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Key Points:

The performance of Minimum Variance Distortionless Response (MVDR), Multiple
Signal Classification (MUSIC) and the proposed Advanced-MUSIC (A-MUSIC) non-
uniform linear array (NLA) algorithms on a weather impacted wireless channel is
investigated.

The co-prime and array interpolation NLA configurations are investigated on a
markovian rainfall channel model capturing widespread, shower and thunderstorm rain
events.

The results indicate that the algorithms experience severe performance degradation in a
weather affected environment. However, the developed NLA algorithm achieves better
Direction of Arrival (DOA) estimation than the conventional NLA.
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Abstract

Spectrum scarcity has necessitated the migration of radio frequencies from the lower to the
higher frequencies. This has resulted in radio propagation challenges due to the adverse
environmental elements otherwise unexperienced at lower frequencies. A re-design and re-
evaluation of the performance of traditional lower frequency technologies and algorithms for
implementation at higher frequencies especially for non-uniform linear antenna arrays are
therefore necessary. Specifically, the performance of Direction of Arrival (DOA) algorithms for
non-linear antenna arrays on weather impacted environments needs to be quantified and new
algorithms developed to counteract the migration challenges. This work investigates the
performance of Minimum Variance Distortionless Response (MVDR), Multiple Signal
Classification (MUSIC) and the proposed Advanced-MUSIC (A-MUSIC) non-uniform linear
array (NLA) algorithms on a weather-impacted wireless channel. The results indicate that the
developed NLA achieves better DOA estimation than the conventional NLA albeit at a reduced
performance for both, in a weather-impacted scenario.

1 Introduction

Direction of Arrival (DOA) estimation is critical in antenna design for emphasizing the desired
signal and minimizing interference. Smart antenna systems utilize DOA algorithms to estimate
the beamforming vectors, to track and identify the antenna beam, making DOA estimation
critical in smart antenna design and beamforming (Krim et al., 1996). The accurate estimation of
the DOA of the transmitted signals at the adaptive array antenna results in improved performance
in the recovery of the transmitted signal and suppression of other interfering signals. The
motivation for adopting Non-Uniform Linear Arrays (NLA) as opposed to the Uniform Linear
Arrays (ULA) include the following (EI kassis, et al., 2010; Saric et al., 2010): Firstly, the failure
of any antenna sensor element(s) renders ULA to become NLA in harsh applications field and
this could lead to data loss. Secondly, physical and geographical conditions may prohibit the
construction of uniformly spaced sensors leading to NLA. Thirdly, the need to reduce the
number of sensors to decrease the production cost and minimize the impact on performance, and
finally the need to increase the aperture of an antenna using the same number of sensors in order
to obtain better performance, among others. NLA allow better resolution for the same number of
array elements compared to the ULA. Generally, NLA have larger antenna aperture, smaller
main lobe width resulting in better performance in angle resolution, estimation precision, and
other aspects. Therefore, the performance of NLA is of paramount importance especially with
the migration to higher frequencies that are more susceptible to the adverse weather
environmental factors.

Estimation accuracy of a given array depends upon characteristics of the array geometry and the
employed estimation algorithm; therefore, accurate DOS algorithms are required. DOA
estimation for NLA is more critical. Their uneven number of source and receiver antennas leads
to different degrees of freedom and irregular geometry. This results in different antenna sensor
separation and aperture sizes. Furthermore, the migration to higher frequencies makes it worse
due to the adverse effect of weather elements at these frequencies. New geometries requiring
different degrees of freedom for NLA have been proposed (Vaidyanathan et al., 2011; Tan et al.,
2014). They involve the studying of the covariance matrix of the received signals among
different sensors. Sparse arrays can be considered as a ULA where some sensors are omitted or
irregular linear arrays where the inter-sensor separations are chosen in an arbitrary way (Choi et
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al., 2010). The irregular spacing results in difficulties in covariance between the various elements
because of the mutual coupling. These factors make DOA estimation for NLA challenging.
NLAs give similar performance to ULA with a smaller number of physical elements. Co-prime
array (Vaidyanathan et al., 2011; Tan et al., 2014) and array interpolation (Bronez et al., 1988;
Friedlander et al., 1993) have become the most popular algorithms for evaluating NLA. A co-
prime array comprises of two spatially under-sampled ULAs with co-prime spatial sampling
rates (Vaidyanathan et al., 2011; Pal et al., 2011). Array interpolation maps the covariance
matrix of a real array to a virtual array and enables the reduction of DOA estimation problems in
NLA to much simpler virtual ULA problems. Both these algorithms are investigated in this work
for NLA in a weather-impacted environment.

The most popular DOA algorithms used include the Minimum Variance Distortionless Response
(MVDR) algorithm that enforces a unit response at the direction of the desired signal and places
nulls in the directions of the interferences (Yu et al., 2015). The Multiple Signal Classification
(MUSIC) algorithm and its variants is applied directly to the NLA geometry resulting in high
computational complexity due to the multiple search for the maximum (Abramovich et al.,
1999). This work proposes the Advanced-MUSIC (A-MUSIC) DOA algorithm that employs
forward-backward averaging preprocessing technique on the cross correlation of array output to
improve the performance of the DOA techniques for NLAs. The application of these techniques
in a weather impacted radio propagation scenario for NLA is challenging and is the focus of this
work.

The increasing demand on mobile broadband services has led to the scarcity of radio spectrum
due to spectrum exhaustion (Zhang et al., 2015). This has led to migration to higher frequency
millimetre-wave (mmW) bands, which range from 30 GHz to 300 GHz, for mmW
communication with additional large bandwidths. Apart from the merits of increased bandwidth
and high frequency reuse packing due to shorter wavelengths, mmW communication possesses
its own challenges including large path loss suffered by mmW signals and the effect of the
weather effectors to signals in this band. Rainfall is a common weather phenomenon that affects
signal transmission at this band. In link budget design at lower frequencies, rainfall is
considered as a fixed propagation attenuation taken into account in the planning (Pi et al., 2011).
The signal suffers from absorption from the rain causing signal attenuation. Apart from
attenuation, the signals undergo scattering when transmitted through rain leading to both
amplitude attenuation and phase fluctuation (Ishimaru et al., 2004). Rain attenuation and
scattering are a function of the rain rate, polarization, physical size of drops and operating
frequency (Agber et al., 2013; Calla et al., 1990). Rainfall attenuation, frequency attenuation and
phase distortion affect the received signal. It is therefore mandatory for DOA algorithms to
consider weather effects for the systems. This has rarely been done in literature and therefore,
addressed in this work.

The performance of the DOA algorithms for NLA in weather affected channels needs to be
evaluated. Moreover, better DOA algorithms design is required to mitigate against the weather
effects. This work investigates and compares the performance of the NLA DOA algorithms on a
rainfall-impacted network and develops a hybrid algorithm to combat the weather effects. We
employ realistic markovian rainfall channel model to accurately capture the rainfall variations in
the following cases: widespread, shower and thunderstorm rain events.
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The structure of this paper is organized as follows. Section 2 presents the NLA system model.
Section 3 presents the evaluation of NLA as co-prime array or with array interpolation. In section
4, the weather impacted propagation channel is modelled. The proposed method for efficiently
estimating the DOA and other conventional and subspace DOA estimation algorithms are
presented in section 5. In section 6, the performance measures and overall performance
evaluation algorithm are presented. The simulation results and discussion are presented in
section 7 and the main conclusions drawn from them summarized in section 8.

Notation: The bold upper- and lower-case letters represent the matrices and column vectors,
respectively. I is an identity matrix. The following superscripts ()* ,()%,()™! and ()T
represent optimality, Hermitian, inverse and transpose operators, respectively and E{-} is the
mathematical expectation. d is the spacing difference between array elements, c is the speed of
light and A is the wavelength.

2 System model

The system model consists of a source transmitting a signal s(t) that traverses through a
weather-impacted environment to impinge on the antenna elements at an angle 8. Assuming
there are K uncorrelated narrowband plane-wave signals. The signals x(t) induced on the
antenna arrays are multiplied by adjustable complex weights w and then summed to form the
system output y(t).

Source S(t)
Transmitter

ALY

Array output y(t)

Figure 1: Non-uniform linear array



136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155

156
157
158
159
160
161
162
163
164

165

166

167
168
169
170
171
172
173

RADIO SCIENCE

A sparse NLA is considered with L existing elements. The sensors are separated with a distance
d;, a multiple of a half wavelength from each other. As shown in Fig.1, the array has
configuration, D = [d,,d5,...,d;_1] such that d =A/2 %[0,d,,...,d;,_,]. The system is
assumed to be confined to an azimuth-only system with isotropic sensors.

The received signal on the I*" element at the ¢t snapshot is expressed as

xl(t) = Z{;l aisi(t) al-(Hi + Agl) + Ui(t) for i=12,..K,
1)

where «; is the rainfall attenuation, 6; the angle of arrival, A6, the rainfall angle deviation, s;(t)
is signal associated with the i** wave front and v;(t) is the additive white Gaussian noise at the
[t" element. The total received signal vector X is expressed as:

X =ABS@®) +V (D),
(2)

where
X =[x, (0), %, (2), ..., x (D],

A®) = [a1(8,), a5(8,), ..., ax (8],
S(t) = [5,(®), 5,(®), ., 5 (O],
V(t) = [v1(8), 2 (1), ., v (O], 3)

where §;(t) = a;s;(t) and 8; = 6; + AG;. The modelling and investigation of the rainfall
attenuation a; and angle deviation A8; due to the weather impacted rainfall channel for NLA is
the key focus on this work.

3 NLA methods

3.1 Co-prime Array Scheme

The NLA with L elements is divided into a co-prime array comprising of two spatially under
sampled ULAs with co-prime spatial sampling rates (Vaidyanathan et al., 2011; Pal et al., 2011).
This work utilizes the extended co-prime array configuration proposed in (Pal et al., 2011). In
this configuration, the array is a union of two ULAs, one with N sensors and spacing Md and the
other with sensors 2M — 1 and spacing Nd as shown in the Fig. 2, where d = 1/2 to avoid
spatial aliasing. The total number of physical elements is L= 2M + N — 1.
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(N-1)Md

7N /ﬁu\. e e (Y
N\ Q \_/ \_/
Md

Nd 2Nd (2M-1)Nd

X X .. X

Nd

Figure 2: Co-prime array

Denote d; = 1/2 *[0,d,, ...,d;_1] as the positions of the array sensors wherei =1, ...,2M +
N — 1, the first sensor is assumed as the reference, i.e., d; = 0. From equation (1) the data vector
received at the co-prime array is expressed as

xl(t) = 2{21 (Zl’Si(t) ai(Hi + AHL) + Ui(t), (4)
where
ai(B) = [1,e 350, ST @y (5)

is the steering vector of the array corresponding to 8;. The elements of the noise vector v(t) are
assumed to be independent and identically distributed (i.i.d) random variables with a complex
Gaussian distribution. The received signal vectors are similarly defined as in equation (2) and
(3). The covariance matrix of data vector x;(t) is obtained as (Zhang et al., 2014)

a(x,x) = E[x;(t) x{ (t)] = Ao (s, s)AH + 921
=YK, pfa(B)a" (6 + 971, (6)

where a(s,s) = E[s,(t)sf ()] = diag([p?, ..., p?]) is the source covariance matrix, diag(-)
denotes a diagonal matrix that uses the elements of a vector as its diagonal elements, p? denotes
the input signal power of the it" signal, 92denotes the noise variance and I is the identity matrix.
In practice, the exact covariance matrix o(x, x) is approximated by its sample estimate &(x, x)
using the available Z snapshots, given by

8(x,x) = 2 Xhy 1 () xf! (©). (7)

The sample covariance matrix 6 (x, x) approaches the theoretical version o(x, x) as the number
of snapshots tends to infinity. The covariance matrix is utilised by the applied coprime DOA
algorithms of section 5.

3.2 Modified Array Interpolation Scheme

The implemented interpolation considers an interpolation sector [6,, 6, | with the source DOA’s
assumed to be inside the sector & € [6), 6, |. The interpolation sector is uniformly divided into
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A8 intervals such that §; = iA8,i = 0 to|(6; — 6,)/A8]. With A(H) and A(H) the manifold
matrices of ULA and NLA respectively, the mapping matrix of the conventional interpolation
array B is given by (Tuncer et al., 2007; Li et al., 2014)

B = (A(O)A))ABAB), (8)
Then an interpolation matrix B is designed to satisfy the least squares problem i.e.

. A~ — A 12
ming ||BHA(8) — A(B)”F,

(9)

where || - ||z denotes the Frobenius norm of a matrix. The finite interpolation points results in
interpolation mapping errors making the estimations not statistically optimal (Belloni et al.,

2007). To alleviate this, the new transformation matrix G is reconstructed by projecting the
transformational matrix with the sample array covariance matrix

G = (B"B)™'/?BH, (10)

where B = &(x, x)B. The real antenna array steering vector a(8) and the virtual array steering

1
vector a(d) have the following relationship, Ga(8) = (B¥B)za(d) = a(@). As a result of
noise pre-whitening for cases where background noise becomes non-Gaussian after virtual
transformation. The covariance matrix of the virtual antenna can be computed by using the
transformation matrix G as (Li et al., 2014) as

5(x,x) = Go(x,x)G" = Aa(s, s)A" + 921, (11)

with & (x,x) the covariance matrix and array manifold A are the pre-whitened values of the
virtual antenna array and o (s,s) = E[s;(t)sf(t)]. The covariance matrix is utilised by the
applied DOA algorithms of section 5.

4 Weather channel parameter modelling

4.1 Rainfall modelling

The signal attenuation magnitude largely depends on the rain intensity. Based on its intensity,
rain event may be classified into drizzle (D), widespread (W), shower (S) and thunderstorm (T).
Table 1 presents the rain intensities of the four classes of rain. The rainfall is modelled by four or
fewer states of a Markov Chain, R, given by

R= {D,W,S, T} (12)

Table 1. Rain Rate Categories

Description Rain Rate (r) | Steady state




247
248
249
250
251

252
253
254

255

256

257

258
259

260
261
262

263

264
265
266

RADIO SCIENCE

mm\hr prob. m,
Drizzle 1-5 Tp
Widespread 5-10 Ty
Shower 10-40 g
Thunderstorm >40 Tr

Practical rainfall, widespread, shower and thunderstorm events consist of a mix of the different
rain events (Alonge et al., 2015). This work utilizes Markov models developed from actual rain
data to model practical rain events, with the state transition diagram and state transition
probabilities as given below:

i) Widespread rainfall: Consists of drizzle and widespread events. The markovian transition
among states in this event is shown in Fig. 3, with the transition probabilities, Pi‘f'j, form state i
to j, with i, j € R given by equation (13)

Figure 3: Widespread rainfall.

P P
w _ |fbD DW
Pi’j P wp  Pww!’ (13)

where P, is the transition from drizzle to widespread, Py, is the transition from widespread to
drizzle, Py is the no transition from drizzle and Py, is the no transition from widespread.

i) Shower rainfall consists of drizzle, widespread and shower events. The markovian transition
among states in this event is shown in Fig. 4, with the transition probabilities, Pfj, form state i
to j, with i, j € R given by equation (14)

PDD PDW PDS
PWD PWW PWS
PSD PSW PSS

PS_

= : (14)

where  Ppg is the transition from drizzle to shower, Py, is the transition from widespread to
shower, Pgp is the transition from shower to drizzle, Py, is the transition from shower to
widespread and Psg is the no transition from shower.
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Figure 4: Shower rainfall

iii) Thunderstorm rainfall consists of drizzle, widespread, shower and thunderstorm events. The
markovian transition among states in this event is shown in Fig. 5, with the transition
probabilities, PT., form state i to j, with i, j € R given by equation (15)

Ppp

P
T _ |Fwp
Fuy = Psp

PTD

i,j’

Figure 5: Thunderstorm rainfall

PWT , (15)

where Ppp is the transition from drizzle to thunderstorm, Py, is the transition from widespread
to thunderstorm, Pg; is the transition from shower to thunderstorm, Prp is the transition from
thunderstorm to drizzle, Ppy, is the transition from thunderstorm to widespread, Prs is the
transition from thunderstorm to shower and P, is the no transition from thunderstorm.

The transition probabilities used are practically obtained as in (Alonge et al., 2015). The steady
state probability of an event n,, = {mp, my, w57}, is solved by the standard Markov chain
solution methods. The expected rate for a rainfall occurrence is derived from the probabilities as
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Elr] = Zn "™aTln, (16)

where 7, is the mean rain event and ,, is the steady state probability of the nt"* state of the
Markov model. The actual rain rate r is computed from a lognormal distribution with the given
mean (Kedem et al., 1987; Cho et al., 2004).

4.2 Attenuation model

We consider a radio propagation environment where the signal is affected by attenuation due to
the weather-impacted factors. The total attenuation A is given by

Ar = ay + Ly, (17)

where a, is the rain attenuation. The ITU rainfall model (I.T.U et al., 2005) is used for
attenuation as

a, = cr?, (18)

where r is the expected rain rate. The parameter c and exponent a depend on the frequency,
f(GHz), the polarization state, and the elevation angle of the signal path. Free space loss
attenuation, L is given by

4md
where A is the signal wavelength in metres and d is the distance from the transmitter.

4.3 Angle deviation model

The weather factors result in the delay and scattering of the transmitted signal leading to a phase
angle change, the angle deviation. The angle deviation, A8;, is modelled as a normal distributed
random variable with a mean py bounded as follows

AQmin < AHi < AHmaxi (20)

where A8,,;, and Af,,,, are the minimum and maximum angle deviations respectively. The
mean pg is derived from the normalized rain rate

Ho = T/Tmax: (21)

and 7,4, 1S the maximum rain rate. The assumption is reasonable as the heavier the rain, the
more the scattering. The standard deviation is kept constant.
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5 DOA Estimation Algorithms
5.1 MVDR Algorithm

5.1.1 MVDR Co-prime NLA

The MVDR algorithm minimizes the output power and constrains the gain in the direction of
desired signal to unity as follows (Yu et al., 2015),

minE{|y;(t)|*} = min w6 (x, x)w , (22)
subject to w.a(8) = 1, where y;(t) is the output of the array system and is given by

yi(t) = wlé(x, x)w. (23)
The weight vector w is given by

(@(xx)'a(d)
~ aH®)@xx)1a@)

(24)

where G(x, x)is covariance matrix of the received signal for the L number of elements given by
equation (7). H is the Hermitian matrix and a() is the steering vector. The MVDR spatial
spectrum is defined by

1
PmypR_co—prime = al (@)@ (xx)"1a(@)

(25)

The computational steps of MVDR algorithm using co-prime array are summarized in Algorithm
1.

Algorithm 1. MVDR Algorithm using Co-prime array
1. Input: x = {x;(t)} = f(a;,0;,), M, N, L, K, d, A, Z and u « Step size
2. Compute covariance matrix & (x, x)equation (7)
3. Compute the weight vector w, equation (24)
4. Compute the output array system y;(t), equation (23)
5. while w.a(9) # 1
do Minimize the output power, equation (22),
Subjecttow.a(8) = 1,
6. Compute MVDR spectrum for co-prime array, equation (25)

5.1.2 MVDR Interpolation NLA
The spectrum of MVDR by array interpolation is given by (Friedlander et al., 1992)

p _ 1
MVDRAL ™ aH ()3 (xx)a(®)

(26)
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where a() is the steering vector and &(x,x) is the covariance matrix of the virtual antenna
derived in equation (11). The computational steps of MVDR array interpolation algorithm are
summarized in Algorithm 2.

Algorithm 2: MVDR Algorithm using array interpolation
1. Input: x = {x;(t)} = f(a;,0;), M, N, L, K, d, A, Z and u « Step size
2. Determine the ULA array manifold A(9)
3. Compute the real array covariance matrix (x, x) equation (7)
4. Compute the virtual array manifold A() and the mapping matrix of the
conventional interpolation array B using (8) and the least squares problem (9).
5. Compute transformation matrix T in equation (10).
6. Compute the covariance matrix &(x,x) in equation (11) of the virtual array
using the transformation matrix T' in step 5.
7. Compute the weight vector w, equation (24), but using variance of step 6-
a(x,x).
8. Compute the output array system y;(t), equation (23)
9. while W.a(é) *1
do Minimize the output power, equation (22),
Subjecttow.a(8) =1,
10. Compute MVDR array interpolation spectrum for NLA, equation (26)

5.2 MUSIC Algorithm

5.2.1 MUSIC Co-prime NLA

For MUSIC, an estimate o(x,x) of the covariance matrix is obtained and its eigenvectors
decomposed into orthogonal signal and noise subspace (Tan et al., 2014; Li et al., 2019), where
the DOA is estimated from one of these subspaces. The algorithm searches through the set off all
possible steering vectors to find the ones orthogonal to the noise subspace. The diagonal
covariance matrix & (x, x)given by equation (7) is vectorized into

&(x,x) = QAQY, (27)

where @ is a unitary matrix containing the eigenvectors and a diagonal matrix
A = diag{A;, A, ... A}, of real eigenvalue ordered as A, = A, = -+ > A, = 0. The vector that is
orthogonal to A is the eigenvector of R having the eigenvalues of A. The MUSIC spatial
spectrum is defined by

=~ 1
P MUSICCO—Prime(e) = W’ (28)

where a(0) is the steering vector corresponding to one of the incoming signals and Q,, is the
noise subspace of the eigenvectors. The MUSIC technique for co-prime array is summarized in
Algorithm 3.
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Algorithm 3: MUSIC Algorithm using co-prime

1. Input: x = {x;(t)} = f(a;,0;), M, N, L, K, d, A, Z and u « Step size

2. Compute covariance matrix & (x, x)equation (7)

3. Decompose & (x, x)into eigenvectors and eigenvalues in equation (27)

4. Rearrange the eigenvectors and eigenvalues into the signal subspace and noise
subspace

5. Compute the co-prime array MUSIC spectrum equation (28) by spanning 6 to
acquire estimates of the angle of arrival

6. Determine the substantial peaks of Pyys;c,, -prime (0)to acquire estimates of
the angle of arrival

5.2.2 MUSIC Interpolation NLA

The autocorrelation matrix is decomposed into signal and noise subspaces. From (11) the
covariance matrix o (x, x) is decomposed as (Li et al., 2014):

a(x,x) = Usy U + Uy Y NUY, (29)

where Us represents the signal subspace, Uy represents the noise subspace;
Y5 = diag{A, Ay, ..., Ay} IS the signal eigenvalue; Yy = diag{Ay+1, Am+2, -, An}iS the noise
eigenvalue. The noise subspace Y, is orthogonal to all M signal steering vectors. The spectrum
of the MUSIC, algorithm is given by

~ 1 1
Puusic.a1(®) = iy e = ol

(30)

If 6 is equal to DOA, the noise subspace Uy is orthogonal to the signal steering vectors and
|Ut a(8)|| becomes zero when 8 is a signal direction and the denominator is identical to zero. It
is obvious that in practice, Uﬁa(é) #+ 0 due to finite samples. If this happens, the performance
of MUSIC algorithm will not be optimal.

The MUSIC technique using array interpolation is summarized in Algorithm 4.

Algorithm 4. MUSIC Algorithm using array interpolation
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1. Input: x = {x;(t)} = f(a;,0;,), M, N, L, K, d, A, Z and u « Step size

2. Determine the ULA array manifold A(9)

3. Compute the real array covariance matrix (x, x) equation (7)

4. Compute the virtual array manifold A() and the mapping matrix of the
conventional interpolation array B using (8) and the least squares problem (9).

5. Compute transformation matrix G in equation (10).

6. Compute the covariance matrix & (x,x) in equation (11) of the virtual array
using the transformation matrix G in step 5.

7. Decompose & (x, x) into eigenvectors and eigenvalues in equation (29)

8. Rearrange the eigenvectors and eigenvalues into the signal subspace and noise
subspace.

9. Compute MUSIC array interpolation spectrum for NLA, equation (30) by
spanning 8 to acquire estimates of the angle of arrival

10. Determine the substantial peaks of Pyysic 4;(8)to acquire estimates of the
angle of arrival.

5.3 A-MUSIC Algorithm

5.3.1 A-MUSIC Co-prime NLA

The existing MVDR and MUSIC algorithms are adversely affected by the low SNR in rain-
impacted systems and need modifications. The A-MUSIC algorithm (Nxumalo et al., 2019)
repeatedly reconstructs the covariance matrix to obtain two noise and signal subspaces
continuously that are averaged for several iterations mitigating against the low SNR effects.
From (7), the covariance matrix ¢ (x, x) is reconstructed as

6(x,x) =06(x,x)+J6(x,x)], (31)

where ] is MATLAB constructions given as /] = fliplr(eye(L)) which returns columns flipped
in the left-right direction and L is the number of elements. The eigen decomposition on
reconstructed covariance matrix &' (x, x) is

G(x,x) = QA@H = Q51A51Q§11 + QNIANlQII\-;lJ (32)

where 6(x,x) is divided into signal subspace Qg and noise subspace Q. Using low rank of
matrix instead of full rank matrix, & (x, x) can be reconstructed into w, as

Wy = Qs2M52Q8, + Quz2An2 QR (33)

The average signal subspace, signal eigenvalue, noise subspace, and the noise eigenvalue are
given by

Qs = (QS1‘;QSZ) , Qy = (QN1‘£QN2)
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Ag = (A51:A52),AN — (AN1‘;‘AN2) (34)

The A-MUSIC spectrum is then defined by

aH(a)[(‘“’ (S'S>Z(S'S>H_)]a(a)

Pravancea-music (é) = at(9)7(nm)a(d) ) (35)

where &(s,s) = QsA51QY, and &(n,n) = QuAR*QE are signal and noise subspace covariance
matrix. The A-MUSIC technique using co-prime array is summarized in algorithm 5.

Algorithm 5: Proposed A-MUSIC Algorithm using co-prime array

1. Input: x = {x;(t)} = f(a;,0;), M, N, L, K, d, A, Z and u « Step size

2. Compute the covariance matrix & (x, x), equation (7)

3. Compute reconstructed covariance matrix ' (x, x), equation (31)

4. Compute the eigen decomposition on reconstructed covariance matrix 6 (x, x),
equation (32)

5. Compute reconstructed covariance matrix w, in equation (33)

6. Compute the average signal subspace, noise subspace, signal eigenvalues, and
the noise eigenvalue, Qg, Qu, Ag, Ay in equation (34)

7. Determine signal and noise subspace averaged covariance matrix &(s,s),
o(n,n)

8. Compute the spectrum function, equation (35) spanning 6.

5.3.2 A-MUSIC Interpolation NLA

In A-MUSIC array interpolation, we reconstruct the decomposed autocorrelation matrix into
signal and noise subspaces. Using equation (11), the reconstructed covariance matrix a(x, x) can
be written as

d(x,x) = a(x,x) + Ja(x,x)*], (36)

with & (x, x) the covariance matrix of equation (29). The eigen decomposition on reconstructed
covariance matrix & (x, x) is

5'(90 x) = PrPH = cD51r[51cI)§11 + CDNlanq)%l' (37)

where & (x,x) is divided into signal subspace ® and noise subspace ®,. Using low rank of
matrix instead of full rank matrix, & (x, x) can be reconstructed into @, as

@y = Pyl @, + Dy, [y, PN, (38)

The average signal subspace, signal eigenvalue, noise subspace, and the noise eigenvalue are
given by
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dg = (Ps1+Ps2) , Dy = (PN1+PN2)

2 2
g = (H51;n52)'HN _ (HN1‘;HN2) (39)

The A-MUSIC spectrum is then defined by

B(s,5)3(s.s)H )

aH(B)[(f]a(g)

Pravanced-music (é) = af (@) (mmya(d) (40)

where G (s, s) = ®;I51PH and g(n,n) = Oy PL are signal and noise subspace covariance
matrix. The A-MUSIC technique is summarized in Algorithm 6.

Algorithm 6: Proposed A-MUSIC Algorithm using array interpolation

1. Input: x = {x;(t)} = f(a;,0;), M, N, L, K, d, A, Z and u « Step size

2. Determine the ULA array manifold A(9)

3. Compute the real array covariance matrix & (x, x) equation (7)

4. Compute the virtual array manifold A() and the mapping matrix of the
conventional interpolation array B using (8) and the least squares problem (9).

5. Compute transformation matrix G in equation (10).

6. Compute the covariance matrix & (x,x) in equation (11) of the virtual array
using the transformation matrix G in step 5.

7. Compute reconstructed covariance matrix & (x, x) equation (36)

8. Decompose & (x, x) into eigenvectors and eigenvalues, equation (37)

9. Compute the average signal subspace, noise subspace, signal eigenvalues, and
the noise eigenvalue &g, ®y, I, Iy, equation (39)

10. Determine signal and noise subspace averaged covariance matrix & (s, s),
a(n,n)

11. Compute the spectrum function Pygyancea—music(9) spanning 8 equation
(40).

6 Performance Measures

6.1 Root Mean Square Error (RMSE)

The performance of the DOA estimation algorithms is evaluated in terms of algorithms spectrum
functions, equations (25), (26), (28), (30), (35) and (40), the Root Mean Square Error (RMSE)
and the signal to noise ratios. The RMSE is given by

1 ~
RMSEz\/ﬁ XIS HLE (41)
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where Z is the number of simulation trials, K is the narrowband electromagnetic wave sources
impinging upon the array and the estimate of the it" angle of arrival in the j* trial is §ij. Where
utilised, the signal to noise ratio (SNR) is given by

SNR = 201logy, (g) , (42)

where x is the received signal strength in dB and v is the noise strength in dB. The overall
performance evaluation is done as in algorithm 7.

Algorithm 7: System Algorithm

1. Choose an event

2. Compute expected rain rate, equation (16)

Compute the actual rain rate » from lognormal distribution with given mean
3. for i number of antennas < L,

4. Compute the rain attenuation «,., total attenuation A,
and angle 8;.
Determine the angle deviation A8;, equation (20) and the
mean ug.

5. end for

6. Determine the received signal x;(t).
7. Compute DOA, algorithms 1, 2, 3, 4, 5and 6.

6.2 Cramer Rao Bound (CRB)

To validate our DOA estimators, the Cramer Rao Bound (CRB) which shows the limit that can
be achieved by an unbiased estimator is applied. The general CRB formula for the case of
multiple DOA parameters per source and spatially uncorrelated white noise is developed in
(Nehorai et al., 1994). The following compact matrix expression for the stochastic CRB was
derived in (Stoica et al., 1990) and is applied in our case with the few required modification,

CRB =T (Re{H O G")™, (42)

where T is the number of data snapshots, H = DH[I —A(A"A)"1A"]D,
_ da(6
G =0(s,s)A% (o (x,x)) tA0(s,s), D = [d(6;), ...,d(Bk)], d(e;) = a( )/dG lo=0,,

o(x,x) = E[x(t)x"(t)] = Aa(s,s)A" + 921, o(s,s) = E[s(t)st(t)], I is the identity matrix,
9?2 is the noise variance, and E{-} denotes the expectation.

6.3 DOA Estimation Algorithm complexity

The complexity of MVDR and MUSIC algorithm has been derived and shown in Table 2 (Meng
et al., 2019). For A-MUSIC, there are three major computational steps needed to estimate the
DOA. The complexity of the first step is the covariance function and reconstruction of the
covariance matrix, O(L?K). The second step is the eigenvalue decomposition operation, which
has a complexity of O(L3). The third step is obtaining the spatial pseudo spectrum, which has a
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complexity of 0(Jg.Jag (L + 1)(L — K)/2), with J being the number of spectral points of the
total angular field of view. Therefore, the total complexity of A-MUSIC is given by O(L*K +

L) + 0(Jg-Jao(L + (L — K)/2).

Note that the complexity of deriving the covariance matrix for co-prime and array interpolation,
and the complexity of deriving the weather effectors is same for all the algorithms and is not
included in the derivation.

Table 2. Computational Complexities of DOA Estimation Algorithms.

DOA algorithm Computational Complexity

MVDR O(L*K + L3 + (21% + 3L))
MUSIC O(L*K + L* +]JL)

A-MUSIC OLPK + L3+ 0(Jg-Jao(L + D(L — K)/2)

7 Simulation Results

An investigation into the performance of MVDR, MUSIC and the proposed A-MUSIC DOA
algorithms for NLA is presented in this section. The performance investigation is based on co-
prime array and array interpolation methods of a pair of sparse NLAs for different number of
array elements, rain rates and SNR. The developed results are for a case where signals impinge
on the NLA sensors from the same signal source. It is assumed that the signals are mutually
independent and that noise is additive white Gaussian noise (AWGN) with a zero mean. Unless
explicitly stated, the simulation parameters are as in Table 3.

Table 3. Simulation parameters

MVDR, MUSIC AND A-MUSIC

Simulation parameters Values

Input 6 5%, 25" 45° 65°

Number of elements L 10

Spacing difference d =4/, +[0,35,69,10,12,15,20,25]
Signal-to-noise ratio SNR = 20dB

Number of Snapshots Z =300

Rain rate in (mm/hr) [0, 2.5, 6, 15, 40]

[no rain, drizzle rain, widespread
rain, shower rain, thunderstorm]

aatf=280GHz 0.7103
katf=80GHz 1.16995
AOmin, BOpmayx [00 — 600]
M, N, 3,5

The results of Fig. 6(a)-6(d) and Fig. 7(a)-6(d) show co-prime array and array interpolation
based spatial output spectrum of the MVDR, MUSIC and the proposed A-MUSIC for different
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rain rates; no rain, widespread, shower and thunderstorm rain conditions. Note that without rain,
the spectrum results for MVDR and MUSIC are similar to the ones in (Tan et al., 2014, Li et al.,
2019) respectively. From the results, the following can be observed, the accuracy of DOA
estimation reduces with increasing rain rate due to the high signal distortion at higher rain rates.
The performance of the A-MUSIC is better than MUSIC followed by MVDR. This is because of
the multiple averaging nature of the A-MUSIC algorithm. It can further be observed that at
higher rain rates in the thunderstorm events, MVDR and MUSIC do not estimate the direction of
arrival accurately.

DOA estimation base on NLA using Co-prime array
T T T T T
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DECOM spectrum function
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Figure 6: (a) DOA estimation attenuation using Co-prime array with no rain
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Figure 6: (b) DOA estimation attenuation using Co-prime array for widespread rainfall
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Figure 7: (b) DOA estimation attenuation using array interpolation for widespread rainfall
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Figure 7: (c) DOA estimation attenuation using array interpolation for shower rainfall
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Figure 7: (d) DOA estimation attenuation using array interpolation for thunderstorm rainfall
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The results of Fig. 8(a)-8(c) represent the RMSE value vs rain rate comparison of co-prime array
and array interpolation of DOA algorithms for different number of elements. As expected, the
RMSE increases with increasing rain rates while the error reduces with an increase in the number
of antenna elements. A noticeable difference in performance is when the rain rate exceeds 10
mm/hr. It can also be observed that the co-prime array configuration results in a higher error
than the array interpolation method.

MVDR Co-prime array and array interpolation comparison

0.8
Array Interpolation: L = 10 —— Co-prime array: L = 7
0.7 F |~ ~© - -Array Interpolation: L =20 - -& - - Array Interpolation: L =7 ,
Co-prime array: L = 20 s[> Co-prime array: L = 10 ,/
>
4 o
= 7
14
]
0 2 4 6 8 10 12 14 16 18 20

Rain Rate

Figure 8(a): MVDR RMSE vs rain rate for coprime and array interpolation at L=7, 10, 20

MUSIC Co-prime array and array interpolation comparison
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RMSE

0 2 4 6 8 10 12 14 16 18 20
Rain Rate

Figure 8(b): MUSIC RMSE vs rain rate for coprime and array interpolation at L=7, 10, 20
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A-MUSIC Co-prime array and array interpolation comparison

- =& - - Array Interpolation: L = 7 Array Interpolation: L = 10
o7k |- -G - - Array Interpolation: L = 20 —#— Co-prime array: L=7
B I > Co-prime array: L = 10 Co-prime array: L = 20

Rain Rate

Figure 8(c): A-MUSIC RMSE vs rain rate for coprime and array interpolation at L=7, 10, 20

The results of Fig. 9(a)—(c) represent a comparison of the three DOA algorithms for different rain
rates at different antenna elements. As observed above, the RMSE increases with increase in
rainfall and reduction in number of antenna elements. The proposed A-MUSIC performs better
than MUSIC and MVDR in that order. This can be attributed to the repeated reconstruction of
the covariance matrix to obtain two noise and signal subspaces continuously that are averaged
for several iterations.

DOA attenuation error comparison for L=7 in Rainfall (mm/hr)
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5I:H.).A attenuation error comparison for L=10 in Rainfall (mm/hr)
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Figure 9: DOA estimation attenuation error comparison. (a) DOA estimation attenuation error
comparison for L = 7. (b) DOA estimation attenuation error comparison for L = 10. (c) DOA
estimation attenuation error comparison for L = 20.

The performance of the system is investigated further at different SNR conditions for a co-prime
configuration in Fig. 10 and array interpolation in Fig. 11. At r = 10 mm/hr. It is observed that as
the SNR increases, the RMSE decreases. The A-MUSIC co-prime array-based algorithm
outperforms the MVDR and MUSIC algorithm, and its performance trend is within the CRB
bounds. This demonstrates that the proposed method can still achieve satisfactory performance at
lower SNR conditions.
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Comparison of DOA estimation performance
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T
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Figure 10: DOA estimation using co-prime array error comparison vs SNR

Comparison of DOA estimation performance
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Figure 11: DOA estimation using array interpolation error comparison vs SNR

In Fig. 12, the systems error performance at various number of snapshots is presented for
condition where r = 10 mm/hr and SNR = 20dB. As expected, the RMSE decreases as we
increase the number of trials from 100 to 500. Therefore, this shows that by increasing the
number of simulation trials, the algorithm’s performance can be greatly improved. Furthermore,
one can intuitively observe that the performance of the proposed A-MUSIC surpasses the
classical MUSIC and the MV DR estimator over the range of the number of snapshots simulated.

RMSE of DOA versus number snapshots
T T T
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Y #
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Number of snapshots

Figure 12: DOA estimation CRB error comparison vs number of snapshots
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« 1019 Comparison of computational complexity

257 ™ T T T
[ vvor |
EEE music
EJa-music

=
o
T

Complexity

0.5 | % I
N
IE i\

ol FEH B
10 15 20
Number of elements (2M+N-1)

Figure 13: Comparison of computational complexity

In Fig. 13, the computational complexity of A-MUSIC and the other DOA estimation algorithms
is compared at different antenna elements. Although A-MUSIC algorithm have high
performance in estimating the DOA, its computational complexity is high compared to MVDR
and MUSIC estimations. This is because of the multiple averaging nature of A-MUSIC
algorithm.

8 Conclusions

This work has investigated and evaluated the performance of DOA algorithms for non-uniform
linear arrays (NLA) in weather-impacted environment. The investigation is conducted with no
rain, widespread, shower and thunderstorm rainfall events. From the investigation, the
algorithm’s performance accuracy significantly reduce from no rain condition to thunderstorm
rainfall condition with MUSIC performing better than MVDR. In terms of RMSE, the
algorithm’s performance decline as the SNR values and number of snapshots are increased. The
work develops an A-MUSIC algorithm for the weather impacted conditions in NLA. The
performance of the developed A MUSIC is superior to the existing algorithm in terms of
accuracy and RMSE parameters. This work opens further investigation of performance of DOA
algorithms in weather-impacted environment and the need for a re-design of the existing
algorithms. The accuracy of the investigated algorithms needs to be validated further while
considering other statistical, analytical and computational measures.
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