy-Schwarz inequality and equation (1.3]) , we obtain

wp+k(%)
4{Qn,q((u — 3%, %)}1/2{1gn,q(w2(p+k) (u); %)}1/2~

Wa(ptk) ()

From Remark and equation (2.1)), it is evident that for all n > 2(k + p), the proof of the lemma
follows. 0

IN

IN

Lemma 7. For every f € C? and n > 2p, there exists a positive constant My(p) such that

Hgn,q, (f HP<M4 ZHf k)”P k-
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Proof. From equations (|1.5)) and (1.6), we may write

|Gn.q.0(f5 ¢ Zgn,q (1P ()]|u = 5]*; )
Since fF) e Cyp—, from Lemma @, we have

P
|Gnapo(fi2)] < Z ||f(k)Hp—kgn,q(wp—k(u)‘u — 5|*; 52)

k=0
P
—k
< wp()Ma(p) D NP prlnly ™2
k=0
holds for all ¢ > 0, hence

Hgn,q,p( Hp<M4 ZHf ||p k-

3. MAIN RESULTS

3.1. Approximation properties of the operator G, ,.

Theorem 3.1. Suppose that for a fived p € NU{0}, f € C, such that f', f" € C, . Then, there exists a
positive constant My(p) such that

n—2

1/2 22
1Gra(f5 5¢) — (%)|§%|f’||,,([nq_2]q> +M5(p)||f”llpm,

wﬂ( )

for all 2 >0 andn > 2p+ 4.

Proof. Since f € C, and f’, f” € C,, by the Taylor formula, for each s > 0, we may write

u

£ = 160+ F =20+ [ (= 9)f"(s)ds

e
Therefore, we have

Grvalf:30) = F(52) + F(5)Gma((t — 52): 50) + G < / “(u— 5)f"(s)ds: %>. (3.1)

Fl

Now, from [34], we get

[ 6] < 17t + - (32

el

By using equations ((3.]] , .7 Lemma [3[ and applying Cauchy-Schwarz inequality, we obtain

@gn,qu;mm < 1 o/ Gl = 22)? *g’”W b ”)
< varIL(1- {Z:ﬂz)l/ +|5 ()gnq(< s

Gl ).



By using Hélder’s inequality, equations (1.3, (2.1) and Remark [2| we get

n—2

Gt =16l < Al () s [Vttt 160 (2 5% }1/2

[n wap (2

~—

(a2

IN

n—2 1/2
A (g )+ sl

22
[n—2], q
For f € C,, p € NU{0}, the k-th (k = 1,2) order modulus of continuity wy, is defined as
wi(f:Cpip) = sup [[AFF()lps 0 >0,
0<h<p
where A} f(u) = f(u+h) — f(u) and A2 f(u) = f(u+ 2h) —2f(u+ h) + f(u). From [8[15], we have
pg%l+wk(f,cp; p)=0, k=1,2, forall f€C,.

In the following theorem, we derive an estimate of the rate of convergence by the operators (1.4]) with
the aid of the modulus of continuity of order 2.

Theorem 3.2. For every f € C,, p € NU{0} and 3 > 0, there exists a positive constant Mg(p) such

that
wpl(%)lgn,q(f; %) = f()] < Ms(p){%(ﬁ;q)m +ws <f? [};]> }
for all n > 2p + 4. '

Proof. Following [8], for f € C, the Steklov function f; is defined as

4 M2 /2
=5 [ [ s+ 0 - 2o+ o))dsde
0 0
for w > 0,and h > 0. If f € C, then from [8], for all & > 0, it is known that f,(lk) €C, for k=0,1,2 and

1f = Fallp < ws(f3 ), (3.3)

9
Rl < ﬁa@(f;h). (3.4)
For any f € C,, we may write

wplw)lgn,q(f; ) = [0 < w,i%) (1Gna(F () = faw)s )|+ |Gng i 2) = fa)] + 1) = £

By using Lemma , Theorem (3.1)), equations (3.3]) and (3.4, we obtain

1 qn72 1/2
160~ £6I < M lly A ()

wp(22) [n—2]
1" %2
+Mr (P Ao + I1f = full,

[n]q

-2 1/2 22

< Al () o+ Oale) + 14 M) e i)
"\ - 2]q h2[n,
Taking h = \/TT’ we reach the desired result. (|
Nq

As a consequence of the above theorem, we have an immediate corollary as follows:
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Corollary 1. For any f € C,, p € NU{0} and s > 0, we have
1 G, (3 2) = 1),
Note that this convergence is uniform on any compact interval [a,b] of (0, 00).

In the next result, we establish the Voronovskaja type asymptotic theorem for the operators G, ...

Theorem 3.3. Let p € NU {0} and f € C, such that f', f"" € C,, then for any > > 0, there holds

lim [n]g, (Gnq, (f;2) = f(5)) = AR (56) — wf ().

n—oo 2
Proof. By our hypothesis, from Taylor’s formula for f about s > 0, we have
1
Fu) = f2) + (u=30) f'(30) + 5w = 30" " (56) + &e(u)(uw = 2), u >0, (3.5)

where &,.(u) is a function satisfying lim,,,,. &..(u) = &,..(3) = 0.
Operating G,, 4, (.; ) on both sides of the above equation (3.5) and using Lemma (3| we get

Ml G, (F1 ) — F()) = [nLM( W—l>{%f’(%)—%2f”<%)}

+[nlg, Gn g, ((u = 2)*E(u); ). (3.6)

Now, we show that [n],, Gn.q, ((u — 5)?E..(u); 3¢) — 0, as n — oo, for any » > 0.
By using Cauchy-Schwarz inequality, we arrive at

G (1= 52)260(); 3] < 3/ G (1= 2)5 7)1/ G, ()2 50). (3.7)
From the properties of &,.(u) and Corollary (), it follows that
i G, (6% 5) = (6(2))* = 0, (38)

for any s > 0.
Further from Remark [1] for all s > 0, we have

[nlg. \/gn,qn((u —x)4 ) = O(1),as n — 0. (3.9)

Therefore combining (3.7)-(3.9), we obtain
lim [n]g,Gn,q, ((u — %)2£u(u)§ x) = 0.

n—roo

Consequently, applying Remark [1| to the equation (3.6]), we reach the required result. O
3.2. Approximation properties of the operator G, , ,.

Our following result is an analogue of Theorem for the operators (|1.5)).

Theorem 3.4. For every f € CP and p € N, there exists a constant Mgy(p) such that the following
inequality holds

7|gn,q,p(f§ x) — f()| <

1
wp(3) n]g/?

A >, x>0
VInlq
forn > 2p+2. Furthermore,

3My(p) 1
[000(0) = Fllvs < 0 r(19.Ca [n]q)

q

forn>2p+2.



Proof. For every f € C? and » > 0, from equations (1.5) and (1.6]), we may write
Gnq(f159) = [(50) = G qg((Tp,q (3¢, 1) — f(50)); 52)
. For any f € C?, the Taylor’s formula about v > 0, is given by

PR (u x—u)P
f(%):Zf ()(%fu)k+!hp(%,u),%>0

= k! (p—1)!
where )
(56, u) = / (1= 0) O (u+ v(o¢ — ) — FO () }do. (3.10)
From equation we have
N PR C i) & S
f(%) jﬁyq( ) ) (p_1)| hp( 9 )

and therefore, we obtain

|gn,q,p(f; %) - f(”)'

IN

Gn,q([Tp,q(32,u) = f(50)]; 30)
1 p .
= o malle— ul o6 )l ). (3.11)

Now, we estimate |h, (3, u)| in terms of the first order modulus of continuity w;. Since f(*) € Cy, from

equation (3.10)), we get

1
I (Geu)| < /(1—v)”_lwl(f("),co;v|%—u\)dv
0

1
< o) [ (=)t
0
< 1w1 <f(p),Co;%>( > [n]q|%7u| +1>, 3> 0. (3.12)
p [n]q <

From equations (3.11) and (3.12)), we have

Gnq.p(f322) = f(30)] < ;wl(f(p),Co; T] ){ [n]qgn,q,p(|%—u|”+1;%)+gn,q,p(|%—u|";%)}. (3.13)
. n q V1

The first assertion of the theorem follows from Lemma (). Further from [32], for any s > 0 and n € N,

we have
1
w1 (f(p); %> < (4 Dwy (f(p); )
[n]q [n]q
Thus, from equations ([1.3)) and (3.13]), the second assertion of the theorem follows. O

Remark 3. If we take p = 2 in the above Theorem and comparing with the Theorem[3.3, then it can
be observe that the operators G, 4, have better rate of convergence than the operators Gy, 4

Corollary 2. Let p € N, then for every f € C?, we have
lim [0)5/%(Grn,g,.,0(f3 %) = f(3)) = 0, 52 > 0.

n— oo
Further

; p/2
..

|0 (f) = fllp1 = 0.

In the next corollary, we investigate the convergence rate of the operators (1.5)) for those functions
f € cr, where f(») belongs to the Lipschitz class Liparp, 0 < p < 1, defined as
Lipppp={f €Co: |f(3) = flu)] <K M|se —ul|*, 0 < p <1, 55,u >0},
M > 0 is a constant depending on f.
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Corollary 3. For any f € C” such that f(*) € Liph;, 0 <p <1, and p € N, for all ¢ > 0, we have

1
gn,qn,P(f§ %) - f(%) = O<W>, as n — Q.

Also,

1
Hgn,qmp(f) - f||p+1 - O(W), asn — oQ.

qn

Lastly, we establish a Voronovskaya type result for the operators (|1.5)).

Theorem 3.5. Let f € C* and p € NU {0} such that the derivatives f*T) and f**+2) are bounded and
continuous on (0,00), then for all » > 0, we have

—1)P e+ (4
Gl = 109 = G (i)
+(—1)P(p+1)f(p+2)(%)

(p+2)!

1
gn7q71,((u — %)P+2; %) + O(W), as n — oQ.
q

Proof. To prove this theorem, we use the Taylor’s expansion of f*), 1 < k < p at s > 0, which is given
as

ik f(k+J)

¥ (u Z

%)j + Nk (u, 5¢)(u — %)’”2*’“, foru >0,

where 1y (u, ) is a function such that for a fixed s > 0, 1y (u, s)u® € Cy and lim,_,,. nx(u, ») = 0 for all
k, 0<Ek<p.
Then, equation (|1.6)) can be written as

4 pt+2—k (k+7) A
Toeu) = E:;{:E:'f!;UO@—%V+WM%%XU—%V”k}@?ﬂﬁ,%U>0
k=0 =0 :
k. p+2— k f k+])

I
qﬁm

2

Sl b=

U— k-‘r]_’_{i
k=0

On simplification, the above expression becomes

tﬁbﬂﬁb

s
Il
=)

+2 ;
p f(l) s 7 p+2
Tp(52,u) k( > z'( )(u—%) +np(u, 5) (u — 2)Pt

f“')(% zl i FEVG) (u— )t G (p+1 i
e () e ()

=0

(p+2) _pt2 P
+ ((p)—(F 2)! : > (p i 2) F oty (u, 20) (u = 30)P*? (3.14)
k=0
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b _x»r (=D
where 7, (u, ) 0 Mk (1, %2).

It can be easily seen that for a non-negative integer ¢ there hold:

() - {3 Es

‘ k=0
S = e
geN{Zﬁ = i+ 1))

By virtue of these identities and equations (|1.5)) and (3.14]), we have

. _ (—1)pf(/)+1)(%) ot (_1)P(p+1)f(p+2)(%)
Graanplf5) = £() = =0Ty Gl =0+

+Gn, gm0 (Mp (1, 50) (u — 2712 50). (3.15)

Since, limy . 1, (u, ) = 1,(3¢, ) = 0, hence from Corollary , we have

Grgp (1 — 5)77%; 30)

i G, (1,1 200)% 2) = (156, 2))° = .

Thus, from Hoélder’s inequality and remark , we get

1
gn,qn,p(np(ua ) (u— %)p+2; ») = 0([n](p+2)/2>’ asmn —r oo. (3.16)

q

The proof of the theorem follows from equations (3.15)) and (3.16).
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