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Abstract
We consider the following X-ray free electron lasers Schrodinger equation

(iV — A)’u+ V(z)u — ﬁu = <|—1‘ * |u|2> u— K(z)|u|” %u, zeR?,
T x

where A € L}, (R3 R3) denotes the magnetic potential such that the magnetic field B = curl A is
Z’-periodic, p € R, K € L™ (R?) is Z* -periodic and non-negative, ¢ € (2,4). Using the variational
method, based on a profile decomposition of the Cerami sequence in H} (R3), we obtain the existence
of the ground state solution for suitable p > 0. When g < 0 is small, we also obtain the non-existence.
Furthermore, we give a description for the asymptotic behaviour of the ground states as u — 0.
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1 Introduction

In this paper, we consider the following X-ray free electron lasers (XFEL) equation
1
(iV — A)*u+ V(z)u — ﬁu = (|| * |u|2) u — K(x)u|"u, z € R3, (1.1)
x x
where A denotes the magnetic potential, V' stands for the electric potential, K € L (R3) and ¢q € (2,4).
Equation (1.1) comes from the following time-dependent model arises as an effective single particle model
in X-ray free electron lasers [27, 17] with an atomic nucleus located at the origin

A
i0,® = (iV — A(t,2))> ® + W(z)® + ﬁcp +2o( 7% |B2)D + As| @20 P. (1.2)
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A solution ® of (1.2) can be considered as the wavefunction of an electron beam in an electric potential
W (z), interacting self-consistently through the Coulomb (Hartree) force with the strength Ay, the local
Fock approximation with the strength A3, and interacting with an atomic nucleus, located at the origin, of
interaction strength A;. Equation (1.1) can be regarded as a generalized stationary equation of (1.2) in the
case that A is independent of time, with Ay = —p, A2 = —1 and A3 being replaced by K(z).

The XFEL has many important applications in physics, recent developments using XFEL include the
observation of the motion of atoms [11], measuring the dynamics of atomic vibrations [28], biomolecular
imaging [38], etc. Although huge amount of studies have been made in physics, it seems that only very few
mathematical results could be found in the literatures. In mathematics, the earliest time that the Cauchy
problems for the XFEL equations with V(z) = 0 were considered seems to be in [2, 3]. For some recent
developments, we refer to [13, 29, 26, 25, 24] and the references therein. Especially, [26, 25, 24] are devoted to
the time-dependent problems; in [29], for the case A = 0 the authors obtained the existence of ground states
and normalized solutions for the XFEL Schrodinger equation with harmonic potential; in [13], the existence
and stability properties of standing waves have been discussed under the assumption that the potential A is
the vector potential such that the magnetic field B = curl A is constant. However, for more general magnetic
field, the discussion for stationary solutions, especially for ground states, seems still absent.

Equation (1.1) is also a special type of the nonlinear magnetic Schrédinger equation
Viu+V(z)u = g(z, |u))u, =€RN, (1.3)

where V4 = (iV — A). Equation (1.3) has attracted a great quantity of attentions in recent decades. In
the study of magnetic Schrodinger equation, one key problem is to overcome the difficulty brings from the
presence of magnetic field. Esteban and Lions [23] obtained firstly the existence result when the magnetic
field is constant, and then Arioli and Szulkin [4] generalized the result to periodic magnetic field. Recently,
Devillanova and Tintarev [21] obtained the existence for a general bounded external magnetic field. The
researches on nonlinear magnetic Schrodinger equations have covered a variety of interesting topics, for more
examples, we refer to [12, 5, 22, 39, 31, 32, 33, 1, 18, 19, 20, 16, 36] and the references therein. Inspired by
the above works, in this paper, we are interested in the XFEL equation (1.1) with the magnetic field being

Z3-periodic.

We need the following assumptions:
(A) A e L} (R3 R3) and the magnetic field B = curl 4 is Z3-periodic.
(V1) V =V, +V;, where V,, € L™ (R®) is Z® -periodic, essinf,egs Vj(x) > 0 and V; € L™ (R*) N L3 (R?)
satisfies
lim Vi(z)=0.

|z|—4o00
(V2) essinf,crs V(z) = Vo > 0.
(K) K € L* (R®) is Z* -periodic and non-negative.

In Lemma 2.6 we will show that there exists pu* such that for all p € [0, p*),

2
/ |VAu|2dx+/ V(x)\u(:c)|2dxf,u/ [wl@)”
R3 R3 RS |7




is positive-definite on H} (R?).
Our main results can be stated as follows.

Theorem 1.1 Suppose that conditions (A), (V1),(V2) and (K) hold. If p € [0, u*) and V| satisfies

Vi(z) < = for a.e. x € R3\{0}, (1.4)

||

then there is a ground state solution u € HY (R3) of equation (1.1).

Theorem 1.2 Suppose that (A), (V1) and (K) hold. If 4 <0 and

Vi(z) > ﬁ for a.e. x € R3\{0}, (1.5)

then equation (1.1) has no ground state.

Finally, we give a description for the asymptotic behavior of the ground state when y — 07.

Theorem 1.3 Suppose that (A), (V1),(K) are satisfied and V; = 0. Let {un} C [0,u*) be a sequence such
that i, — 0T Let u, € H} (R3) be a ground state of (1.1) corresponding to u = p,, then there is a sequence
{zn} C Z3 such that for g., defined by (2.2) below, up to a subsequence, we have

Gz, Un — U, N Hix (R?’) ,

where ug € HY (RB) is a ground state solution of (1.1) for u = 0. Moreover, ¢, — ¢, where ¢, is the energy

of u, and c is the energy of ug. The energy of a solution is defined by (2.1) below.

The rest of this paper is organized as follows. In section 2 we give some preliminaries and variational
setting. In section 3 we prove the existence and boundedness of a Cerami sequence in H}l (R3), and provide
a decomposition of bounded minimizing sequences. Section 4 is devoted to the proof of Theorem 1.1 and

Theorem 1.2. Finally, we give the proof of Theorem 1.3 in section 6.

2 Preliminaries and variational setting

In this section, we collect some preliminary results that we will use later.

Suppose that A € L? (R3,R3). For V4 = (iV — A), let

loc
H)(R®) = {ue L*(R%): Vu e L*(R%)},
then HY(R3) is a Hilbert space with inner product

(u,v) =R | (Vau-Vav+ud)de,
R3
where % denotes the conjugation of u and Fa denotes the real part of a € C. The corresponding norm is
[l 1 sy = V/{u,u). We have the continuous embedding HL(R3) — LP(R3) for 2 < p < 6 (see [23]). If

u € H}(R3,C), then |u| € H'(R?) and the following diamagnetic inequality holds

IV|ul(2)] < |(iV — A(z))u(z)|, for a.e. x € R3.



The energy functional £ : H}(R3) — R of a solution u of (1.1) is defined by

:1/ |vAu|2dx+1/ (V(a:)— |“|> luf2da
) |uly g
d dy+ K Y ul?dz, (2.1)
R3 JR3 |39—

€ is of C'-class on H(R3). The corresponding Nehari manifold is defined by

N = {ue HyR*\{0} | &'(w)u =0} .
Note that, if the magnetic field B = curl A is Z3-periodic, i.e.

B(-—y)=B(), VyeZ’,

then, in terms of a fixed magnetic potential A,

curl (A(- —y) — A(-)) =0, VyecZ?
Therefore, from [34, Lemma 1.1], we have

Yy e Z? 3¢, € HL (R®), suchthat A(-—y) = A() + Va,(-).

Set
gy = u - E9Ou(- ), (22)
gy im0 o eIy, (23)
we have
Lemma 2.1 ([4]) Letu € H} (R?),z € Z® and v := gu. Thenv € HY (R?), [45|Vav]* = [ [Vaul* and

(vl 2y, msy = lull oy, g3y In particular, for each z € 73 the operator g. is an isometry on H} (R?).

Define
1 2 K Jul?
Eper(u) :=E(u) — = Vi(z)|u|dx + = —dx, (2.4)
2 R3 2 R3 |.’I]‘

Obviously, &yer is differential on H} (R?).

Lemma 2.2 ([34] ) For all y € Z3, there hold Eper (gyu) = Eper (u) and €, (gyu) = g€, (u).

per per

We also need the following lemmas.

Lemma 2.3 (Hardy-Littlewood-Sobolev inequality [30]) Let p,r > 1, 0 < A < n and % + % + % =2. If
f e LP(R™) and h € L"(R™), then there exists a constant C independent of g and h, such that

/ o <l’>|$—yl*h<y>dxdy\ < C|lf 1Al

Lemma 2.4 ([15] ) Let 1 < p < oo. If ¢ < N s such that 0 < q < p, then 7” € LYRY) for every

u € WHP(RN). Furthermore,
|u($)|p p ! pP—q q
/RN o S\ vy ) Il Vullz.




Remark 2.5 Let ¢ = 1, p = 2, by the diamagnetic inequality and Lemma 2.4, we know that for any

u € H} (R®) there holds

|u(@)|?
||

Lemma 2.6 There exists p* such that for any 0 < p < p* the quadratic form

. 2 25 |u(z)[?
Qu.uH/R?’ IV 4l dx+/RB V(@) u(z) 2de “/RS -

is positive-definite and gives a norm on HY (Rg) which is equivalent to the standard one.

dx.

1
Sl + ) > 9 lullald > [

dx

Proof. By the assumption on V(z), for any u € H}(R?), we have

Qulu) < / IV aulde + / V(@)ulde < max{L, |V (2)]l~} (I aul3 + [ul2).
R3 R3

On the other hand, by Lemma 2.4, let p* = 2min{1, V;}, then for any 0 < p < u*,

2
Quu(u) :/Rg \VAU\Qda:+/RS V(x)Ude—u/RS |“|(z)| dx

|u(z)?

2/ \VAu\Zda:—&-VoHuH%—,u/ da
R3 rs 7]

L.
> 5 =) (IVaul3 + [lul3)

which implies the conclusion. O
Lemma 2.6 yields that for 0 < p < p*, [|lul|, := \/Qu(u) is an equivalent norm on H} (R?). In the rest

of the paper we will always assume g € [0, ") if we use the symbol (-,-),, to denote the scalar product.

D= [ [ O,

|z -yl
It is known that D(u) is well-defined on H} (R3). By the Hardy-Littlewood-Sobolev inequality and Sobolev

Moreover, we write

inequality, there is a constant C' > 0 such that

D(u) < Cllull,
Now we can rewrite the energy functional as
1, .o 1 1 q
£(u) = gy~ gD+ | K(@)fu(a) da.

it is standard to check that £ is of C'-class and its critical points are weak solutions of equation (1.1).
Let (E, |- ||z) be a Hilbert space. Suppose that H : E — R is a nonlinear functional of the form
1
H(w) = 5llullz — Z(w), (2.5)
where Z is of C! class and Z(0) = 0. Let

N :={u e E\{0} | H (u)u = 0}

be the Nehari manifold, then it is obvious that any nontrivial critical point of H belongs to /. Recall that

a Cerami sequence for #H at level ¢ is a sequence {u,}, C E such that

H(un) = ¢, (14 |lunllg) 7' (un) = 0.



The next result establishes the existence of Cerami sequence, which can be found in [37, 8].
Lemma 2.7 Suppose that the functional H(u) defined by (2.5) satisfies the following conditions:

(J1) there exists v > 0 such that
inf  H(u) > 0.

lulle=r

(J2) % — 400 as t, — 400, and u, — u, with u € E\{0}.

n

(J3) forallt >0 and u e N, 2 4
2

2

T'(u)(u) — Z(tu) + I(u) < 0.

Then N £ 0, T #£ 0 and

c:=infH = inf sup H(y(t)) = inf supH(tu) >0,
N Y€ ¢e(0,1] 0 u€E\{0} >0 (tw)

where

[i={y€C([0,1], E) : v(0) =0, [[v()[lr >r, H(y(1)) <0}

Moreover, there is a Cerami sequence for H at level c.

3 Profile decomposition of minimizing sequences

In this section, we will give a profile decomposition for the minimizing sequences. We firstly prove the

existence and boundedness of Cerami sequence via Lemma 2.7.

Lemma 3.1 Suppose (A), (V1), (V2) and (K) are satisfied. Let H =&, E = HL(R?) and
Z(u) := 1D(u) 1 K(z)u(z)|?dz.
4 q Jgrs

Then (J1)-(J3) hold.

Proof. The idea is similar to [6, Lemma 3.3]. It is easy to check that (J1) and (J2) hold. To prove (J3), let

u e N, set o
p(t) = —5—T'(uyu — I(tu) +I(u), for t >0,

we see that (1) = 0. As u € N, we have [[u|| = Z'(u)u > 0, which implies
2 2
/ dedgj > / K(z)|u(x)|9dx. (3.1)
RS XR3 |z —yl R3

Furthermore, we have

dL(t)i 43 Mm g=1 _ ) |u(x)|9dx
O [ S s (7 ) | Ko

For any fixed z,y € R3, define 1 : (0, +0c0) — R by

u\x 2 u 2
0 = ) 02

If t € (0,1], we have

2 2 - 1)— " t
dp(t) > (tq_l—ts)/ [u(z)|*[u(y)] dxdy:tq_l/ V() (1) =P )d:vdy.
dt R3 xRS |T =Yl R3 % R3 |z —yl




As 1) is non-decreasing on (0, 1], we see that dolt) >0 for t € (0, 1] and then ¢(t) < ¢(1) =0, so (J3) holds.

dt
Similarly, if ¢ € (1,400), because ¢q € (2,4), we have
dep(t
W0 <ot ) [ K@) <o
dt s
Therefore, p(t) < ¢(1) = 0 for t € (1,400). This completes the proof for (J3). O

Lemma 3.2 Any Cerami sequence {u,} of £ is bounded.

Proof. It can be deduced from the properties of Cerami sequences that

lim € (u) = lim (5(%)—25/(%)%)

n—-+00 n—-+o00

(2 DYl +d by [ et
= lim = — = ) |unll, +(=—= ——"dxd
[(2 q)n B+G-p [ y

|z —yl
. 1 2
> - _ -
_ngr—ir-loo (2 q> ||un||l“

now the boundedness of {u,,} follows from limsup,, ,, ., & (u,) < 400. O

In the next we will give a profile decomposition for the minimizing sequences.
Lemma 3.3 Suppose that {un}n C H}l (R3) is a bounded sequence such that w, — ug in H}x (R3) . Then
D (upn, — ug) — D (un) + D (ug) = 0 as n — +o0.
Lemma 3.3 can be proved by the similar arguments as in [14, Lemma 2.2], we omit it here.

Lemma 3.4 Suppose that {u,}, C H} (R®), £ >1, and fork =1,...,{, there exists a sequence {zﬁ}n cZ?
2k — z,kll‘ — +oo for k # k'. Let g.x and g;l be defined by (2.2) and (2.3).
Assume that u, — ug and wk € HY (R3) satisfying gz_klun —w” in H} (R‘3) If

14
k
Up — U — gk W
k=1

satisfying |sz| — 400 and

— 0, (3.3)

m

then we have '

D (un) = D (ug) + ZD (wk) )
k=1

Proof. Set af := u,, — up, and
m
k
apy, ::un—uo—Zgzﬁw , me{l,... . (}.
k=1

As u, — ug, by Lemma 3.3 we get

D (a5) — D (up) + D (ug) — 0.

Since g;lllun — wh, gz_;uo — 0 and gz_;ag = gz_}l1 (un, — up), we have gz_;ag — w'. Applying Lemma 3.3

again, we have

D (g;lag — wl) -D (g?ﬂaﬁ) +D (w') =0,

or equivalently
D(a}) — D (ag) + D (w') — 0. (3.4)



Similarly,
D (ay) — D (a}) + D (w®) — 0. (3.5)

It yields from (3.4) and (3.5) that
D(a}) + D (w?) + D (w') — D (af) — 0.

Repeating the above process, we obtain

¢
D (ay) +ZD(wk) — D (up —up) = 0. (3.6)
k=1

In view of (3.3), a} — 0 holds. Therefore

then from (3.6) we get

Using Lemma 3.3 again, we obtain

this completes the proof. O

Similar to [6, Lemma 4.3, Corollary 4.4], we can get the following lemma and corollary.

Lemma 3.5 D' : H} (R?) — (H} (R®))" is weak-to-weak * continuous, i.e. if {u,}, is bounded and

un, — ug in H} (R®), then for ¢ € H} (R?),
D' (un) (¢) = D' (uo) (¢)-
Corollary 3.1 &' : H} (R3) — (Hi‘ (RS))* is weak-to-weak * continuous.

Theorem 3.2 Under the conditions of Theorem 1.1, let {u,} be a bounded Cerami sequence in H} (R5)
Then there exists ug € H114 (R3) such that u, — ug and &' (ug) = 0. Furthermore, up to a subsequence,
either u, — ug in H} (R3), or there exist an integer £ > 1 and sequences {w*}},_, c H} (R®), {zF} c Z?
and {¢_x Mo, C HE (R3), such that

1) |zk| = +o0 and |2 — sz/’ — +oo fork £K;
2) wk #£0 and & (wk):Oforlgkgﬁ;

per

)
3) Up — U — Zi:l ngbwk — 0y
4) & (un) — € (o) + Xrey Eper (wF).

Proof. We divide the proof into six steps.
Step 1. Since {un}n is bounded, up to a subsequence, there exists ug such that w, — ug. As &’ (u,) — 0,
by Corollary 3.1 we get £ (ug) = 0.
Step 2. Set v¥ := u, — up.
Case i). If
lim sup / |v2(m)|2 dz =0, (3.7)
B(z,1)

n—-+oo 2€R3



we confirm that u,, — ug in H}‘ (R3) and the theorem is true in this situation. In fact, from

&' (un) (Ug) = H/U"(')LHi + <u0, U9L>u - LD/ (un) (02) + §R/ K(x) |un|q72 un vy da,
4 RS
we see that

||1)2Hi:8/ (un) (vg) —<u0, v2>u+iD’ (tn) (02) —R K(z) |un\q72 upv9da. (3.8)
R3
As & (ug) =0, i.e.,

1 P
<Uo,’02>“ — ZD’ (up) (02) + §R/3 K(z) |up|? 2 ugvddz = 0,
R

and then from (3.8) we have

1

oI =) () = 12 ) (68) + % [ Ko hol"* it

1 L,
+ =D (uy) (00) =R [ K(2) [un|"? uyvlda.
4 -
Since {vg}n is bounded, it follows from &’ (u,) — 0 that

E (up) (vg) — 0.

By Hoélder’s inequality and the lemma of Lions [35], we have

/ K (z)|uo|? 2ugv0dx
R3

< [ Kl lluollg~ llvplly = 0,

K(2) [un|? % uplda

g < [ [loolun 13~ lwnllg — O

Moreover, by the Hardy-Littlewood-Sobolev inequality, we have
D' (up) (v9) =0 and D (ug) (v)) — 0.
Thus vaHi — 0 and u,, — ug, which yields £ (u,,) — &€ (ug), then in the first case, the theorem is true.
Case ii). If (3.7) does not hold, we can find a sequence {z} C Z? such that

liminf/ |’U2‘2d$ > 0.

n——+oo B(Z}L,lJr\/g)

Obviously we have |z}| — +o0, and there are w' € H} (R?®) and ¢.1 € H} (R?) such that (up to a
subsequence) g;lun (r) = w! # 0. We confirm that &’ (w!) = 0.

per

Indeed, let w} = g2, u, (), it follows from w} — w! that

Eler (W) () = EL (W) (), ¥ 0 € C° (RY) .

Moreover,
Up g1 O
o(1) :5/(“n)9z1¢:‘%cr (w;)go-i-?]? 1% (m‘f'zi) wizde — iR gz,{@(m
’ R? rs |7
u’ﬂ z
Y S PR -
supp ¢ r: |7
and
Eeaw)@) = R [ Vi(ot2h) wipds+ i [
per Y) = l (J?-FZn) w,, P T+ U .13-‘1-0(1).
supp ¢ r: |7



On the other hand, Lemma 2.4 implies that {u,}, is bounded in L? (R3;|z|~'dz), and from [9, Lemma 2.5],

5 1/2 12 1/2
[ i dx’ < ([ lela) (] el ==l ) o
R3 |1’| R3 |f£‘ R3 |£E'|

Hence it is sufficient to show that fsupp o

we obtain that

Vi (:I: + z}z) wlpdr — 0. Fix any measurable set E C supp @, by

Holder’s inequality,
/E Vi (2 + 23) wi| dz < Vil [[wnll, lloxell, -

Thus the boundedness of {wy, } in L? (R?) implies that the family {V; (- + z}) wy %} is uniformly integrable
on supp ¢. The Vitali’s convergence theorem yields
R Vi (z + 2p) whpdz — 0,
supp ¢
which implies &/ (w') = 0.
Step 3. Set v} :=u, —ug — gziw1 =) — gZ}Lwl.
Case i). If

sup / |v,11|2dx —0 as n— +oo, (3.9)
2€R3 JB(z,1)

let us prove v}, — 0 in H} (R3). Firstly, from (3.9), by virtue of the Lemma of Lions, we have v; — 0 in

L' (R3) for any 2 < t < 6. Repeating the argument of [7, Lemma 4.3, Step 4], from & (ug) (v}) = 0 we

conclude that

lonll} = = (w0, vn),, = (g w' (@), 00,
30 () 12) < [ o) 7 7+ 001
R3
—— 3D (w0 (68) + R [ K (@) ool woofde — (g0 2. 03,
R3
+ ip’ (un) (v5) = R / K (@) [un|" upvhda + o(1).
R3

1

Since w* is a critical point of &pe; , we have

m

D'(gzyw' (2)) (vp)

2 1 1 1
HUiH# ZZD/ (un) (v3) — ED/ (uo) (vp) — 1

k=1

-R [ K(x) (|un|q_2 U — [uo|" ug — |gz711w1($)‘q72 gziwl(x)) vlda

R3
— w! (x)vk
R [ Vi(2)g.w' (z)vlde + uR de + o(1).

R? " R3 Ed
From [9, Lemma 2.5], we obtain _
Ly wl(x)v'rlz

| ————dz—0.

RS ||

Similarly to [7, Lemma 4.3, Step 4], we get

R [ K(x) <|un|‘k2 U — |uo|" " ug — ’gziwl(x)|q72 gz1 wl(x)) vidr — 0,
s , &

R V}(x)gzyllwl(x)adx — 0.
R3

10



Hence
o2 = 0 ) (52) = 2 (o) (1) — 20 (g2 (@) (02) + (1)

To prove D’ (uy) (v})| — 0, it follows from Hardy-Littlewood-Sobolev and Hélder inequalities that

2 1
R3 X R3 |z —yl ° 5

Similar argument yields that D’ (ug) (v;;) — 0 and D’ (g.1w'(2)) (v;;) — 0. Then we have v}, — 0 in
H} (R3).
Case ii). If (3.9) does not hold, then there is a sequence {22} C Z3 satisfying

lim inf/ vk da > 0, (3.11)
(2271+\/§

n—-+oo B

which yields that there exist w? € H} (R?) and ¢.> € H} (R?) such that (up to subsequences)

2 2
|zn| — +00, |z

-z, | — +00,
gz_%lun(x) —w? #£0.
Furthermore, we confirm that

Eer (w?) =0.

Indeed, let w? := g;lun(m), it follows from the discussion in Step 3 that

Eher (Wh) (@) = Eper (w?) () =0

and &, ( n) (¢) — 0 for any ¢ € C§° (RS) so we have &/, (wz) = 0, which gives the desired result.

Step 4. Repeating the procedure in Step 2 and 3, we can suppose that for an integer k£ > 1, there exist
{2k} CZ3 {¢.i}n C HL(R?) and w* € H} (R?) such

|zn ko ok >k>1,
wk = g;lun(:c) —wh #£0,
Elo (W) =0.

Set
vk = k-l fgzﬁwk, k>1.

Similar to Step 3, we can prove that if

sup / |v,’§’2 dxr — 0 as n — o0, (3.12)
z€R3 J B(z,1)
then
ok = 0;
or if
sup / |v,’§|2dx >0 asn — +oo, (3.13)
z€R3 J B(z,1)

then there exist two sequences {27} C Z%, {¢_r+1}n C H, (R?), and w*' € H} (R?) such that (up to

subsequences)

|z§+1| — +00,

,
2Rl _ ok ’ — +o00, for K <k,

11



gatn@) =W A0, () =0

Step 5. We prove that the above procedure will finish after finite number of steps. Since for any fixed
¢>1and k € {1,2,--- £}, we have &, (w") = 0, and there is some p > 0 such that HwkHH > p. Indeed,
from &) (w*)w” = 0 we have

2
|Vaw®|3 + /]R3 Vp(z) |wh(2)]” do = D(w") — . K(z) {wk(x)’q dx.
Then by ||V 4w* |5+ [5s Vp(2) |wk(:1c)|2 dz > ¢1]|w®||% we obtain [[w*]|2 < c;||w”||%, where ¢1, ¢; are constants.

Hence there is some p > 0 such that HwkHM > p. In addition it results from the properties of a weak

convergence sequence that
2

0< lim

n—-+oo

¢
Up — Uy — Zgzzwk(x)
k=1

I
¢ 2

. 2 2 k . 2 2 2

= — —_ < —_ —_ .

nkzlm@unllu fuoll, = 2 [ Hﬂ>—1;giggunlu ol — ¢

Hence

2 . 2 2
¢ < limsup ||un|| — [|uoll? ,
2t < timsup [, |} — ol
which concludes that £ is bounded. This completes the proof of 3). Combining step 1, step 3 and step 4, we
conclude 1) and 2).

Step 6. In this step, we will prove 4). Indeed,

£ () =g (nsta), = 7D () + 1 [ K@) (o)l da

1 1
=3 (w0, uo),, + 5 (un — o, un = to),, + (uo, un = uo),
1

1 q
B ZD (un) + 5 K(z) lup(2)|" dz

R3

1
=& (uo) + Eper (un — ug) + (uo, un, — UO>N =+ ED (Un — uo)

1 1 1
= 3D (un) + 7D (uo) — f/ K (@) [Jun — uol” + |uo|* — un|*] dzx
q Jr3

4

2 V@) g — o da— 2 [ Ll
— ) U, —u r— = — — dx.
2 R3 ! 0 2 R3 |x|

(o, tn — o), — 0.

As u,, — ug, we have

Using Lemma 3.3 we deduce that
D (un, — uo) — D (uy) + D (ug) — 0.
Similar to the proof for the classical Brezis-Lieb lemma [10, Proposition 4.7.30], we can get
g K () [Jun — uo|® + |uo|? = |un|?] dz — 0.

Let E C R? be a measurable set, it follows from (V1) and Hélder’s inequality that

/ V(@) [un — ol dz < | Vixe|lsllun — uoll3.
E

12



Furthermore, since {u,, — uo},, is bounded in H}‘ (R3), by Vitali’s convergence theorem,

/ Vi(z) |un — uol? dz — 0.
R3

/ |un - U0|2dx _ / (Un - UO)de _ / (un - UO)Tde
R3 || R3 |z| R3 || ’

repeating the similar arguments as above, we have fR3 %dm — 0 and

£ k —
r— vy, [ (=00~ Ty g @) w 5 gep ()T
R3 o R3

|| ||

Notice that

We now deduce that

R3

]

9 1/2 1/2
< / 7|wk ( _ Z§)| dx / |Un|2dx — 0
~ \Ues || rs |7 ’

(un — Ug — Ei:l gzﬁwk('r)) Up,
L.

||

2
Un =g = Yhy gz:gwk(fﬁ)‘ w2\’

< / dx / dx

RS || rs |7

5 1/2
/ [l ) o,

rs |7

o

where the Hélder’s inequality has been used, thus we get [, ‘“"l;]m‘zd:c — 0. It follows from the above

and

¢
Up — Uy — Zgzﬁwk(x)

k=1

<C

conclusions that

€ (un) = & (uo) + Eper (un —ug) +o(1). (3.14)
In the next let us prove .
<c/'per (un - UO) — nger (wk) . (315)
k=1

Firstly we have

1 1 1
gper (Un - UO) :Q ||Un - uO”i --D (Un - UO) + 6 Aa K(x) |u7l - u0|q dz

4
[ Vi wfde [ Tl
2 R3 ! " 0 2 R3 |"E|
’ 2
1
25 Un—uo—;gzﬁwk(x) —ZD(Un—UO)

m

‘
1 1
¢ 1 1L
:ngcr (wk)—i-z ZD(gzﬁwk(x))—fZ/‘ K(x) |gz§wk(x)|qu
k=1 1o /we
D (1t — 11p) + = / K (2) Jun — uol? da + o(1).
q Jgrs

13



From Lemma 3.3, by iterating and Lemma 3.4, we have

D (upn, — ug) — ZD (gzﬁwk(:c)) — 0, as n = +o0.
k=1

Using the similar arguments as above, we also have
¢
K(x) |u, — uol? do — Z/ K(zx) |gz§wk(x)|qu — 0, as n — +o0.

Hence, (3.15) holds, and 4) follows from (3.14) and (3.15). So we complete the proof. O

4 Existence and nonexistence of ground states

Proof of Theorem 1.1.  Write cper := infp,

per

Eper , where Eper is defined by (2.4) and Npyer is the

corresponding Nehari manifold. From 2) and 4) of Theorem 3.2, either

c= nli)rfoog (un) = & (up) (4.1)
or .
c= HETOOE (un) = & (ug) + ; Eper (wk) > &€ (ug) + Leper (4.2)

where 1o and w” are the critical point of Eper -

We assert that there is a uper € Nper such that
Cper = Eper(Uper) > 0.

In the case Vj(z) = ﬁ, we have &€ = Eer and ¢ = cper - If ug # 0, then (4.1) holds, cper = Eper (uo) > 0,
and ug € Nper , the assertion is true. If ug = 0, due to ¢ > 0, which is guaranteed by Lemma 2.7 and Lemma

3.1, we know that (4.1) does not hold. So

l
Cper = nger (wk) > cher )
k=1

we obtain £ =1, cper = Eper (W) >0 and w' € Ny, , then the assertion follows.

In the case Vj(x) < ﬁ, let tper > 0 be the number such that tper Uper € N, then

Vi(z) - |,u?| = Vp(x) + Vi(z) - |,u?| < V,(z) for a.e. z € R,
which implies that
Cper = Eper (Uper ) > Eper (tper Uper ) > € (tper Uper ) > ij{l/fé’ =c>0.

Hence cper > ¢ > 0.

By the same process of Lemma 3.2, we conclude that E(ug) > 0. If £ > 1, from (4.2) we obtain
¢ > leper

which contradicts to cper > ¢. Hence, (4.1) holds, and by Theorem 3.2 we have u,, — ug in H}‘ (R?’),

0 < c=E&(up), and up # 0 is a ground state solution of (1.1). O

14



Proof of Theorem 1.2. We assume by contradiction that ug is a ground state for £. In particular
=inf€=¢ 0.
¢ = il (uo) >
The inequality (1.5) implies that

V(x) — ﬁ = Vp(x) + Vi(z) — ﬁ > V,(z) for ae. xR,

by the similar argument as before, we have ¢ > ¢pe, . On the other hand, fix u € Nper , where E,e; is given
by (2.4) with the corresponding Nehari manifold Nper , we may choose t, > 0 such that tzei¢2u(~ —z2)eN
for any z € Z3. Then

Eper (1) :€per(ei¢zu(~ —2)) > Eper (tzei¢zu(- - z))

=€ (tzc=u(- — 2)) - %/ Vi(@)|tzu(- — ) de + %/ I

dx
R3 |z]

>c—}/ Vi(x) |t u(~—z)|2dx—|—ﬁ/ de
- 2 R3 ! * 2 R3 |./L" '
Note that Eper (t'=u(- — 2)) = Eper (t2u) < Cper , by the coercivity of Eper on Nper we confirm that

Sup,czs t. < +00. Hence we have
/ Vi) |tu(- — 2)]* do = ti/ Vi(x + 2)u’dx — 0 as |z| — +oo.
R3 R3

It follows from [9, Lemma 2.5] that
2 2
tou(- — -
[ e [ M o as el 4o,
re |7 re 7]
and therefore
Eper (u) > c+o(1).

Taking infimum over u € Nper we see that

Cper = _/{[nf gper > C,

per

which is a contradiction. This ends the proof of Theorem 1.2. O

5 Compactness of Ground states sequence

Suppose that {u,}, C (0, 1*) is a sequence such that p, — 0" as n — +oco. Let &, be the energy functional
corresponding to u = pi,, & and Ny be the energy functional and the Nehari manifold for ;1 = 0, respectively.

Define
en =& (uy) = inf &,(u), c¢o:=E& (up) = inf Ey(u),

u€Ny, u€No

where u,, € N, is the ground state solution for &,, in particular &, (u,) = 0.
Lemma 5.1 The sequence {un}y is bounded in the norm || - || 1 .
Proof. By Lemma 2.6, we know that %HUHHH}; < |lunllp, for p, € [0,“7*). If |||y, is bounded, it

follows that [|uy, /g1 is bounded. Suppose by contradiction that [luyl|, — +oo. Consider s, > 0 such that
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spug € N, we have

|uo|?

dx

2 2 2
co = &o (uo) > &o (spuo) = En (spuo0) + =5 / - do 2 o0+ 552 / .
R R?

2 3 |£C| 2

Then we obtain ¢y > ¢,,. Thus

co> lim &, (u,) = lim <5n(un)—$€’(un) (un)>

T n—4oo n—+oo

1 1 1 Un () 2|y, 2
R Ry
n—otoo |[\2 ¢ " 4 JrR3xR3 |z -y

1 2 2
4 Jgsxrs |z — yl

1 1 1 1 2 2
i [(3- D)l + (B-1) [ LGl
n——+o00 2 q Hn q 4 R R |x _ y|

. 1 1 2
2 lim (2 — q) HunHHn = +OO,

since 2 < ¢ < 4. This yields a contradiction.

[
3

I
5

Lemma 5.2 lim,_, ¢, = co.
Proof. Consider t, > 0 and s,, > 0 such that t,u,, € Ny and s,ug € N,,, we have

t2 2 t2 2
cn=2En (un) > &, (tnun) =& (tnun) — Hnon / |un‘ dx > co — Fnfn / |un| dx
R3 R3

2 || 2 2|
and
2 2 2 2
co = & (ug) > Eo (spuo) = En (Snuo) + Hnsn / [uol dx > ¢, + Hnsn / [uol dzx.
2 RS |Z] 2 RS |Z]

By (5.1) and (5.2) we obtain

2 2 2 2
t
co > cp + HnSy / |’LL0| dr > > co — Hnly / ‘un| dl‘7
2 Jps | 2 Jrs |7

that is

2 Un |?
co—un"/ [t ] dx < ¢, < cp.
2 s

Since {uy},, is bounded, then from Lemma 2.4 we know that fRs %?le:c is also bounded.

In the next we will show that {t,}, is bounded. Assume by contradiction that ¢, — +o00. Let

Qu) = / |V qu|?dz +/ V(2)|u(z)*dx.
R3 R3
Since t,u, € Ny, we have

S ()2 |un
EL (tntin) (tntin) :tng(un)f/ tltn (2)[*|un (y)]

2
dxdy
R3 xR3 |z -yl

+tg/ K (2) [up|? dz = 0.
RS

Hence,

Q) _ £ 1 (1) ()]
R3 xR3

a2 talz — yl

2
dxdy—/ K () |u,|? dz.
R3

Obviously, [5s K(2) [u,|® dz and [gs . ps dedy is bounded, and

(5.1)

(5.2)



4 2 2
it follows that [ps. ps Mdmdy is bounded. By Lemma 2.7 we have 0 < ¢; < ¢, < ¢p41, and

th|z—yl
2 2
[ @, .,
R3 xR3 |z — |

then

This is a contradiction. Combining with (5.3) and the boundedness of t,,, we obtain

lim ¢, = ¢.
n——+00

This completes the proof of Lemma 5.2. O
Proof of Theorem 1.3. Suppose that

lim sup/ lun|? da = 0.
B(z,1)

n——+oo 2€R3
From the well known lemma, of Lions we obtain
u, — 0in L' (R?) for all t € (2,6).

Similar to (3.10), we have
D' (un) (un) =0  as n— 4oo.

Due to K € L™ (R?) we have
/ K(@)un|de < | Koo [un]? 0 a5 1 — +o0.
RS

Recall that
”un”i =D’ (un) (un) — K(2) |uy|? de,
n s

it results from the above estimates that [lu[|, — 0, and then we have

lim &, (u,)=0.

n—-+oo

From Lemma 5.1 and ¢y > 0, we get
lim &, (un) =co >0,

n—-+oo

which is a contradiction. Hence, there is a sequence {z,}, C Z3 such that

lim inf un|? dz > 0.

n—+oo /B(zn,lJrﬂ)
Since g; 'uy, is bounded, there is ug € H} (R?) \{0} such that
g;nlu” — ug in H}, (Rg) ,
gz_nlun — g in LE, (R3) ,
gz_lun — wug for a.e. z € R3.

Let wy, = g7 u,. For any fixed ¢ € C§° (R?),

£ (0,) (9) = &) () (go0) o [ P gy =y gy [ 1nl9 ) g,
R3 |2 R3 ||

By [9, Lemma 2.5] and Hoélder’s inequality,

Un, (gzn QO)

dr — 0 asn — +oo.
R3 ||

pin R
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Hence &) (wy) (p) — 0. Tt follows from Corollary 3.1 that

& (wn) (#) = Eo(uo)(#)-

Thus ug is a nontrivial critical point of &. In particular, ug € Ny. By Lemma 5.2 we have

o= lim &, (un)= lim (en (un)—ég,g () (un))

n—-+4oo n——+oo

, 11 11 |t |2
=1 5 n Y n
| (=) aw s (5=3)m [ e

Un ()] |y, 2
Jr(l*l)/Rs R3| (@)[*un(y)] dxdy]

q 4 lz — 9

o 11 11 |t |2
= dm [(2 - q) Qwn) + <q - 2) fon / ]

1 1 n 2 n 2
[ R,
q 47 Jraxms lz —yl
11 11 |uo(@)|*|uo(y)[?
> =— =) Qu _‘_7_7/ ———F———dzdy
(2 Q> (o) (q 4) R3xR3 |z —yl
1
:50(u0) - 556(1“))(1«)) = 50(’&0) Z Co-
Hence, & (ug) = ¢ and ug € H} (R3) is a ground state solution for &;. This ends the proof. a
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