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Taylor Collocation Method for Solving Two
dimensional Partial Volterra
Integro-differential Equations

Cheima Khennaoui®?, Azzeddine Bellour®* and Hafida Laib?

We consider a two dimensional partial Volterra integro-differential equations (PVIDEs). We extend the Taylor collocation
method of one dimensional Volterra integral equations to approximate the solution of two dimensional partial Volterra
integro-differential equations. The method is based on the use of Taylor polynomials in two dimensional. The approximate
solution is given by using explicit schemes and the method is proved to be high order convergent with respect to the
maximum norm. Some numerical examples are given to verify the theoretical results. Copyright (© 0000 John Wiley &
Sons, Ltd.
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1. Introduction

Partial integro-differential equations arise in problems of applied sciences and engineering to model dynamical systems, they can
be found in financial mathematics [1]-[18], biological models [9], fluid dynamics [3], and many other areas. PVIDEs have many
different types such as elliptic [19], hyperbolic [7] and parabolic [11] in one or multi-dimension. In this article, we investigate a

numerical method for the two dimensional linear partial Volterra integro-differential equation:

%(X,y) =g(x,y)+ /OX /Oy K(x,y, t,s)u(t, s)dsdt, (x,y) € D, (1.1)

with the initial condition:
u(0,y) = uo(y) (1.2)

where u, stands for the real unknown function to be determined and the functions g and K are known and assumed to
be sufficiently smooth in order to guarantee the existence and uniqueness of the solution on D := [0, a] x [0, b] C R® and
S:={(xy,t,5):0<t<x<a0<s <y < b} respectively.
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The two-dimensional partial integro-differential equations are one of the most challenging problems to be solved analytically
and even approximately. Thereupon, efficient numerical methods for solving such types of problems appear to be needed. This
issue has been studied by many authors, and as a result, a notable number of methods have been propounded. For example,
Aziz et al. [2] developed a collocation method based on Haar wavelet for a numerical solution of diffusion and reaction-diffusion
PVIDEs. Haar wavelets are also applied by Babaghaie [4] and Harish Kumar [12] to solve nonlinear-type. In [16] Khan et al. used
Laplace decomposition for solving nonlinear system of fractional order partial differential equations.

The main aim of this paper is to extend the Taylor collocation method of one dimensional Volterra integral and integro-
differential in [5, 6] to solve two-dimensional PVIDEs of type (1.1). For that, by direct integration, the Equation (1.1) with the

initial condition (1.2) can be transformed to the following two dimensional Volterra integral equation

ulx,y)="f(x,y)+ /OX /OZ /Oy K(z,y,t,s)u(t,s)dsdtdz, (x,y) € D, (1.3)

where f(x,y) = uo(y) + [; 9(z,y)dz. It follows from the classical theory of Volterra that (1.3) possesses a unique solution
ue C(D).

Taylor collocation methods found their way into approximation theory, and have been used to find numerical solutions
of different types of equations, such as integral equations [20], delay integral equations [5], integro-differential equations
[10, 13, 14], delay integro-differential equations [6]. This method has a high order of convergence and its approximate solution

is given by using explicit formulas which makes the proposed algorithm easy to implement and very effective.

The remainder of the paper is organized as follows, Section 2 is devoted to the discussion of the proposed method. Convergence
analysis and its order of convergence is investigated in Section 3. In Section 4 we illustrate the accuracy of the proposed method

and the theoretical results by considering several numerical examples. Finally, a conclusion is given in Section 5.

2. Description of the Method

In this section we develop the Taylor collocation method to approximate the solution of (1.3) in the real polynomial spline space
Séfpl)(l'lNVM) ={v:D—=R: Vom=Vlpym € Tpp, n=0,.,.N—1, m=0,1,..,. M — 1},

where
My =My X My = {(Xn, ym), 0<n < N, 0 < m< M},

in which My ={x; =ih,i=0,1,.., N} and My ={y; =jk,j=0,1,.., M}, uniform partitions of the intervals [0, a] and [0, b]

respectively, with the stepsizes are given by h = & and k = %. Along with

Dom = Kn X 0m (n=0,1,.,N=1,m=0,1,.., M =1),
a defined grid for D, with the subintervals
Kp = [XoiXo+1),n=0,1,., N —1; Kn—1 = [Xn—1, Xn],

Om = [Ym! Yms1), m=0,1,..,. M —1; Om—1 = [Ym-1, ym].

Tpp IS the set of all real polynomials of degree not exceeding p in x and y.

Sf,v_pl)(ﬂ,v,,w) is the space of bivariate polynomial spline functions of degree (at most) p in x and y, its dimension is

NM(p + 1), i.e., the same as the total number of the coefficients of the polynomials vy m,n=0,...N—1;m=0,1,.., M — 1.
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To find these coefficients, we use Taylor polynomial on each rectangle.

e In the rectangle Dy
We approximate u by the Taylor polynomial

P i+
B 1 8™u(0,0) ;
voo(x,y) = Z ijl 7(9)( By X'y (x,¥) € Doy, (2.1)
i+j=0
i+j i+j
where 97u(0.0) is the exact value of 0 u - at point (0, 0).

Ox'Qy’ Ox' 9y
To find &”(X ) we differentiate Equation (1.3) j-times with respect to y

%));)/)Zgg)f(xr)/)Jr/()x/ZZ@y (z,y. t.y)u(t, y)]dtdz
+/OX/O /0 ag)k(z,y, t,s)u(t, s)dsdtdz

:8g)f(xyy)+zz<:>/ / By~ ,[6“ k(zy 0t y)]a”(t 2R

r=0 /=0

X z y .
+/ / / 8¥)k(z,y, t,s)u(t,s)dsdtdz. (2.2)
o Jo Jo

By differentiating (2.2) with respect to x, we obtain

8"Mu(x,y) — 8WaY)f(x, Y)+er: < >/ _ 109k, v y)]Mdt

8X8y1 r=0 /=0

X y .
—|—/ / ag)k(x, y. t,s)u(t,s)dsdt. (2.3)
o Jo

Now, we differentiate Equation (2.3) i-times with respect to x, we obtain

8’+1+ju(X, y)

Bx 1oy :Gifﬂ)ag)f(xv)/)

Jj— r r i—1 aq 8,‘_1_q
ZZ I) &= oxa [ax,,l,q .
-1 r i
x5 ar—/ G-1-1) alu(t,y)
+ZZ < >/O B [ay,,,[gz k(X'y.t-)’)]] T/’dt

r=0 /=0

" 110 0'u(x, y)
(G )

y i—1
(i-1=a) 50)
/Zexqa Gk(xyxs)(xs)]ds
+/ / SY)@g)k(X,y, t,s)u(t, s)dsdt,
o Jo

which implies

8f+1+ju(x, y)
6X’v+16yf

IR () [,

Sy @ | % a A kGt V1| Fr P ar

r=0 /=0

= oMY f(x, y)

arfl (-1-1) 6’+"u(x, y)
. (By’—’ 2 k(X'y't'”m “oxioy
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/yl 1 g () I [8(' . q)a(f)k(xyxs)]a u(x, S)dS

Ox9—"n oxn
q=0 n=0

+/ / 6§f)8g)k(x,y, t,s)u(t, s)dsdt.
Jo Jo

Hence

8’+”1u(0, 0)
@XH—layJ

Jj-1 r i-1 g¢q _ i—1—
99" o q
EEE () (5 [
r=0 /=0 g=0 n=0 n t=

Moreover, from (2.2) and (2.3), we deduce that

=8!"al£(0,0)

o~ (j—1-r) 8’*”u(0,0)
} (ay [0 k(x,y. 2.3) o Ox70yT

61+Ju(0, O) (1) (J) &U(O O) )
e In the rectangle Do, n=1,.... N—1
We approximate u by the Taylor polynomial
p i~
1 0 0h0(xn, 0 i
Vno(x,y) = Z 7#(X —xn)'y . (x,y) € Dpo, (2.4)

1l
2 ! Ox'0y/

where ¥, is the exact solution of the integral equation:

n—1 &-1

PXe+1 Xg+1 Yy
Uno(x,y) = f(x,y) + ZZ/ / / K(z,y,t,s)Voo(t,s)dsdtdz
=0 0=0 "% Xo 0
1 en
—|— / / / K(z, y,t,s)veo(t, s)dsdtdz
=0 . (2.5)

Xo+1 y
+Z/X / /0 K(z,y.t s)voo(t, s)dsdtdz

Yy
+/// K(z,y,t,s)0no(t,s)dsdtdz.
xn Jxn JO

To find W, we differentiate Equation (2.5) j-times with respect to y

& no(x,y) 0 CAen [ el o (-1-r)
= =8V f(x, y) + / / 87 "k(z, y, t.y)Voo(t, y)|dtdz
By 5 F(x.y) ;0 s ZO (2. y. t.¥)Voo(t, ¥)]
n-t Xerl  [Xo+1 .
+ Z / / / ag)k(z, Y. t,S)Voo(t,s)dsdtdz
£=0 0=0 "%
n—1 Xe 11 z r G-1-r)
>/ / 5 210 k(2. t ol )tz
¢=0 /% ¢ r=0
Lo gz
+Z/ / / (J)k(z Y. t,s)veo(t, s)dsdtdz
=0 /X x J0
n-1 Xo+1 J—1 r G )
+ Y k(z, y, t, y)Veo(t, y)]dtdz
S [ T ket (e
ol ex pxogn
+ / / / 60)/((2 Y. t,S)Veo(t, s)dsdtdz
o=0 Y Xn
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zJj—1 r
/ / Zay B9 k(z,y, t,y)0no(t, y)]dtdz

n =0

+/ / / OV k(z,y.t,5)0no(t, s)dsdtdz
xp Jxn JO

n—1¢&-1j-1 r

0 r Xer1  [Xo41 af—/ G—1-1) 8/\/0'0
=8 f(x,y) + E E E E | / / By (65 k(z,y. t,y)] oy (t,y)dtdz
X¢ Xo

o=0 r=0 /=0

n-18 X¢+1 Xo+1 y 0
+ZZ/§ /X /0 82 k(z,y.t,s)vso(t,s)dsdtdz

£=0 0=0 "%

+§J 1 Ir <>/X5+1

£=0 r=

+:z;/ / / ag)k(z,y, t,s)veo(t,s)dsdtdz
Z ( >/ /a+1 8(?/ I[a(J 1— r)k(z v, t, y)] Vao(t y)dtdz

—0 |=

— X [Xo+l Y
+Z/ / /o Gg)k(z,y,t,s)vg,o(t,s)dsdtdz

o=0YXn Y Xo

j-1 r r X pz arfl 80_1_0/( 6/\7n,0 e
F2 2 1) ), ), a0 ey T R e yded

r=0 /=0

X z y .
+/ / / 3V k(z,y.t,5)0no(t, s)dsdtdz. (2.6)
xp Jxn JO

] S°(1t y)dtdz

We differentiate Equation (2.6) with respect to x, we obtain

8j+1\7n’0(X,y) S o+1 aril j—1—r 6 Vo‘O(t }/)
Tl o+ 3 () [ gttt ke e =l

0=0 r=0 /=0

+ZO/:H /Oy 09 k(x, y. t, $)Voo(t, s)dsdt
+ZZ<>/ ayr/[a(Jlr)k(th )]M

r=0 /=0

X ry
+/ / a9 k(x, y, t,s)0no(t, s)dsdt. (2.7)
xp J0

Now, we differentiate Equation (2.7) i-times with respect to x, we obtain

0" Uno(X,¥) _ 54100
“oxtipy o % f(y)
n=1j-1 r Xg41 a 8 (t
(—1-r) 0,0 y)
S () [ S [ ] 2
o=0 r=0 /=0
— Xo+1 y i .
+Z/ / 8oV k(x,y, t, s)voo(t, s)dsdt
. Xo JO
r i—1 _
afl a/ 1—q 6r ! (-1-n) al\/}nvo(X'y)
+Z;/Zo: ( ) = %[ R - (ay“’ (267 Ky, t’y)]) T}
A x g r I
r 8 [0 sG-1-n 8'0no(t, y)
+;; </> /Xn Oxi [ayr (63 k(x,y. t,y)] By’ dt
y 1= 1
/ Za - (l 1— q)aU)k(X V. X, 8)Uno(X, 5)} ds
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x ey
—i—/ / 85')85)/((& Y, t,S)Vno(t, s)dsdt,
xp JO

which implies

O ) _ g0 (x,y)
B (1) [ [ ] 2
+§/ /0 88 k(x, y, t,s)vao(t, s)dsdt
=0 X
35> (1) (0 [ (e o neren])| T o
S () [ e [t ] T
+/oy:,2_§;o (f}) 66:;7; [0 780 k(x, v x.5)] y’%avoi)f:'s)ds
+/ Oy 3NV k(x, y, t,5)0no(t, s)dsdt
Hence

%@(30) = 8"V (xa, 0)

+:Z;2ZO ( > /X:m aaxlf {aayr 8V k(.. 1, y)]L_w 05%807(/”’)

S () (9o [ 2] (G )] s

Moreover, from (2.6), we deduce that

i~ n=1¢-1j-1 r X X r—I /
& Uno(xn,0) _ ~(j) L /EH / o+l 9 (J 1-r) o'v,
o =)+ }:I 5y K(z.y, t,y)]x o By %(t,0)dtdz,

Xo

and from (2.7), we get

8j+l\7n_o(Xn,0) (i+1) a() Ll r Yot ar—/ (—1-r) 8/Va.0(t, O)
—axioy =0,""05"f(xn,0) + >\ /Xg {ayf ;165 k(x,y,t, y)]} Tdt.

x=xXn,y=0

q
Il
o
-
Il
<

e In the rectangle D, ,,, n=0,...N—1, m=1,... M—1
We approximate u by by the Taylor polynomial

4 5
1 61+J Vn,m(Xn, ym) i J .
Vn,m(va) = ,ﬂz:o ’TJ'W(X - Xn) (y *,Vm) ) (Xy)/) € Dpm, (2-9)
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where ¥, m is the exact solution of the integral equation:

Unm(x,y) = f(x,y)+

n—1&-1 m-1

"~

(]

Xe+1 Xo+1 Yo+1
/ / / K(z,y, t, s)Vep(t,s)dsdtdz
=0

Xe+1 Xo+1
/ / / (z,y,t,S)Vem(t,s)dsdtdz

Xe+1 yp+1
/ / (z,y,t,s)ve,(t,s)dsdtdz
X
Xe+1 z y
/ / / K(z,y,t,s)vem(t,s)dsdtdz
X¢ x¢ J ym

Yo
m—1

Xo+1 Yp+1
Z/ / / K(z,y,t,s)Vo,(t,s)dsdtdz

Xo+1
/ / / K(z,y, t, s)Vom(t, s)dsdtdz

m=1 ox rz oy
+ Z/ / /y K(z,y, t,s)vap(t, s)dsdtdz
=0 Xn Xn o

X z y
—|—/ / / K(z,y,t,s)0nm(t,s)dsdtdz,
Xn JXn JYm

+
3 /M 3 /M
LIML T
) moq
HJ‘:MHQ,
he)

+
MS

T
= O
©
it

+
(]

(2.10)

T
= o

+
M

q
A o
‘0
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for (x,y) € Dpm,n=0,..,N—land m=1,..,M—1.
To find W, we differentiate equation (2.10) j-times with respect to y

o . n-1l &1 m-1 Xe+1  [Xo+l Yo+l .
M = Bg)f(x,y) + Z/ / / ’ Sg)K(Z,y, t,S)Vo,o(t, s)dsdtdz
ayj £€=0 0=0 p=
el ey pxeqr JE 8" -
+Z / / Z 60 TK(z,y, t,y)Vom(t.y)]dtdz
£€=0 0=0"% Xo =0
L6l axe pxep1 gy
+ Z / / / ag)K(z, Y. t,S)Vom(t,s)dsdtdz
£=0 0=0 "X Ym
n—1 m-1 Xe 41 )
+ Z / / / OV K(z,y, t,s)veo(t, s)dsdtdz
£=0 p=0
1l pxe .
Z/ / U 0K 2yt y)vem(t,y)dtdz
=0
oen
/ / / GU)K (z,y, t,s)vem(t, s)dsdtdz
(2.11)
—1m-1 X Xo+1 Yp+1 i
+ZZ/ / / OV K(z,y, t,5)vop(t,s)dsdtdz
0=0 p=0 VXn /X0 Yp
n—-1 X1 471
+Z/ / Z 3 m(t,y)ldtdz
n-1 X Xo+1 y i
+ Z/ / / VK (z,y,t,5)Vom(t s)dsdtdz
o=0 Y Xn Xo Ym
moloexopzopvprn
+ Z/ / / Bg)K(z,y, t,s)Va,o(t, s)dsdtdz
p=0 Xn Xn 7 Yp
z Jj—1 r
/ |3 o108 Ky )it )tz
w = Oy
+/ / / 0 K(z,y, t,5)0nm(t, s)dsdtdz
Xn Xn ' Ym
E Copyright (© 0000 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 0000, 00 1-23
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Xe+1 Xo+1 Yo+1
/ / / VK (z,y., t,5)Vop(t,s)dsdtdz

r Xey1  [Xo+1 [r—l /
< ) / / 8 80 IK(z,y, t,y)]avL(/t'y)dtdz
0 Oy

Xe+1 Xo+1
/ / / 8 K(z, y., t,5)Vom(t, s)dsdtdz

X

3
AN
m
,_\
3

-1

=0 f(x,y) +

‘*b
Ll

S M
LT
m qQ
Ll

+
(]
(]

TTMT T
= O = O
i™MT i
,_\o = O
S

X I
o

T

3

+
(]
M

Xe+1 Yp+1 i
/ / / VK (z,y,t.s)ve,(t,s)dsdtdz
£=0 p=0
i i 2 gl 0'vem(t
r m ,}/)
+ / 6(’ K z,y, t,y FrmET) dtdz
;:;rzo 1=0 () ay’ / ( )] ay/
=l exen y
+ / / / OV K(z, y, t,s)vem(t,s)dsdtdz
e=0 7% (2.12)
n—1m Xo+1 Yp+1
+Z / / / SU)K(Z Y. t,S)Vo,(t,s)dsdtdz
o=0 p=0
-1 /-1 Xg4+1 rf - 6 ng(t y)
+ZZZ / / = | 60 r)K(Z v, t,y)]————>dtdz
0=0 r=0 /=0
Xo+1 y
+Z/ / / GS)K(Z,y, t,S)Vom(t,s)dsdtdz
Xn J Xo Ym
L oxorzopYern
-I-Z/ / / 620)K(Z,y, t,s)Va,(t, s)dsdtdz
=0 Xn Xn 7 Yp
J=1 r
(—1-r) a Vh, m(t y)
B9 ( )/ [ ey ey e 2 g
—|—/ / / Bg)K(Z,y, t,S)Vnm(t, s)dsdtdz.
Xn Xn Ym
By differentiating the equation with respect to x, we obtain
8j+1\7n,m(X,J/) D a0) n—lm—1 o1 ryes1 0
W—ZB o) fxy)+;pzo/ / 05" K(x,y, t,s)Vep(t,s)dsdt
n—1 j—=1 r /
r ot (—1-r) 0 Vo,m(tyy)
05 K(x,y, t,y)|—=——=dt
+zzz<,>/ L LAt
-l a1 gy
+Z/ / OV K(x,y, t,S)Vom(t, s)dsdt
o=0 /X0 Ym (2.13)
m—1 X Yo+1
+Z/ / BV K(x,y, t,5)va,(t, s)dsdt
p=0 Xn 7 Yp
S (r o eien v(ty)
—1-r K n,m
X 3% .
+/ aé’)K(X,y, t,s)Vnm(t, s)dsdt.
Xn v Ym
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Now, we differentiate equation 2.15 i-times with respect to x, we obtain

n—1 m-1

O Upm(x,y) (i+1) A() Xo+1 ) Al)
W =0, ’0; f(x,y)—i—azo po/ / 8,"0 K(x,y, t,s)Vop(t,s)dsdt
N n-1 j-1 z’: r /‘Xa+1 af [8 [a(J 1- r)K(X t, )]M]dt
1)), ox oy~ yohy oy!
o=0 r=0 /=0 o
n-1 Xo+1 y X i
+Z/ / OV K(x, v, t, s)Vom(t, s)dsdt
o=0 VX Ym
m—1 Vor1 i—1 aq )
LS [l ot ) o
p=0 v Yp q=0
m—1 X Yor1
+Z/ / B89 K (x,y, t, s)vap(t, s)]dsdt
p=0 vV Xn Yo
Jj=1 r i—1 i—1— — I
r o7 [ 771 0 —1-r) 8 Unm(x,y)
Jrz () 7|: i—1— ( r— [820 K(X'yvtvy)]v*
r=0 /=0 / q=0 an aX 1-a t=x ay ! 6_)//
-1 X A r—I
[0 e 0nnm(t.y)Y
+§;(’> / o (ay,,,[az Kooyt =5,
-1
/ Za . au D80 K (x. y. X, 5)onm(X, S)H Js
+/ / BV K(x,y, t,5)0nm(t, s)dsdt
Xn Ym
. ) n—1 m— Xot1
=a{"Mal f(x,y) + Z/ / ANV K(x,y, t, 5)Vep(t, s)dsdt
o=0 p=0
. ”_1§Xr: r /XU+1 o' [6f [ au-1- r)K(X " )]M]dt
gy 1)), oxitoy! Y.Ly By
1o oy
+Z/ / OV K(x, v, t, S)Vom(t, s)dsdt
o=0"YXo Ym
m-li-l a Yo+l /9N ) n
q o (i-1-0) g0) 9"vnp(x, 5)
+ Z <77>/ BT [(81 05 K(x,y,x,s))] e ds
p=0 g=0 n=0 Yo
m—1 X
+Z/ / ANV K(x,y, t,5)va,(t, s)dsdt
=0 Xn Y Yp
s () 20 (2] (2t teon)] £
r=0 /=0 g=0 1=0 I)\n)oxin | ox=t=a|_ \oy™! : oxndy!
-t X i r [~
r o (9 G-1-r) 8'0nm(t, y)
K Z nmin F)
+; 2 (,)/X o (ayr 7[6; oy oy =g = ) dt
-1 4 Y 39-n n o
q o (i-1-a) g0) 9"0n.m(x, s)
+ZZ (n) Ox9—n [(61 a2 K(X,y,X,S))] Ox1 ds
q=0 n=0 Ym
X y )
+/ / 00V K (x, v, t,5)0nml(t, s)dsd.
Xn JYm
(2.14)
Hence
8/+J+1V m(Xn,ym) (41) 20)
oy O 0 f(xeym)
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n—1 m-1 X1
+ Z/ / 3NV K (X, Y, t. $)Ve (1, s)dsdt
o=0 p=
+ % er XM o {ar [BY K (x, v t, y)]} 78/V”'m(t’ym)dt
o=0 r= O 1=0 U SXI ayr / X=Xn.Y=Ym ay’
m-1li-1 gq Yo+l /-7 i-1-q i
q [ 0 |: 0 ) 0 anp(Xn,S)
+ — &' K(x,y.x,5) ————ds
pz; = <n) Ox9—n | Ox'—1=9 t:X( ) Sy oxn
-1 r i-1 ¢ i—1— r—I I+n ¢
o9 0 q 0 (i—1-r) 0 7’Vn.m(Xm)/rn)
+ pr o nz < > ( > Xq n |:8Xi—17q fex <8yf*/[62 K(X,y, f,)/)] oy axnay/ dS.

Moreover, from (2.6), we deduce that
6j\7n,m(Xn, )/m) . Xet1 [ Xo+1 Yo+l
% =0 f (X, ym) —|—ZZ / / / 8K (2, v, t, )] xmxyymym Voo (t, s)dsdtdz

[k
‘ ry e e 0 gy ' o.m(t, Ym)
i </>/ /X(7 oy [8 K(z,y, t,y)x=xny= ydetdz,

and from (2.7), we get

00, m(Xn, Yim nTImTl X pYpn
% —0M0 f(xn ym) + 3.3 / / VK (. 1. Ve vy on(t, s)dsdlt
o=0 p=0
2.15
n—-1,-1 r r Xo+1 a,f,/ (1r) 8 ng(t ym) ( )
+ / r—| [82 K(Xr.y' t, y)]X:Xn,y:ymiI
o=0 r=0 /=0 / Xo 6_)/ 8

3. Study of convergence and error of the numerical method

The following lemmas will be used in proving the convergence of the presented method. The Lemmas 3.2-Lemma 3.5 are the

generalized Gronwall inequality and its discrete forms. To facilitate our proof, a technical lemma is given in Lemma 3.6.

Lemma 3.1 (Taylor's Theorem for functions of two independent variables [8]) consider w a p times continuously differentiable
on D =a, b] x [c,d] and let (xo, o) € D. Then for all (x,y) € D, we have

p—1
1 0" w(xo, yo) i Vi 1 0w, n)
wx,y) = Z Tﬂw(X*XO) (y —yo) + Z mw(X*X 0)' (y J/o) .
i+j=0 i+j=p
such that
x1 =ex+ (1L —¢e)x € [a, b],
1 ( )xo € [a, b] ce (1),
yn=ey+(1-¢y€[cd],
Lemma 3.2 [15] (Gronwall-type inequality ) Let B, c, i =1,2,3 a non negative constants, and w be a bounded, integrable,

and non-negative function satisfies

w(x,y)<B+ a1 /Xw(u,y)du +a /yw(x, v)dv + as /X /yw(u, v)dudv,
0 0 o Jo
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for (x,y) € [0, b] x [0, d], then w satisfies
w(x,y) < 'Beé(Xﬂ’)’

where ( is defined by

1
(= 5 <a1 + o2+ /(o1 + az2)? +4a3) :
Lemma 3.3 (Generalization of Lemma 3.2) Let 3, aj, i = 1,2, 3 a non negative constants, and w be a bounded, integrable, and

nonnegative function defined on D = [a, b] X [c, d] satisfies

w(x,y) <B+ a1 /Xw(u,y)du+ o /yw(x, v)dv + as /X /yw(u, v)dudv, (x,y)€ D, (3.1)

then, we have
w(x, y) < ﬁeC(x+y)’

where ( is defined by

1
—_ = 2
(= 5 (a1+a2 ++/ (o1 + a2) +4a3).

Proof. By applying a similar argument to that employed in [15], from (3.1) there exists a bounded and non positive function G

such that
w(x,y) =0+ o1 /Xw(u,y)du—l— e /yw(x, v)dv + as /X /yw(u, v)dudv + G(x,y), (x,y)€ D, (3.2)

we define the iterated sequence, for alln=20,1,2,...

X y X Yy
Wat1 (X, y) :a1/ wn(u,y)dquag/ wn(X, v)dv+a3/ / wn(u, v)dudv + B+ G(x,y), (3.3)
a Cc a c

wo(x,y) =0, (3.4)

Using similar argument used in Section 2 in [15], the sequence (w,) converges and limp—oo wa(X, y) is the solution of (3.2). We
want to prove that:
wn(x,y) < Be), for (x,y)eD,n=0,1,2,.., (3.5)

where ( is defined by

¢ =5 (o0 + a2+ Vaa T )P + 40 ) (36)

By recurrence, Equation (3.5) is verified for n = 0. Assume that Equation (3.5) holds for N. It follows from the assumptions
(3.3) and (3.4) that

X Y X Yy
wn+1(X, Y) §a1/ wN(u,y)du+a2/ wN(x,v)dv+a3/ / wn(u, v)dudv + 3

X y X y
< Bas / U gy + Bas / gy + Bas / / S dudy + 8
a JC a (o}

o 04 o [0
= <71 + “2 + 73) eC(X+y) Jrﬁjeé(a-#c) +8

¢ ¢ ¢ ¢
-3 (%e«am + %ecwc) T %ecwc) n %e«am) '
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_______________________________________________________________________________________________________________________________________|]
By using the relation % + % + % =1, we get

X [0 atc a 6 e 04 atc
anna(xy) B 40T g p (B4 %24 02) g oro

— RaltHy) _ 1 2 Qs
pe Al ﬁ(c*c*@)
:56C(X+y)_

This completes the proof. Letting n — oo gives the generalized gronwall-type inequality
w(x, y) < Be ). (3.7)

Lemma 3.4 [17] (Discrete Gronwall-type inequality in one dimension ) Let {a;}]_, be a given non-negative sequence and the

sequence {wn} satisfies wo < B and
n—1

wo <B+Y aw;, n>1,

=0

with B > 0. Then w, can be bounded by

n—1
wp < Bexp (ZO‘J) ., n>1.

J=0

Lemma 3.5 [15] (The discrete Gronwall inequality in two dimension) Consider the sequence wnm >0 (n=0,1,....N; m=
0,1,..., M) satisfying

n—1 m—1 n—1 m—1
Wnm S 6 + hO(1 Zwim + kaQ anj + hkOL3 Z Zwij'
i=0 j=0 i=0 j=0

such that h = % and k = % where T,S,a; (i =1,2,3) and B are finite strictly positive constants independent of N and M.
Then
Wam < BT,

where

<a1 + oo+ (a1 + a2)? + 4a3) :

N =

C:
We consider the space L*°(D) with the norm

ol cpy =inf{C €R: |p(x,y)| < C forall. (x,y) € D} < coc.

Lemma 3.6 Let g and K be p times continuously differentiable on their respective domains. Then, there exists a positive number

a(p) such that for alln=0, ..., N—1 m=0,..., M—1andi+j=0,1,..., p, we have,
aiﬂv\?nm
— < a(p),
H OX'0Y | (D, m) ®)

where Vo o(x,y) = u(x,y) for (x,y) € Doyo.

Proof. Let al,, = H%Hmwn‘m), we have forall i+, =0,1,...,p,
o 4 ®) (38)
agly < max ’ —— i+ =0,1,..,ppr=0ai(p). 3.8
Ox'oy! L>(Do,0)
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Now, from (2.8), we have foralln=1,..., N—-1landi+,=0,1,..p

p p J
’HJ < C1+C1hz Z 350+Clhkz Z a C ag:é

£=0 g+/=0 £=0 g+/=0 r=0 /=0 g=0 n=0
Jj-1 r -1 q
0,/ ,0 0,0
+ cih E g a0 + ak E E aly + cihkayo,
r=0 |=0 g=0 n=0

where the constant ¢; is positive and independent of N and M, Hence

n—1 P -1 j-1
ael < c1+thZ Z af, +CQZZQ +thZan0+cszano+c1hkaf’,j8. (3.9)
€=0 q+1=0 =0 n=0
Consider, the sequence [, = max{aﬁ,’{b, i+j=0,..., p}, n=0,1,..., N —1, then by (3.9), the sequence I, satisfies
n-1 j-1 i-1 j-1 i-1
/+1J <aca+ Czhz rg + & Z agé + CZhZ a% + Czkz 828 =+ Clhka%g
£€=0 =0 n=0 =0 n=0
n-1 j-1 i j-1 i-1
<a+ czhz e+ o ars + czhz ale + CQkZ ary + cihkayyg.
¢=0 /=0 n=0 =0 n=0

Which implies for all i =1,...,pand j=0,...,p

-1 i—1 Jj—1 i—1
no< c1+c2hz I'ngCQZZa +Ctha%+C2k232j8+clhkagj8. (3.10)
1=0 =0 1=0 n=0

Moreover, from (2.6), we obtain for all j =0, ...,pand n=0,..., N — 1,

_ j—1
% <+ C3hz e+ cs Z a%o + cshkaly. (3.11)
¢=0 1=0

On the other hand, from Equation (2.5), we obtain for all n=0,..., N —1,

n—1

[Uno(x, y)| < Cl+C4th5+C4/ / |Uno(t, s)|dsdt.

£=0

Hence by Lemma 3.3, we obtain for all n=20,..., N -1,

n—1
aog < <Cl + ch Z |—£> eC4(a+b)
¢=0
n—1
e 4 gh Z e (@) (3.12)
¢=0

IN

n—1

Cs + C5hz rg.

£=0

IN

From (3.10), (3.11) and (3.12), we deduce that for all /,j =0,...,pand n=0,...,N -1,

n—1 J—1 i-1 Jj—1 i—
ah S G+ chy Te+ s any+ Y an+ Gy an, (3.13)
£=0 1=0 n=0 =
Copyright (© 0000 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 0000, 00 1-23
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where the constant ¢ is positive and independent of N and M.

Using the notations of Lemma 3.5, we put

n—1
wijj = af;{o,ﬁ =5+ cehz Fe,o1 = ap = pcs, a3 =p°ce, T =S =1.
¢=0
Then, by Lemma 3.5, we obtain from (3.13)
) n—1 .
ano < <c6 +chy r£> ePletVeate) (3.14)
¢=0
Which implies that,
n—1
Mh<c+ahd Te (3.15)
£=0
It follows, by Lemma 3.4, for alln=20,1,.... N -1
My < e’ (3.16)

On the other hand, we have, from (2.14), foralln=0,... N—1, m=1,..,.N—1andi+,;=0,...p

n—1 m—-1 p-1 n—1j-1 r p—1
afm! <bidbihk» N> aii+bihy > agt,
£=0 p=0 s+t=0 £=0 r=0 /=0 s+t=0
n—1 p—-1 m—1i-1 gq p—1
+bihk Y ST azt + bik g
£=0 s+t=0 p=0 g=0 n=0 s+t=0
m—1 p—1 Jj-1 r i-1 gq (3'17)
+ kblhz Z ayh(t, s)dsdt + by ar,
p=0 s+t=0 r=0 /=0 g=0 n=0
Jj-1 r i-1 q
+bihy Y am+bikY Y anm + kbihayy,.
r=0 /=0 q=0 n=0

Consider, the sequence I, = max{ai,. i+, =0,..., p},n=0,1,...,.N=1,m=0,...,M—1, then by (3.17), we have

n—1 m-—1 n—1
al Lt < by 4 bip*hk Feo+ bip*h > Tem

£€=0 p= £=0
n—1 m—1

+bipPhk Y Tem+bip*k D> Tap
£=0 p=0
m—1 J—1 i-1

+ hkbip® > Top+ bip? arm
p=0 I=0 n=0

Jj—1 i—1

+biph i + bipk > apn + hkbiayp,.

1=0 n=0
We obtain
) n—1 m—1 n—1 m—1 Jj=1 i-1
anm? <bi + bahk Ceo+boh > Tem+ bk > Tp+ b arm
=0 p= =0 =0 /=0 n=0
‘ £=0 p 3 2 n (3.18)
Jj—1 i—1
+bah > ay + bok Y alit, + hkbyap .
1=0 n=0
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which implies for all i =1, ..., pandj=0,..., p,
) n—1 m-1 n—1 m—1 J—1 i-1
alym <bi + bahk Feo+ b2h > Tem+bok > Top+ b am
£=0 p=0 £=0 p=0 /=0 n=0 (319)

T bah 3 A ok S S, + hkbal,

Moreover, from (2.12), we obtain for all j =0, ..., pand n=0,..., N—1land m=0,..., M-1,

n—1 m-1
an'm < b3+b3thZr5p+b3hZ rgm+b3kzrnp+b3zanm+b3a (3.20)
£=0 p=0
Also, from equation (2.10), we obtain for all n=0,...,N—l1land m=0,..., M —1
n—1 m-1 n—1 m—1 X y
|Onm(x, )| < bs + b4hkz D> Tep+bah> Tem+ bk » Topt b4/ / |Unm(t, s)|dsdt.
=0 p=0 £=0 p=0 Xn Ym
Hence by Lemma 3.3, we obtain foralln=0,.... N—1and m=0,... M -1
n—1 m-1 n—1 m—1
aym < (m +bahk > Y Tep+bah Y Tem+ baky r,,,,,) (oo
m T T (3.21)
b+ bshk» > Tep+bsh> Tem+bsk Y o,
£=0 p=0 =i =
which implies from (3.19),(3.20) and (3.21) that, forall i =0,...,pand j=0,...,p
n—1 m-1 n—1 m—1 J—1 i-1 Jj-1
n < b6+b6thZr +bsh Y Tem+bsk » Tnp+ by anm + b anm+b7Za (3.22)
£=0 p=0 £=0 p=0 /=0 n=0 /=0
Using the notations of Lemma 3.5, we put
) n—1 m-1 n—1 m—1
wWij = aym. B = be + bshk Cep+b6h > Tem+bek > g oon =0 =pbras=pb;, T=5=1
£=0 p=0 ¢=0 =0
Then, by Lemma 3.5, we obtain from (3.19)
n—1 m-1 5
< <b6 +behk > > Tep+ bﬁhz Ce.m + bek Z T > 2P(br+y/br+b7)
£=0 p=0
It follows that, foralln=0,1,.... N—-1,m=0,...,M -1,
n—1 m-1 n—1 m—1
Fom <bg + hkbg Feo+hbs Y Tem+kbs » Tnp, (3.23)
£=0 p=0 £=0 p=0
by using Lemma (3.5), we obtain
[ < bgel@FDP(betVbatly) (3.24)
Hence from (3.8), (3.16) and (3.24) the proof of Lemma 3.6 is completed by setting
a(p) _ maX{ou(p), C7€aC7’ bae(a+b)p(b8+\/b8+b§)}.
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The following theorem gives the convergence of the presented method.

Theorem 3.7 Let g and k be p times continuously differentiable on their respective domains. Then equations (2.1),...,(2.9)

(-1)

o_1p—1(Mnm), and the resulting error function e(x,y) = u(x, y) — v(x, y) satisfies:

define a unique approximation v € S
llellL(py < C(h+ k)P,
where C is a finite constant independent of h and k.

Proof. Define the error e(x, y) on Dpm by enm(x,y) = u(x,y) — vam(x,y) for all n € {0,..., N} and m € {0, ..., M}.
Claim 1. There exist a constant C; independent of h and k such that |leoollL=(p,0) < Ci(h+ k)P. Let (x,y) € Doy, by using
Lemma 3.1, we obtain from (2.1)

1| oV u |, ;
< — — || h'K
|€o,0(X,J/)| = Z /ljl ax,ayj
i+j=p
Hence by Lemma 3.6, we have
1 i e
ool < alp) - ot = S gy (3.25)
i+j=p S \p'_,
=C;
Claim 2. There exist a constant C» independent of h and k such that |le,oll=(p,q) < Ca(h+ k)P foralln=1,...,N—1. Let
(x,y) € Dno, we have from (2.5)
=161 xe pxep1 gy
u(x,y) = Vno(x,y) = Z/ / / K(z,y, t s)eso(t, s)dsdtdz
£=0 0=0 "% Xo 0

n—1

Xe+1 z y
+ Z/ / / K(z,y,t s)eo(t, s)dsdtdz
¢ X¢ xe J0

=0

n-1 X Xo+1 y
+Z K(z,y,t s)eso(t,s)dsdtdz
o=0"YXn VX0 0

+/: / /OyK(z,y,t,qu(t,s)— Ono(t, 5))dsdtdz.

Hence
n—1 - o X y
u(x,y) = Ono(x, ¥)| < 3ahkK | egoll <o) + Ka/ / lu(t,s) — Ono(t, s)|dsdt.
£€=0 xn J0

Then by Lemma 3.3,

n—1
lu(x,y) — Uno(x, ¥)| < Z hk3aK||e¢ ol (D o) €XP (Ka(a+ b))
=0

n—1
< Z 3ahbK exp (Ka(a+ b)) llecolle(oeo)

s /m
= O

IN

heh|lezollLoe(pp o)
=0

which implies, by using Lemma 3.1, that

lenolloc(Dn0) < U= Vnoll + 1| Vno — vaoll

- 1 ][0 0no
< Srtestooo+ 5 75 |57
£=0

i+j=p

i
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Hence by Lemma 3.6, we obtain

—1
lenollinony <3 b dlwegoumowwﬁmw)p
g:

then, by Lemma 3.4, we have
a(p) p
llenollioo(Dy0) < T(h+ k)" exp(ady),
Thus, we take C; = % exp(adi).

Claim 3. There exist a constant Cz independent of h and k such that ||esm|l (D, < Ca(h+ k)P foralln=0,..., N —1 and
m=1,..., M —1. Let (x,y) € Dpm, we have from (2.10)

n—1 m-1
lu(x, ) = Vnm(x, y)| <Zzhk3K”eﬁoH JrthaK”eEmH JrthaKHean
¢=0 p=0 £=0 p=0

_ X y
+ Ka/ / lu(t,s) — Unm(t,s)|dsdt,
Xn Ym

Then by Lemma 3.3,

n—1 m—1 n—1 _
lu(x,y) = Vam(x, ¥)| < ( hkaK ezl + Y hkaK]legmll + Z hkaKlean) exp(aK(a+ b))

£=0 p=0 £=0 =0
n—1 m-1 n—1 m—1
< dohkllez,ll + D hkdallecml| + Y hkdallen,l
£€=0 p=0 £€=0 p=0

which implies, by using Lemma 3.1, that

||en,m||L°0(D,,,o) <llu = Vamll + 1%0.m — Vamll

n—1 m-1 n—1 m—1
hkdbolegoll + D hkcollegmll + D hkdblenl|
£=0 p=0 £=0 p=0
1 0™ 0nm ;
Ly 7H | g,
1l i
o 1Y oOx'oy/
Hence, by Lemma 3.6, we obtain
n—1 m-1 n—1 m—1 OL( )
lenmll < DD hkdallec,ll + D hkdslleemll + > hkdallen,l + p T (h+ k)" (3.26)
£=0 p=0 £=0 p=0

Then, by Lemma 3.3, we obtain from (3.26)

fenll < (X820 -+ ) explas(un + i)
< (p) exp(ds(a + b))(h + k)P (3.27)
=C3
Thus, the proof is completed by taking C = max(Ci, Cz, C3).
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4. Numerical Examples

In order to test the efficiency of the suggested Taylor collocation method for solving linear partial Volterra integro-differential
equations (PVIDE), three numerical examples for some linear PVIDEs with known exact solutions are given. In the following
examples, we set p =3 with three different values of N and M. The error estimation is given to show the accuracy of

approximation.

Example 4.1 Let us dedicate the first example to the case that the desired equation is of form

X Y
%(x,y):g(x,y)—i—/ / (t + s°)u(t, s)dsdt, 0<x<1 0<y<1, (4.1)
o Jo
with the initial condition
uo(y) = sin(y), 0<y<1l (4.2)

The exact solution of this problem is given by u(x,y) = (1 — x*)sin(y), Then, the function g(x, y) is calculated using the exact

solution as follows:

9(x.v) = 341~ cos(y) + 5x*(cos(y) — 3y*cos(y) +ysin(y) — 1) + 3x(cos(y) ~ 1) .
4.3
+ 2x(%y2cos(y) —ysin(y) + sin(y) — cos(y) + 1).

Numerical results were thus calculated by applying the proposed Taylor collocation method for different collocation points.
The absolute value error is reported in Table 1. It shows that the absolute errors are decreasing by increasing the number of
collocation points. In order to illustrate the behavior of the approximate solution, the absolute error function have been depicted
in Figure 1 as three dimensional graphs for 0 < x <1 and 0 <y < 1 using two different values of N,M, (N, M) = (10, 10) and
(N, M) = (30, 30) for comparison purpose.

Table 1. Numerical results for Example 4.1

(x.,y) N=M=10 N=M=20 N=M=30
(0.0,0.0) 0 0 0
(0.1,0.1) 9.5482e —07 5.805le — 07 4.0984e — 07
(0.2,0.2) 2.0284e—05 1.0937 — 05  7.4685e — 06
(0.3,0.3) 1.1512¢e—04 6.0072e — 05 4.0605€ — 05
(0.4,0.4) 3.8832¢—04 1.9952e — 04 1.3420e — 04
(0.5,0.5) 9.8326e —04 5.0065¢ — 04 3.3578e — 04
(0.6,0.6) 2.068le —03 1.0467e—03 7.0068e — 04
(0.7,0.7) 3.810le—03 1.920le —03 1.2835e — 03
(0.8,0.8) 6.3403¢ —03 3.1852¢ — 03 2.1270e — 03
(0.9,0.9) 9.7160e —03 4.8698e — 03  3.6839¢ — 03

Example 4.2 Consider the following linear two-dimensional PVIDE

%(X,y) =g(x,y)+ /OX /Oy(tcos(s))u(t, s)dsdt,

with the initial condition

uo(y) =y,

where the analytic solution is given by u(x,y) = ye™*, and

g(x,y) = e *(xysin(y) + xcos(y) + ysin(y) + cos(y) —y — x — 1) — ysin(y) — cos(y) + 1
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(a) The absolute error function for N = M = 10.
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(b) The absolute error function for N = M = 30.

Figure 1. Plot of the absolute error function for p = 3 for Example 4.1

Table 2 shows the absolute error values, and Figure 2 (a) illustrates the behaviors of the exact solution, while Figure 2 (b)

depicts the approximate solution of the Example 4.2. The graph of approximate solution is plotted using N = M = 20 collocation

points and it is in complete agreement with the graph of exact solution.

Table 2. Numerical results for Example 4.2

(x,y) N=M=10 N=M=20 N=M=230
(0.0,0.0) 0 0 0
(0.1,0.1) 7.898le — 07 4.8780e — 07 3.4580e — 07
(0.2,0.2) 1.4646e — 05 7.9986e — 06 5.4816e — 06
(0.3,0.3) 7.310le—05 3.8588e —05 2.6178e — 05
(0.4,0.4) 2.1930e —04 1.1396e — 04 7.6933e — 05
(0.5,0.5) 4.9957e — 04 2.5728¢ —04 1.7318e — 04
(0.6,0.6) 9.5623¢ —04 4.8967e — 04 3.2902e — 04
(0.7,0.7) 1.6220e — 03 8.2745¢ —04 5.5531e — 04
(0.8,0.8) 2.5158e —03 1.2801e —03 9.0808e — 04
(0.9,0.9) 3.6403¢ —03 1.8490e — 03 1.0290e — 03

Example 4.3 The last example is dedicated to equation

%(x,y) =g(x,y)+ /OX /Oy(xt + cos(s))u(t, s)dsdt,

subject to initial condition

uo(y) =0,

And u(x,y) = xsin(y),. Then, g(x,y) is given by

0<y<l

0<x<1, 0<y<1,

g(x,y) = sin(y) + 5 (cos(y) = 1) + sin’(y).

(4.7)

(4.8)

(4.9)

Numerical results in terms of absolute errors are reported in Table 4.3. Once again an excellent performance of the proposed

method is observed from this table. The absolute error function is depicted in 3-dimensional space as shown in Figure 3.

Copyright © 0000 John Wiley & Sons, Ltd.
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(a) The exact solution. (b) The approximate solution for N = M = 20.

Figure 2. Plot of approximate and exact solution for Example 4.2

Table 3. Numerical results for Example 4.3

. y) N=M=10 N=M=20 N=M=30
(0.0,0.0) 0 0 0
(0.1,0.1)  8.30769e — 07  5.21368e —07  3.706le — 07
(0.2,0.2) 1.648471e—05 9.17145¢ — 06 6.2693e — 06
(0.3,0.3) 8.810838e —05 4.73639e — 05  3.1640e — 05
(0.4,0.4) 2.83825le—04 1.47792e—04 9.5703e — 05
(0.5,0.5)  6.966300e — 04  3.44822¢ — 04  1.6742¢ — 04
(0.6,0.6) 1.4414516e —03 6.55191e — 04 2.35141le — 04
(0.7,0.7) 2.6493896e — 03 1.04630e — 03 8.14990e — 04
(0.8,0.8) 4.4561125¢ —03 1.39008e —03  1.2109e — 03
(0.9,0.9) 6.9807065e¢ — 03 1.40116e — 03 1.30225e — 03

The numerical experiments indicate that the Taylor collocation method is an efficient approximation tool for solving linear
PVIDEs, which guarantee our convergence investigation in Section 3. We also find that the error decreases and approaches zero

when M, N and p increase.

5. Conclusion

A new algorithm is proposed in this paper to solve two-dimensional linear partial Volterra integro-differential equations of the form
(1.1) using a Collocation Method based on Taylor polynomials. The convergence and error analysis are investigated, and several
test examples are used to observe the efficiency of the method, in which the obtained results are very accurate in comparison

with the exact solution for certain well selected examples.
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(a) The absolute error function for N = M = 15. (b) The absolute error function for N = M = 20.

Figure 3. Plot of absolute error function for p = 3 for Example 4.3
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