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Abstract

Polynomial graph invariants have been confirmed to have important applications
in quantum chemistry and biological information. One of the famous polynomial
graph invariants is the Tutte polynomial which gives multifarious interesting in-
formation about the graph structure. In this paper, we first give a simpler and
more efficient method to get the Tutte polynomials of alternating polycyclic chains.
Then we obtain the explicit expressions for the Tutte polynomials and the number
of spanning trees of phenylene systems with given number of branching hexagon-
s. Moreover, we determine the extremal values of the number of spanning trees
among the phenylene systems with given one or two branching hexagons, and the
corresponding extremal phenylene systems are characterized, respectively.
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1 Introduction

Let G = (V(G), E(G)) be a graph with a finite vertex set V(G) and a finite edge set
E(G). Let G —e and G/e denote the graphs obtained from G by deleting and contracting
the edge e, respectively. The Tutte polynomial, introduced by Tutte [17] in 1954 as a
generalization of the chromatic polynomial, can be defined by the following deletion and

contraction reduction formula.

1 if £(G) =10,
T(G; ) _ JZT(G/e; x, y) if e is a cut edge,
e yT(G —e;2,y) if e is a loop,

T(G—e;x,y)+T(G/e;x,y) otherwise,

It is generally known that the Tutte polynomial contains various interesting information
about the structure and properties of graphs. If z,y € {0, 1,2}, then one can use T(G; z, y)
to get the number of certain graph invariant of graph G. For example, (i) T(G;1,0)
equals to the number of acyclic root-connected orientations of G; (i) T(G;1,1) = t(G),
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i.e., the number of spanning trees of G; (iii) T'(G; 1,2) equals to the number of spanning
connected subgraphs of G; (iv) T(G;2,0) equals to the number of acyclic orientations of
G; (v) T(G;2,1) equals to the number of forests of G.

Although the Tutte polynomial have found various interesting applications in organic
chemistry, biology and statistic physics [2], computing the Tutte polynomial of a graph
is still a very challenging issue. In the general case, it is #P-hard for computing the
Tutte polynomial of a graph [14,15]. Thus, many work in this area is just focused on
exploiting the structure of some specific classes of important graphs in order to derive
closed-form formulas for computing their Tutte polynomials. In the recent years, the
Tutte polynomials of some classes of chemical polycyclic graphs have been studied. Fath-
Tabar, Gholam-Rezaei and Ashrafi [10] got the Tutte polynomial of benzenoid chains.
Doslié¢ [9] obtained the Tutte polynomials of several particular planar polycyclic graphs.
Gong, Jin and Zhang [11] computed the Tutte polynomial of benzenoid systems with one
branching hexagon by means of the relationship for Tutte polynomial of a graph and its
dual graph. Dobrynin and Vesnin [6] given a general calculating scheme of polynomials
based on deletion-contraction operations for uniform polycyclic chains. Chen and Guo
[3] obtained the Tutte polynomials of some alternating polycyclic chains which contain
phenylene chains as a special case. In [4], the author presented a splitting formula for the
Tutte polynomial of a class of special compound graphs, and as an application the Tutte
polynomials of catacondensed benzenoid systems with given number branching hexagons
are also determined.

The phenylene system is known as a very important family of chemical molecular
networks in which the carbon atoms form six-membered cycles and four-membered cycles.
In particular, any two six-membered cycles (hexagons) are not adjacent, and every four-
membered cycle (square) is adjacent to a pair of nonadjacent hexagons. If each hexagon
of phenylene system is adjacent only to two squares, then the obtained chain is called the
phenylene chain. If a hexagon in a phenylene system adjacent to three squares such that
the three common edges are disjoint, then the hexagon will be named branching hexagon.

Nowadays, plenty of researches were focused on the phenylene system. The anti-
Kekulé number and anti-forcing number of cata-condensed phenylenes are studied in [19]
by Zhang, Bian and Vumar. Trantnik [16] characterized the extremal phenylene system

with respect to the Wiener polarity index. A method for computing the edge-Wiener



index and the edge-hyper-Wiener index of phenylenes is presented by Zigert [18], and the
author further obtained closed formulas of the edge-Wiener index and the edge-hyper-
Wiener index for linear phenylenes. The PI index for phenylene systems were studied
in [8] and [12] respectively. Deng [7] talked about the phenylene systems with the third-
order Randi¢ index. Very recently, the first several extremal values of the Mostar indices
for phenylene chains and tree-like phenylenes were obtained in [5] and [13].

In this paper, we mainly consider the Tutte polynomials for phenylene systems and
determine the extremal values of the number of spanning trees for phenylene systems with

given small number of branching hexagons.

2 Preliminaries

In this section, following the textbook on graph theory [1], we recall some basic known
results and related properties linked to the enumeration of the Tutte polynomial.

Let C). be a simple cycle with r vertices. Then the Tutte polynomial of C, is given by

r—1
- =1 zxy—z—y+a"
T(Criz,y) = f=y—1 = .
(Cri2,y) y+i§:1as y—1l+—— p—

Proposition 2.1 Let H - F be the graph obtained from the union of two subgraphs H and

F' such that H and F share only a common vertex, then we have
T(H - Fiz,y) =T(H;z,y)T(F;2,y).

And, if G contains s cut edges, t loops and no other edges, then we have T'(G; z,y) =
2°y’. Let G be a graph obtained from H by adding s cut edges and ¢ loops, then

T(G;z,y) = 2°y'T(H; x,y).

A planar graph is a graph that can be drawn on the plane so that their edges do
not cross each other. Any such a drawing is called as a plane drawing. We use the
abbreviation plane graph for a plane drawing of a planar graph. For a connected plane
graph G, its dual graph D(G) is a graph that has a vertex corresponding to each face
of GG, and an edge linking the vertices corresponding to neighboring faces for each edge
of G. The following relation on the Tutte polynomial of a graph and its dual graph is

well-known [1].



Proposition 2.2 Let G be a connected plane graph and D(G) the dual planar graph of
G. Then it holds that T(G;z,y) = T(D(G);y, ).

Proposition 2.2 shows that if the dual graphs of two arbitrary plane graphs are isomorphic,
then they possess the same Tutte polynomial.

The following splitting formula on Tutte polynomial is taken form [4].

Proposition 2.3 Let G|H be the graph obtained from G and H such that E(G)UE(H) =
E(G|H) and E(G) N E(H) = {e}, then

—y—DTgTy — —D)(TeTy_e +Tg_.T Ta_Ty_
T(G]H;:z:,y):(xy y— V16T —y(z — 1)(TeTh— + GeH)‘f‘xyGeHe.
xy—r—y
As a matter of convenience, some times we will use T or T'(G) in this article for the
Tutte polynomial of a graph G and write T(G; z,y) if we want to draw attention to the

discussion.

3 The Tutte polynomials of alternating polycyclic
chains

An alternating polycyclic chain is a graph formed by two types cycles C, and Cy in which
the induced C,s and Cys are arranged alternatively. Two adjacent cycles C.. and C in an
alternating polycyclic chain share exactly an edge and each induced cycle of an alternating
polycyclic chain has at most two common edges. Let G be the family of all alternating
polycyclic chains with n copies of C,s and n — 1 copies of Css. Let Z»* be the family of
alternating polycyclic chains with n copies of C.s and n copies of Css. An arbitrary chain
of G»* (resp. Z*) will be denoted by GI* (resp. Z°), i.e., Gi® € GI* and ZI* € Z*.
Some particular alternating polycyclic chains are shown in Figure 1.

Chen and Guo [3] obtained the Tutte polynomials of alternating polycyclic chains by
applying a deletion-contraction-based scheme. In this section, we give a simper and more

efficient method to get the Tutte polynomials of alternating polycyclic chains.

Lemma 3.1 For any G)° and Z)°, we have

T(Grex,y) =(y + =TI T(Z0° s 0,y) — o° 2y T(GR 52, y), (1)
T(Z0%,y) =(y + =D T(GL 2, y) — 2" YT (205 o, y). (2)



Proof. We first note that an alternating polycyclic chain G};° can be constructed by
the way of GI* = Z°||C, and let e be the common edge of the induced subgraph-
s Z*, and C,. Tt is not hard to get that T(Z*, — e;z,y) = x**T(G)*|;x,y) and
T(C, —e;z,y) = "1, then by the use of Proposition 2.3 we obtain (1). Similarly, one
can see that Z»* = G*|C; and assume that €’ is the common edge of GJ* and Cs. Then
we can easily obtain that T(G"* —¢;x,y) = 2" *T(Z* ;z,y) and T(Cy —€'; z,y) = x°~ 1.

Thus, by Proposition 2.3 and some basic simplifications we get (2). Therefore, we com-

plete the proof. [ |

Lemma 3.2 For any G,* and Z)»°, we have

n

5—171

T(Gya,y) =[(y + Sy + 5h) =y + 2 TG 52, y)

r—1
— 2" TYPT(GL g, ), (3)
T(Z3a,y) =[(y + )y + S5mpt) — w2+ " 212 52, y)
— " TP T(Z 5, y). (4)
Proof. For convenience we let o (x,y) = y + zr;l_l, ooz, y) = —2° 2y, Yi(zx,y) =

y+ 2L and y(x,y) = —a"~2y. Then from (1) we have

r,s 1 @2(%9) .8
T(Z, y;x,y) = TG e, y) — —=T(G, "2,y 5
(Zn"si,9) o1 (z,y) ( ) e1(z,y) (G ) ©)
and
T(Z0%0,5) = ———T (G ) — 22D s y). (6)
@1(1’,:&/) 901(5[7?4)

Plugging (5) and (6) into (2) we get

T(Gys2,y) =[e1(@, y)n (2, y) + w22, y) + oz, y)|T(GL 5 7, y)

— o, y)ha(z,y) (G 55 2, y)

5—171

=y + )+ Tt) — (@ TG )

r—1

— 2" TYPT(G g ).

On the other hand, in terms of (2) we have

1 7S, _ ¢2(xay)
Bty Gy T

T(Gyx,y) = T(Z) ) x,y) (7)



and

r,s 1 s | _ wz(ﬂﬁ,y)
(Gn 1% y) w1<x,y)T(Z y) ¢1($,y)

n—1>L
If we substitute (7) and (8) into (1), then we get

T(Z) 5 2,y). (8)

T(Zy%5w,y) =[i(z,y)e1 (2, y) + o, y) + ooz, ) T(Z, 15 2, y)
- ¢z(x7 y)wz(fv, y)T(ZZ;sw . Y)
=[(y+ =1+ 5520 —y(@* 2+ 2" T2 2,y)

_xr+s 4 2T<Z7"S )

n27

Thus the proof is completed. |

In order to make the calculations more convenient, we let G7° = C, and Z;° = Ko.

Then we have G5° = (C,|Cy)|C, and Z]”° = C,|Cs. Tt is easy to obtain the initial

conditions:
T(GY*w,y) =T(Cps x,y) = W2 (9)
xy—r—y+r2 2 25721 (vy—x—y+a")? zy—z—y+a" )2
T(Gy®w,y) =rwte— 4 (& —Davecoyta) 4 Qlozecyse’ ) (10)
T(Zy% x,y) =T (Kq;x,y) =, (11)
xy—c—y+z 52 TYy—xT—y+T ry—x—y+as!
T(Z7%2,y) =T(Cr|Cysa,y) = 2= + iyt (x)(l)y ) (12)

Therefore, by combining the characteristic equatrion of (3) and the initial condition (9)

and (10), we can get an explicit expression of the Tutte polynomial of G»*.

Theorem 3.3 For any alternating polycyclic chain G;° € G*, we have

T(G™*5 2, y) :2w — (o — VA) (a + \/Z)" n 2w — y(a 4+ VA) (a — \/Z>n7
A +aVA 2 A — a\/Z 2
where A = A(z,y) = o(x,y)* + 48(x,y), @ = alz,y) = (y + S5y + 552 —
y(@* 2 +a"7?), B = Blr,y) = =", v = () = ””y;fi’” and w = w(:z:,y) =
a:y—:c;gix%* + (x5~ 2—1)((;ci/1—):§—y+z )2 4 (1+y)(x;z:1—)g+xrfl)2'

Analogously, combining the characteristic equatrion of (4) and the initial condition (11)

and (12), the Tutte polynomial of Z»* can also be obtained.

Theorem 3.4 For any alternating polycyclic chain Z)° € Z°, we have

n

o — x(a — VA) (a + \/Z)”H N on — x(a+ VA) (a — \/Z)”“’

T(Z x,y) =
(252 ==X T T > A avA >




rfl_l

where A = a(z,y)* +48(z,y), a = a(z,y) = (y + Ll—l)(y 4z ) — y(z52 + 27 2),

z—1 z—1

,6 — 5(33',?/) — _xr+s—4y2 and n= n(x7y) — zy—x—y+a T2 + (my—m_y‘f'ﬂ”*l)(a;y—:c—y—l—x

sfl)
z—1 (xz—1)2 ’

If we set r = 6, s = 4 in G"*, then it is clearly that G5 contains all the molecular
graphs of phenylene chains with n hexagons and n — 1 squares. In the following we use
PH, to denote a phenylene chain with n hexagons and n — 1 squares, i.e., PH, € G%%.

Thus, by theorem 3.4, we have the following result.

Corollary 3.5 [3/ Let PH,, be a phenylene chain with n hexagons and n — 1 squares,
then the Tutte polynomial of PH, is given by

T(PHy:z,y) = 2~ ;ﬁz\-/z\/z) (@ +2\/Z>n e Zy_(iJ\;Z\/Z) (° _2\/Z>n’

where A = o> +48, a = 154225 + 32 + 23y + 323 + 22y + 322 + 20y + 20+  + 2y + 1, 8 =

—2%2, y=y+a+2®+ 2P+ a2t +2° and w = M + 3210 + 62° + 28y + 928 + 227y +
1227 + 520% + 132° + 82y + 122° + 2xty? + 92ty + 92t + 223y? + 823y + 623 + 22%y? +
Txy + 322 + 3zy? + day + o + >3 + 297 + .

Let t(G) = T(G; 1,1) be the number of spanning trees of a graph G. Then by Corollary
3.5, we get the number of spanning trees of PH,,.

Corollary 3.6 [3/ Let PH,, be a phenylene chain with n hexagons and n — 1 squares,

then the number of spanning trees of PH, is given by

(33 4 6/30)(11 + 24/30)" N (33 — 64/30)(11 — 2¢/30)"
120 + 224/30 120 — 22v/30 '

t(PH,) =

PH; PH; PH;
Figure 1. Some particular (modificatory) phenylene chains PHs, PHy and PHs.

Setting r = 4, s = 6 in G"*°, then G*® contains all the molecular graphs of the
modificatory phenylene chains with n — 1 hexagons and n squares. We let PH, be the
modificatory phenylene chain with n — 1 hexagons and n squares, i.e., Pﬁn € G465, Thus,

by theorem 3.4, we have the following result.



Corollary 3.7 [3] Let Pf]n be a modificatory phenylene chain with n — 1 hexagons and
n squares. Then

T(Pﬁn;:v,y) _ 2w—’y(a—\/Z)<a+\/Z>n+ 2w—fy(oz+\/z)<04—\/Z>n’

A +aVA 2 A—aVA 2
where A = o> +483, a = 254225 4+ 32t + 23y + 32° + 2y + 322 + 20y + 20+ 2+ 2y + 1,8 =

252 y=y+ar+a?+ a2, w=2"+32% + 627 + 228y + 828 + 4aPy + 9 + Taty 4 Sat +
23y? + 823y + 623 + 32y? + Tay + 322 + 3zy® +day + v+ P + 202 + .

Since t(Pﬁ[n) = T(P?[n; 1,1), then by Corollary 3.7 we can get t(PfIn).

Corollary 3.8 [3] The number of spanning trees of P]:Tn 1S given by

(22 + 44/30)(11 + 2¢/30)" N (22 — 44/30)(11 — 2/30)"

t(PH,) =
(PHx) 120 + 22v/30 120 — 221/30

By setting r = 6 and s = 4 in Z"*, then Z5 contains all the modificatory phenylene
chains (phenylene derivatives) with n hexagons and n squares. See Figure 1 for some
particular (modificatory) phenylene chains.

By Theorem 3.4, we have the following result.

Corollary 3.9 Let Pﬁn be a modificatory phenylene chain with n hexagons and n squares,
then we have

T(PH,;z,y) = o — x(a — VA) (oz + \/Z)" N o — z(o+ VA) (a ~ \/Z)n7

A+ avV/A 2 A —avA 2
where A = o + 483, o = 2% + 225 + 32t + 23y + 323 + 2%y + 322 + 20y + 20 + 2 + 2y + 1,

B =—2%?% and n = 27+ 225 + 32° + 2ty + 32t + 23y + 322 + 222y + 222 + 2xy + . +y2 + .
Therefore, by Corollary 3.9 we can get the number of spanning trees of Pi,.

Corollary 3.10 The number of spanning trees of Pﬁ[n s given by

J(PIL) (6 + v/30)(11 + 21/30)"+! N (6 — v/30)(11 — 2¢/30)"
e 120 + 22/30 120 — 224/30 '

4 The Tutte polynomial of phenylene systems with
exactly one branching hexagon

A hexagon in a phenylene system is called branching hexagon if the induced hexagon has

three pair-wise disjoint common edges with different squares. Let PSj,,,, be a phenylene



B

pSQ}g’Q PSé73’2

Figure 2. Two particular (decorated) phenylene systems PSs 32 and PS5 5.

system with one branching hexagon and the three phenylene induced sub-chains of the
phenylene system meeting at the branching hexagon have number of hexagons [, m and
n respectively. A particular phenylene system PS5 39 is shown in Figure 2.

As a matter of convenience, we will denote T'(PH,;x,y) by T,, denote T(Pf[n; x,y)
by fn, denote T(Pﬁn; x,y) by T, and denote T(PS;mn;,y) by T} mn, respectively.

Theorem 4.1 The Tutte polynomial of a phenylene system PS;,, can be given by

(l’y —Yy—- 1)7}+m+1j—\’n - ny(x B 1)E+m+1Tn - $3y($ _ 1)ﬁfmfn + x6yﬁfan

ﬂ,m,n:
Ty —xr —y

Proof. We find that the graph PSj,,, can be constructed by the way of that PS;,,, =
PHl+m+1!Pﬁn- If e is the common edge of PH;,,.1 and Pf[n, then it is not difficult to
obtain that T(PHj i1 — €;2,y) = 3T (PH,; y)T(Pﬁm;x,y) and T(Pf[n —ex,y) =
2*T(PH,;x,y). Thus, by Proposition 2.3, we immediately get the desired result. [ |

In addition, we also find that the phenylene system P.S;,,, can be constructed by
the ways of PS; ., = PHiini1|Zy and PSy ., = PHpyiny1]Z), then similarly the Tutte

polynomial of PS;,,, can be given by

)

(l'y —Yy—- 1)ﬂ+n+1fm - ny(x - 1)E+n+1Tm - l’gy(l’ - 1)ﬁfnfm + lﬁyﬁ nTm

T’l,m,n -
XYy —T —y
and
oy =y = DT = 2’y(x = Vi Ty = o®y(e — VTT. T + 2T, 10T,
l,m,n Ty — 1 —y )
respectively.

Corollary 4.2 The number of spanning trees of PSim,  can be given by

t(PSpmn) = t(PHyimi1)t(PH,) — t(PH)t(PH,)t(PH,,). (13)



Analogously, the number of spanning trees of P.S;,,,, can also be expressed as

t(PS ) = t(PHyins1 t(PH,,) — t(PH)t(PH,)t(PH,,) (14)
and
H(PSimn) = (P Hysn1)H(PH) = t(PHyp )t(PH,)H(PH)), (15)
respectively.
In the subsequent discussion, we let p = 11 + 24/30, ¢ = 11 — 2v/30, A = %,
B— _6=v30 o~ _ 2244V30 py_ 22-4V30 7 _ 3346v30 .4 Q= 33—6v30_ 1o it is

120—22+/30" T 12042230 T120—-22v307 YT 120+422v/30 120—22+/30
easy to see that p—q = 4v/30 > 0, AB < 0, t(PH,,) = Ap" ™'+ Bq¢" ', t(PH,) = Cp"+Dq"

and t(PH,) = Jp" + Qq".
Let PS1 1, be the set of all phenylene systems with A hexagons in which there is exactly
one branching hexagon. Next, we consider the extremal values of the number of spanning

trees among all phenylene systems with one branching hexagon.

Lemma 4.3 Let PS; ., € PS1h, where l+m +n = h — 1. Without loss of generality
we may assume that | < m < n. (i) If | > 2, then we have t(PSi_1mn+1) > t(PSimn)-
(i) If m > 2, then we have t(PS;m—1n+1) > t(PSimn). (iii) If I +2 < m, then we have
t(PSis1m—1n) < t(PSimn). (iv) If 14+ 2 <mn, then we have t(PSit1mn—1) < t(PSimmn)-

Proof. (i) If | > 2, then by (14) we have
t(PS)—1mns1) = t(PHppns1 )t(PHp) — t(PH,_)t(PH,41)t(PH,,). (16)

From (16) and (14), we get

(PHy)
—t(PH, ) AB[p g™+ + prHightt — plgn+? — pn2g)
—t(PH,) AB[p'q" (p — q) + 9" ¢ (q — p)]
(PHp)

PH,)AB(p — q)p'q¢ (¢" ' — p"~1)

which means that t(PH;—1mnt1) > t(PHpmn)-
(ii) If m > 2, then by (15) we have

t(PSym-1ns1) = t(PHypns1)t(PH)) — t(PHp_)t(PH, 1 )t(PH,).



Then we can get that

(PH,)

—t(PH)AB[p™ ' ¢" " +p" g™t — gt — p g

C{PH)AB " (p— ) + 0" 4" (g — p)
(PH,)

which means ¢(PS) n-1n+1) > t(PSimmn)-
(iii) If I +2 < m, then by (13) we can get

t(PSpi1mn1) = t(PHypmi1 Jt(PH,) — t(PHy 1 )t(PH,_,)t(PH,,)
and

H(PSis1.m-1n) — t(PSymn) =t(PH,)[t(PH)t(PH,,) — t(PHy 1 )t(PH,,_1)]

—t PHn AB[plqm + pmql _ pl+1qul _ pmflql+1]

which means ¢(PS;i1m-1n) < t(PSimmn)-
(iv) If [ +2 < n, then by (14) we can get

t(PSi1mn1) = t(PHyppns1 )t(PH,) — t(PHyy )t(PH,_,)t(PH,,)
and

t(PSistmn—1) — t(PSimn) =t(PH,)[t(PH)t(PH,) — t(PHy 1) )t(PH,_,)]

=t(PH,,)[ABp'q" + ABp"q' — ABp'*'q" ™" — ABp"~'¢""]
)ABp'q" ' (q — p) + ABp" ' (p — q)]
)

PH,)AB(p — q)p'd' (p" "' — ¢" )

Thus, we get t(PSii1mn-1) < t(PSimn).

From Lemma 4.3 we immediately have the following result.



Theorem 4.4 For any PSipm, € PS1p, | <m <nandl+m-+n=nh—1, we have

L‘(PS%7%,%), if h—1=0 (mod 3);
t(PSLl,h—?,) > t(PSme) > t(PS%Jng,h%l), ifh—1=1 (mod 3);

t(PS%’%’%), ifh—lEQ (mod 3)

In the following we further consider the Tutte polynomial of a decorated phenylene
system PS|, , witch is obtained from PS, 1. by joining a square to the pendent phenylene
induced sub-chain having k hexagons. A decorated phenylene system PSj 5, is depicted

in Figure 2.

Theorem 4.5 Let T, ,, =T(PS,,,;z,y). Then we have that

T [(.:Ey — Y- 1)Ta+b+1 + y(x - 1>x3faﬁ]fk+l - [?/332(55 - 1)Ta+b+1 - $6yfafb]fk
abk — .
"y ij J— x — y

Proof. According the structure of the decorated phenylene system PS , ;, we find it can
be constructed by the way of that PS, ,, = PHa+b+1\Pﬁk+1. If e is the common edge
of the induced PH, 5,1 and PfIkH, then it can be got that T(PHyipy1 — €;2,y) =
x?’T(P]TIa; x,y)T(PITIb; z,y) and T(Pflkﬂ —ex,y) = xQT(P]TIk; x,y). Thus, the desired
result can be obtained by applying Proposition 2.3. |

By Theorem 4.5 and t(PS,, ;) = T(PS];;1,1), we have
Corollary 4.6 The number of spanning trees of PSS, can be given by

t(PS., ) = t(PHyyp41 )H(PHyy1) — t(PH,)H(PHy)t(PHy).

5 The Tutte polynomial of phenylene systems with
exactly two branching hexagons

Let PSF,.., be a phenylene system with exactly two branching hexagons in which one
branching hexagon attached by two pendent phenylene sub-chains P}AIa and Pﬁb re-
spectively, the other branching hexagon attached by two pendent phenylene sub-chains
P}AIC and Pf[d respectively, and there is a phenylene sub-chain PﬁkH connecting the
two branching hexagons. A particular phenylene system PS§73;473 is depicted in Figure 3.

Obviously, if £ = 0, then there is only a square between the two branching hexagons of

0
PSa,b;c,d'



If we consider the linking orientations of the four induced pendent sub-chains meeting
at the two branching hexagons, a # b and ¢ # d, then PS}, , % PSk, .. But they
have the same Tutte polynomial, i.e., T(PSY,. . ;ix.y) = T(PS}, 2, y), since the dual
graphs of them are isomorphic. So, in the following we will use PSéf?b;c’d to denote a graph

taking from {PS}, . PS¥, .. PSy . g PSEaq.}, indiscriminatedly.

a

Figure 3. A phenylene system P82273;473.

Theorem 5.1 For the phenylene system PSq .. 4, we have

T(PSg yed; T y) = 61 TogprrTerars — 2 - (Tusoi Ty + Tovan T.T3) + 63 - T T,

2 2 2 2 3 6,2
T T4 T 2y—1 z3y(zy—y—1) 2%y? (z—1)
Y Y Y Y , ¢2 = and ¢3 = —F—"=

where ¢1 = py— pry— rvmr—

Proof. We can sece that PSy,. ., = (PHay11|Cy)|PHepq41. Let e be the common edge of
PH,ypy1 and Cy, then it is easy to get T(PH, pi1—€;2,y) = x3T(PI/:7a; x, y)T(Pf-\Ib; x,y)

and T(Cy — e;x,y) = z3. Thus by Proposition 2.3 and some basic calculations we get
T(PHop|Ci; 2,y) = (2% + 2+ y + 1) Tagpr — 2y T ), (17)

Let ¢ be the common edge of PH, y.1|Cy and PH. 4.1. Then it is not difficultly to
obtain that T(PH, p+1|Cy — €';2,y) = 2*T(PHyyp11;7,y) and T(PH g1 — €;2,y) =
23T (PH,;x,y)T(PHy: x,y). Combining Proposition 2.3 and (17) one can obtain the re-

quired result. [ |

By setting z = y = 1 in Theorem 5.1, we find that

Corollary 5.2 The number of spanning trees of Psg,b;c,d s given by
HPS o) = HPHear) 4t (P Hugpir) = t(PH)H(PH)] — (P HooJH(PH (P H).

Now, we consider the Tutte polynomial of PSY, , with k > 1.



Theorem 5.3 For the phenylene system PScIf,b;c,d; k> 1, we have

(2y —y — DTy — 2*y(z — V)T Tuppererr + 2515 — 2y(z — 1)TIT, bk

T(PSY, ..) =
( a,b,c,d) Ty — —y

Proof. We first note that PSi“’b;C’d = PSM,HcH]Pﬁd and let e be the common edge of
the induced subgraphs PSgpgte+1 and P[:Td. And we can get T(PSypptct1 — €;2,Y) =
x3T(PS(’17b7k; x, y)ﬁ and T(P?[d —e;x,y) = 2*T(PHg; x,y). Thus, by applying Proposi-

tion 2.3 we obtain the required result. |

Corollary 5.4 The number of spanning trees of PS*

abied 1S given by

H(PSE . q) = LPH)HPSappserr) — LPH)(PH)H(PS,, ).

From Corollary 4.6 and Corollary 5.4, the number of spanning tees of P.S* bie,a Can also
be written as t(PSfj’b;C’d) = t(PHd)[t(PHa+b+1)t(PHk+c+1) —t(PHa)t(PHb) (PHyter1)] —
t(PH)t(PH)[t(PHy i1 )t(PHys1) — t(PH,)t(PH,)t(PH.,)).

Let PS;y; be the set of all phenylene systems with A hexagons in which there is
exactly two branching hexagons. The next we consider the extremal values of the number

of spanning trees among PSy .

Lemma 5.5 Let PSk, ;€ PSy), where a+b+c4+d+k+2 = h. (i) Ifa > 2, then it holds
that t(PSit! . 4) > t(PSE, o). (i) Ifb > 2, then it holds that t(PSYit, ) > t(PSE,. ).
(iii) If ¢ > 2, then it holds that t(Psz;lc_Ld) > t(PSy,.q). (V) If d > 2, then it holds
that t(PStl;;;lc,d—l) > t(PSc]f,b;c,d)'

Proof. Here we just give the proof of (iii) since the statements (i), (ii) and (iv) can be

s T : _64+v30 _ _6-30
proved by a similar way. Bearing in mind that A = 12012250 and B = 55=5 202230 and let

C= 2830 - p— 24V30 () then we can get

120+22v/30 120—22+/30
H(PH.)t(PHyp1) — t(PH,_1)t(PHyy2) =(Ap“ + Bg=™)(CpFt + Dg*th)
. (Apc + ch)(ckar? + Dqk+2)

_AD( c+1 k—f—l pch+2) + BC(pk+1qc+1 o pk—l—Qqc)
and

t(PH._)t(PHy1) — t(PH)EH(PHy) =(Ap® + Bq®)(Cp**? + Dg*?)



— (Ap™' + Bg“)(Cp! + Dg*)

=AB(q - p)(p°¢""" — p"¢).
Case 1. ¢ > 2 and k = ¢ — 1. In this case, we first can show that

t(PﬁC)t(Pﬁk’Jrl) i t(Pﬁ071>t(Pﬁk+2) :AD(pc—i-lqk—i-l pch+2) + BC( k+1 c+1 pk+2qc)
_AD(pc—l-l c c c+1> +BO( c c+1 pc—l-lqc)

=p°¢“(p — ¢)(AD — BC) >
and
HPHe )t (PHi) — t(PH)UPHy) = AB(q —p)(0°¢"" — p*¢") = 0.
So, we have

t(PSEL | ) — t(PSE,.0) =t(PH.)
=t(PHy)[t(PH)HPS, ;1) — t(PH 1 )H(PS) 1))
Hy)[H(PHqsp1) (H(PH)H(PHyyr) — t(PHo 1 )t(PHyyo))

HPH)H(PS, ) = t(PHe1JH(PHA)H(PS, 111

+ t(PﬁIa)t(PHb) (L(PH,\)t(PHyyy) — t(PH.)t(PHy))]
=p°¢°(p — q)(AD — BC)t(PH)t(PHy p1) > 0.

Case 2. ¢ > 2 and k > ¢ — 1. In this case, we have

t(PH)t(PHyy1) — t(PHo 1 )t(PHy 2) =(Ap™ + Bg“™)(Cp**! + DgF)
— (Ap° + B¢®)(Cp™*? 4+ Dg"*?)
_AD( c+1 k—l—l c k+2) 4 BO( k+1 c+1 pk+2qc)
=ADp°¢""(p — q) + BCP**'¢°(q — p)

:pcqc(p . q)(qk—c+1AD o pk—c+lBC) > 0
and
t(PH, ) t(PHy 1) — t(PH)t(PH,) =(Ap° + Bq)(Ap**? + Bg"+?)
. (Apc-‘rl + ch—i-l)(Apk—‘rl + qu—i-l)

=AB(q¢ = p)(°d" = P )

:AB((] _p)pcqc(qk—c—l-l _pk—c+1) < 0.



Note that t(PHg)t(PHaip+1) > t(PHd)t(Pﬁa)t(Pﬁb), then we can obtain that
HPSESL | ) — (PSS, 0) =t(PH)(PHyy 1) [H(PH)E(PHyg1) — H(PHeoy )t(P Hiso)]
+t(PH)t(PH)t(PH)[t(PH. 1 )t(PHys1) — t(PH)t(PHy)|
>t(PH.)t(PHps1) — t(PH. 1 )t(PHys)
+ t(PH,_)t(PHyy1) — t(PH)t(PHy)
=t(PH,)[t(PHyy1) — t(PHy)]
+ t(PH,1)[t(PHyg1) — H(PHyso)]
=(Ap™' 4 B¢ (CP* + D"t — ApFtt — Bt
+ (Ap° + B¢ (Ap*? + Bg*? — Cp**? — Dg*?)
=A(B—D)p°¢"*' (¢ —p) + B(A—=C)p"*'¢°(p — q)
=p°¢°(p — q)[B(A — C)p* ™" — A(B — D)¢" '] > 0.
Case 3. ¢>2and k < c— 1. We have
H(PH.)(PHyyr) = t(PHe 1)t(PHyy) =ADpq" (p — q) + BCP*'¢°(q — p)
=" (p— @) (¢ TAD — p I BC) > 0

and
t(Pﬁc—l)t(Pﬁk+1) — t(PPAIC)t(Pﬁk) =AB(q— p)(pch-H pk+1qc)
:AB(q _p)karlqurl(qcfkfl . pcfk—l) <0.

Since t(PHy)t(PHyyps1) > t(PHy)t(PH,)t(PH,), then we have

tHPSELL ) ) — H(PSE ) =t(PH2)E(PHoppat)[f(PH) (P Hy 1) — t(PHooy Jt(PH )]

+t(PH)t(PH)t(PH)[t(PH. 1 )t(PHys1) — t(PH)t(PHy)|
>t(PH.)t(PHps1) — t(PH._ 1 )t(PHy.s)

+ t(PH, ) t(PHyy1) — t(PH)t(PH,)
=t(PH,)[t(PHy1) — t(PHy)]

+ t(PH.)[t(PHys1) — t(PHyio)]
=A(B = D)p°q"" (¢ — p) + B(A = C)p*g*(p — q)
=" (p — Q[B(A - O)p ™" = A(B—D)g* '] > 0.

Therefore, we obtain that t(P Sfj?;lc L) > t(PSE,. ) for ¢ > 2. |



Lemma 5.6 Let PS&bm’d be a phenylene system with two branching hexagons. (i) If
a > b+ 2, then it holds that t(PSy,...) > t(PSy_ipi1.0q)- (i) If b > a+ 2, then it
holds that t(PSY,..4) > t(PSQ, 1y 1.cq)- (i) If ¢ < d+2, then it holds that t(PSy,.. ;) >
t(PSy pe—1441)- (V) If d < ¢+ 2, then it holds that t(PSg .. 4) > t(PSy pei14-1)-

Proof. (i) The number of spanning trees of PSy,.., and PS)_, ..., can be respectively

written as
t(PSY ) =t(PHoypi1) (H(PHo)t(PHop1) — 4(PHy)t(PH.,))
+ t(PH)H(PHy)(t(PH,) — t(PH.}))
and

(PSS 1 ps1se) =t(PHosoi)(t(PH)t(PHop) — 4t(PHa)t(PH,))

+ t(PH, ) t(PHy 1) (t(PH,) — t(PH,41)).
Then we have

tH(PSY 1 prsea) — HPSY yea) =(t(PH) — t(PHepy))[t(PHyoy )t(PHyy) — t(PH,)H(PH,)]
=(t(PH.) — t(PH..1))[(Cp*~" + Dg*~1)(Cp"*! + Dg"*h)
— (Cp" + Dg*)(Cp" + Dg")]
=(t(PH.) — t(PH,.1))CD[(p"'¢"*" — pq")
+ (" = 1Y)

—({(PH,) = t(PH.41))CDp'"(¢" ™" = p*7") < 0.

Thus, we get t(PSg .. 4) > t(PSe_1411.0q) for a > b+ 2. The statements (ii)-(iv) can be

proved similarly, we omit the proof here. [ |

Lemma 5.7 For the number of spanning trees of the phenylene systems PS,ng;k’kH and

PSP jrienr we have t(PSRyy 1) > H(P S pyten)-
Proof. From Corollary 5.2, we have

t(PS g 1prt) =48(PHopsn)® — 2t(P Hapyo)t (P H (P Hy1),

t(PSR 1 jrrin) =4 (PHopys)t(PHoppr) — t(P Hopoy1 (P Hysr )t (P Hy )



— t(PHopys)t(PH )t (PHy).

Then, bearing in mind that t(Pﬁn) = Ap"t!' + B¢g"™! and t(PH,) = Jp" + Qq¢", one can

get
t(PSIS,k+1;k,k+1> - t<PSI(c),k;k+1,k+1) :pH%(p —q)*(B*qJ + A*pQ — 4JQ)
=30 (p—q)* > 0.
Thus, we obtain the result t(PS) ;15 xi1) > HPSE 1 xr1pn)- |

From Lemma 5.5, Lemma 5.6 and Lemma 5.7 we immediately get the following result.

Theorem 5.8 For PSY, ., € PSyy, where a+b+c+d=h—k—2, we have

t(PSY s s ), ifh—2=1 d 4);
(PStit) > (Pt > | 0) ! -
t(PS%%;%’%), if h—2=2 (mod 4);
t(PS?L,O h—1.h—1 hfl), th/ - 2 = 3 (mOd 4:)

\ 4 0 4 04 04
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