
An interpretation and modification of the SWT function

Daniel Kujawski1

Mechanical and Aerospace Engineering
Western Michigan University, 1903 W. Michigan Ave.

Kalamazoo, MI 49008-4353, USA

ABSTRACT

In this paper a new interpretation and modification of the SWT function in terms of the total

damaging energy density is proposed and discussed. The total damaging energy density is the

sum of  the damaging  part  of  the strain energy  density  and complementary energy density

corresponding to the first  quadrant in damaging  sD-eD axes.  For cyclic  loading with positive

mean stress (σ m≥0) the proposed function reduces to the original SWT formulation. For cyclic

loading with negative mean stress (σ m<0) the maximum stress is augmented by 1/3 of absolute

value of the mean stress. The proposed approach shows a consistent correlation of the mean

stress effects for both positive and negative mean stresses.
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1.0 INTRODUCTION

It  is  well  known  that  uniaxial  fatigue  loading  is  highly  affected  by  a  normal  mean  stress

σ m=(σmin+σmax ) /2  or a stress ratio R=σmin /σmax
 where: σ min

 and σ max
 are the minimum and the

maximum stresses, respectively. The same stress amplitude, sa together with a positive mean

stress, sm > 0, will result in a shorter fatigue life in comparison if a mean stress is negative, sm <

0. In general,  sm  > 0 is detrimental whereas  sm  < 0 is beneficial [1-2]. The most widely used

methods for accounting of mean stress effects are Morrow [3] and SWT [4] approaches. 

In a stress-based formulation they are represented as:

- Morrow σ ar=
σ a

1−σ m/σ f
,

 (1)

- SWT σ ar=√σ maxσa
  (2)

where  σ ar
 is  an  equivalent  fully-reversed  stress  amplitude  and  σ f

,   is  a  fatigue  strength

coefficient.

 _____________________
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 Figures 1 and 2 illustrates how the above Eqs. (1) and (2) correlate R-ratio effect for ductile iron

[5]  and  7075-T651  Al  alloy  [6],  respectively.  For  both  materials,  Eq.  (1)  results  in  a

nonconservative  life  estimation  for  R  >  -1  and  too  conservative  estimation  for  R  <  -1  in

comparison to a fully reversed loading with R = -1. On the other hand, Eq. (2) provides a fairly

good estimation for loadings at R > -1 associated with sm > 0 and a nonconservative estimation

for R < -1.5 corresponding to sm  < 0 when compared to R = -1. Comprehensive data for 7075-

T651 Al alloy [6] are ranging from 8 to 2x106 reversals 2Nf   to failure and clearly indicate two

distinct slopes: a lower slope for 2Nf < 2,000 and another higher one for 2Nf > 2,000 reversals, as

it is seen in Fig. 2. It is interesting to note, that data for 2N f  < 2,000 exhibit very narrow scatter

in terms of the equivalent sar calculated using both approaches.

 Customarily,  Morrow relation is  more widely known as  a strain-based approach [3]  and is

represented by Eq. (3), whereas the SWT approach as a stress-strain function in the form of Eq.

(4) as it was originally proposed in Ref. [4]. 

- Morrow ε a=
σ f−σ m

,

E
(2N f )

b
+ε f

,
(2N f )

c (3)

- SWT σ max εa=
σ f

,2

E
(2N f )

2b
+σ f

, ε f
,
(2N f )

b+c (4)

where: E is the elastic modulus,  ε f
,  is a fatigue ductility coefficient, b and c are fatigue strength

and fatigue ductility exponents, respectively.

Figures 3a and 3b illustrate how the above relations (3)  and (4)  correlate R-ratio effect for

ductile  iron  and  7075-T651  Al  alloy,  respectively.  For  both  materials,  Eq.  (3)  results  in  a

nonconservative life estimation for R > -1 and a relatively good estimation for R < -1. On the

other  hand,  Eq.  (4)  provides  a  good estimation for  R  >  -1  (associated  with  sm >  0)  and a

nonconservative  estimation  for  R  <  -1.5  (corresponding  to  sm  <  0).  Such  inconsistent
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(conservative and nonconservative) correlations with respect to R-ratios for Morrow and the

SWT approaches have been often reported in the literature [1-2, 5-11]. In the past, a several

attempts have been made to modified Morrow and SWT approaches [e.g. 12-16].

By  comparing  Morrow and  the  SWT correlations  depicted  in  Figs.  1,  2,  3  and 4  it  can  be

concluded that except data for R < -1 (or  sm  < 0), the SWT function provides more consistent

correlation than Morrow in both the stress or the strain and stress-strain based formulations. 

The aim of this paper is to propose a new interpretation and modification of the SWT function

in terms of the total damaging energy density. This modified SWT function provides  a sound

physical interpretation and eliminates its nonconservative correlation related to R<-1. Also, the

better  understanding  of  its  intrinsic  virtues  would  shade  the  light  how  the  modified  SWT

function can be extended to multiaxial loading situations. 

2.0 BAGRAUND

2.1 Strain energy density and complementary energy density in monotonic loading

Let consider a material with a non-linear stress-strain behavior given by Eq. (5)

σ=H εn     (5) 

where H  is a strength coefficient and n is a strain hardening exponent. 

For the material given by Eq. (5) the strain energy density W S
 and the complementary energy

density WC
 can be computed as:

W S= ∫
0

ε∗¿ σdε= ∫
0

ε∗¿H εn dε=
H

1 +n
(ε ¿

)
1+n

=
σ¿ε ¿

1+n

¿¿¿

¿
(6)

and
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WC= ∫
0

σ∗¿εdσ= ∫
0

σ∗¿( σ
H )

1/n

dσ =
1

H 1/n

(σ¿ )
1+1/ n

1 +1/ n
=

n
1+n

σ ¿ε¿

¿¿ ¿

¿
(7)

It is seen from Eqs. (6) and (7) that for a linear material n=1 and W S=W C
. 

Figure  4  illustrate  both  energies  WS and  WC under  monotonic  loading  for  a  hypothetical

material with a non-linear stress-strain behavior. The sum of  W S
 and  WC

 is the total energy

density W  given by Eq. (8).

W=W S+WC=σ¿ε¿                                                               (8)

2.1  Strain  energy  density  and  complementary  energy  density  in  cyclic  loading  and  their

relation to the SWT function

Figure 5 depicts a fully reversed stabilized elastic-plastic hysteresis loops. It can be noted that the

total energy density, W , given by Eq. (8) can be calculated only in the first or third quadrants.

From fatigue damage viewpoint, only the total energy density at the first quadrant can contribute

to energy release associated with new crack surface formation. The total energy density from the

third quadrant may contribute to fatigue damage but cannot contribute to energy realize rate

since crack flanks are held in contact under compressive stress. For fully reversed loading, cyclic

strains and stresses are going back and forth symmetrically with respect to the  s and  e axes

having their origin at  zero. Therefore, for fully reversed loading the  s and  e  axes are overlap

with damaging axes sD and eD as it is shown in Fig. 5. Hence, it is postulated that: 

“only the total energy density associated with the first quadrant

        in the sD-eD axes contribute to fatigue damage W D”.

W D=W S+W Cwhenboth σD≥0∧εD≥0 (9)
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The fatigue damage parameter W D given by Eq. (9) can be calculated using a cyclic stress-strain

curve shown in Fig.5. Figure 6a shows a stabilized hysteresis loop for σ m>0, εm>0 and Fig. 6b

depicts  the case when  σ m<0and εm<0. For stabilized hysteresis loops dislocations move back

and forth around ±εm. Therefore, damaging σ Daxis would pass through εm whereas the εD and ε

axes overlap (Fig. 6a). The total damaging energy density corresponding to  σ D>0 and εD>0 is

given by Eq. (10).

W D=W S+W C=σ max εa                                                      (10) 

By comparing the LHS of Eq. (4) with the RHS of Eq. (10) it is seen that  

SWT=W D=σmax εa valid for σ m≥0                             (11a)

As it was mentioned earlier, the SWT function given by Eqs. (4) or (11a) correlates well a mean

stress effects only when σ m≥0 or R≥−1. For cyclic loading with σm<0 or R←1 Eq. (11a) need

to be modified. Experimental results for σ m<0 or Rε←1 (where strain ratio Re = minimum strain/

maximum  strain)  indicate  that  during  an  initial  transient  behavior  hysteresis  loops  exhibit

relaxation  of  the  negative  mean  stresses  as  it  is  shown   in  Fig.  7  [17].  Typical  stabilized

hysteresis loops for tests at strain ratio Re =-2 result in a stabilized mean stress equal 1/3 of the

initial value of  sm. Therefore, to account for such effects associated with  σ m<0 the maximum

stress is augmented by a stabilized part of the mean stress |σm|/3 and the SWT function given by

Eq. (11a) will be modify to Eq. (11b), called mSWT .

mSWT=W D=(σ ¿¿max+|σm|/3)εa valid for σm<0¿          (11b)

Figure 6b illustrates how Eq. (11b) is calculated with respect to σ D and εD axes shown by dashed

lines. It can be noted that Eq. (11a) for σ m≥0 (or R≥−1¿ coincide with the original formulation

of the SWT function [4], whereas Eq. (11b) for σ m<0 (or R←1¿ represents the modified SWT

function called mSWT.
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 In terms of the equivalent fully reversed stress amplitude σ ar, Eq. (2) would take the following

forms:

σ ar=√σ maxσa      valid for σ m≥0                         (12a)

and

    σ ar=√(σ ¿¿max+|σm|/3)σ a¿      valid for σ m<0                (12b)

where Eq. (12b) is called the stress-based mSWT function. 

3.0 COMPARISON WITH EXPERIMENTAL DATA

Figure 8 shows how the mSWT function given by Eq. (11) correlates R-ratio effect for 7075-

T651  Al  alloy  [6].  Data  for  R  >  -1  and  R  <  -1  coalesce  within  the  narrow  scatter  band

corresponding to fully reversed loading data at R = -1. The mSWT function successfully corrects

R  <  -1  data  and  eliminates  the  nonconservative  correlation  stipulated  by  the  original  SWT

function  (Fig.4).  Similarly,  Figs.  9a  and  9b  show  how  mSWT  function  given  by  Eq.  (12)

correlates R-ratio effect for ductile iron [5] and 7075-T651 Al alloy [6], respectively. For both

materials,  data  for R > -1 and R < -1 consolidate  to  a  narrow band together  with the fully

reversed loading data at  R = -1.   Zhao and Jiang [6] reported also,  for dogbone samples,  a

fracture angle with respect to specimen’s axis.  For 2Nf < 2,000 fracture surface angles were

ranging from 35o to 45o  (close to shear fracture), whereas for 2Nf > 2,000 the fracture surfaces

were almost normal to the sample axis with an average angle between 0o to 5o. Therefore, it can

be stated that  a  double slope in  Fig.  9b is  associated  with different  failure  modes  observed

experimentally [6].

4.0 DISCUSSION
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Comprehensive experimental data for 7075-T651 Al alloy [6] include also a two-step test results where 

the first step was conducted under fully compression-compression loading (smax < 0 with a number of 

cycles ranging from 4x105 to 106) and then switched to zero-to-tensile loading (R = 0) with sa = 100 MPa 

cycled till failure. By applying the second step alone, it would result in a fatigue life longer than 107 

cycles. The number of cycles to failure in the second steps were affected by a fatigue damage cumulated

in the first step and were ranging from 52 to 49,000 cycles. The second step with a small maximum 

positive stress smax = 200 MPa was necessary to fracture the specimens previously cycled in the first step

with smax < 0. These two-step test results were correlated using Eqs. (11b) and (12b) as it is depicted in 

Fig. 10 together with data for R = -1. In Fig. 9 the number of reversals to failure 2N f was calculated as the

sum of the reversals in the first and second steps. It is seen from Fig. 9 that the proposed mSWT function

given by Eq. (11b) and (12b) is capable to quantify fatigue damage induced by compression-compression

loading with smax < 0.

Recently, Oh and Akiniwa [18] successfully correlated positive mean stress effect on fatigue life of a pre-

strain stainless-steel corner sheet using an apparent fully reversed stress amplitude σ ar
¿  calculated by 

the following SWT function 

σ ar
¿
=√Eε aσmax

      for  σ m≥0       (13a)     

To corelate the effect of negative mean stresses the above relation need to be modified to

σ ar
¿
=√Eε a(σmax+

|σm|
3

)   for  σ m<0 (13b) 

Figure 11 shows the correlation of R-ratio effect on fatigue behavior of 7075-T651 Al alloy [6] 

using an apparent σ ar
¿ calculated by modified SWT function, Eq. (13). All data points are collapsed

into a narrow scatter band with a single slope.  Hence, Eq. (13) and the corresponding Fig. 10 

provide a useful correlation but do not distinguish different failure modes as it is reflected by a 

double slope in Figs. 9b and 10b. 

It can be interestingly pointed out that the total damaging energy density W D
 and its relation to 

SWT function bares similarity to Neuber’s rule [19], which relates nominal and actual total 

energy densities for notches as follows
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( σnom
2

E )k t
2
=σε (14)

where ( σnom
2

E ) is the nominal elastic total energy density, k t
 is a theoretical stress concentration 

factor, and σε  is the actual elastic-plastic total energy density at the notch root.

5.0 CONCLUSIONS

Based on the presented analyses the following conclusions can be drawn:

 Modified Smith-Watson-Topper function, mSWT, represents the total damaging energy 

density in the first quadrant of the damaging axes σ D
 and  εD

 .

 For cyclic loading with sm ≥ 0 the proposed interpretation coincides with the original 

SWT parameter. 

 For loading with  σ m<0 , the applied σ max
 is augmented by  |σm|/3.
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Figures

Figure 1 Stress-based correlation of R-ratio effect on fatigue behavior of ductile iron [5]

                using (a) Morrow approach, Eq. (1) and SWT function, Eq. (2).
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13

Figure 2 Stress-based correlation of R-ratio effect on fatigue behavior of 7075-T651 Al alloy [6] using 

(a) Morrow approach, Eq. (1) and SWT function, Eq. (2).
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Figure 3 Correlation of R-ratio effect on fatigue behavior of 7075-T651 Al alloy [6] using

  (a) Morrow approach, Eq. (3) and SWT function, Eq. (4).



Figure 4 An illustration of a strain energy density WS and a complementary energy density WC 

  for non-linear material. 
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Figure 5 Illustration of the damaging energy density, W
D

 =  W
S

+W
C 

= s
a
e
a

 using cyclic

  stress-strain curve.
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Figure 6 An illustration how the damaging energy density W
D

 =  W
S

+W
C 

 is determined for

   (a) cyclic loading with s
m 

> 0 and (b) cyclic loading with s
m 

< 0.



Figure 7 Typical hysteresis loops for Re = -2 [17] (    is the center of the hysteresis loop).
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Figure 8 Correlation of R-ratio effect on fatigue behavior of 7075-T651 Al alloy [6] using
  mSWT function, Eqs. (11a) and (11b).



20

Figure 9 Stress-based correlation of R-ratio effect on fatigue behavior of (a) ductile iron [5] 
  and (b) 7075-T651 Al alloy [6] using mSWT function, Eqs. (12a) and (12b).



(a)
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(a)

Figure 10 Correlation of two-step compression-compression test of 7075-T651 Al alloy [6]
                  using mSWT function (a) Eq. (11b) and (b) Eq. (12b).

(b)

Figure 11 Correlation of R-ratio effect on fatigue behavior of 7075-T651 Al alloy [6] using
    an apparent s*ar by mSWT function, Eq. (13).


