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ABSTRACT. This paper investigates the long time well-posedness of 2-D MHD boundary
layer equation without resistivity. It is proved that if the initial data satisfies

o o — D)l 5.0 + 10, o — 1) 2.2 + a0, o — 1) 21 < =,
then the life span of the solution is at least of order e,
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1. INTRODUCTION

The purpose of this paper is to understand the long time well-posedness of the MHD
boundary layer equation without resistivity in Q@ = T x R:

Oru + udzu + vOyu — horh — goyh — Vﬁgu =0, P,
O¢th + 0y(vh — ug) = 0,

(1.1) O+ 0yv =0, ,0,h+ 0yg =0,

(u, v, h, g)ly=0 = 0, (u, h) = (U(t, ), H(t,z))

. (u, h)t:[) = (Uo, ho)

where (u,v) denotes the velocity field of the boundary layer flow, (h,g) is the magnetic field
and (U(t,x), H(t,z), P(t,x)) is the outflow of velocity, magnetic and pressure, which verifies
the Bernouli law:

ov+vo,U—-HOo,H+ 90, P=0, 0H+UIH—-HOH=0.

lim
y—>OO

It is well-known that electrically conducting fluid such as plasmas and liquid metals, the
system of magnetohydrodynamics(denoted by MHD) is a fundamental system to describe
the movement of fluid under the influence of electro-magnetic field. The study on the MHD
was initiated by Alfvén who showed that the magnetic field can induce current in a moving
conductive fluid with a new propagation mechanism along the magnetic field, called Alfven
waves. The system (1.1) can be derived from the fundamental MHD system and they are

more complicated than the classical Prandtl system because of the coupling of the magnetic
1
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field with velocity field through the Maxwell equations. It is also a boundary layer model,
which describes the behavior of the solution to the viscous MHD equations when the viscosity
and the resistivity tend to zero (see [8],[13]).

For simplicity, we consider a uniform outflow (U, H) = (0,1) and take v = 1. Let
h(t,z,y) = 1+ h(t,z,y). Then (u,h) obeys the following system

( Oyu + udyu + vIyu — hOyh — g8yl~z — 8§u =0,
Ouh + udph + vayil — hOzu — goyu = 0,

(1.2) e+ 9yv =0, Oyh+dyg =0,

(U, v, h, g)‘y:() =0, yli)r{.lo(u’ h) = (Oa 0)7

(u7 il)t:O - (Uo, ilo)

When h = 1, this system is the classical Prandtl equation which was first introduced by L.
Prandtl in [19] to understand the structure if incompressible fluid with high Rynolds number
and physical boundaries. The well posedness of the two dimensional Prandtl equation was well
understand. When the tangential initial data satisfies the monotonicity condition, Oleinik
[17]-[18] proved the local existence and uniqueness of classical solutions. Xin and Zhang [23]
achieved the global existence of weak solutions to the Prandtl equation under an additional
favourable pressure. Sammartino and Calfinish [20] showed the local well-posedness of the
Prandtl equation with analytic initial data. Recently, Alexandre [1] e tal. and Masmoudi-
Wong [16] established the well-posedness of the Prandtl equation for monotonic initial data
in Sobolev space with energy methods independently. Without monotonicity, Gérard, Dormy
obtained the ill-posedness of the Prandtl equation in Sobolev spaces in [10]. On the other
hand, the Prandtl equation is well-posedness in Gevrey class 2 for a class of non-monotone
data with non-degenerate critiacl points, we refer the reads to [5], [15]. For small analytic
initial data, Zhang Ping and Zhang Zhifei [25] proved if the initiao data satisfies

2
T
B2
then the lifespan of the solution of the Prandtl equation is greater than e 5. Ignatova and
Vicol [12] achieved a bigger lifespan exp{logg%} under the assumption the analytic initial
data is small of size O(g). Now it is time to give some background on MHD bounder layer
equations. Liu, Xie and Yang [13] proved that the tangetial magnetic field has stabilization
effect on the boundary layer of the fluid and they also obtained the well-posedness of the
system (1.1) with resistivity for the initial data without monotonicity under an uniform
tangential magnetic field. The long time existence of solutions to the MHD boundary layer
equations in analytic setting for two different physical regimes were also investigated by Xie
and Yang in [21] and [22]. When the magnetic Reynolds is much larger than the hydrodynamic
Reynolds number, the resistivity terms can be ignored in MHD equations. Consequently,
there is no partial viscous effect in normal variable y for the second equation in (1.1). Liu et
al [14] obtained the local well posedness of the solution of (1.1) in Sobolev spaces and they
also proved if the tangential magnetic field of shear layer system around at one point, then
the linearized MHD boundary layer system around the shear layer profile is ill-posed in the
Gevrey function space. Motivated by [12], [14] and [25], the purpose of this paper is to study
the long time well-posedness of the system (1.2) and we will give the explicit lifespan of the
solution of the system (1.2).
Our result is stated as follows.
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Theorem 1.1. Let p = exp{%} with (t) = 1+ t. There exists a constant € > 0 such that
if the initial data (ug, ho) satisfies

(1.3 o)l g+ 1o, o)l 32 + o, o)l 20 <.

4
3

then there exists a time Ty > €5 such that the equations (1.2) has a unique solution (u, h)

on [0, T;] satisfying
u €L>°([0, T.]; Hj“ N H;Q(Q) N Hﬁ’l(Q)) N L%([0, T.]; Hfj’l N H;ﬁ(Q) N Hi’Q(Q));
h eL*([0, Te]; HYO 0 H 2 (Q) 0 H2t () N L2([0, T2); Ha ().

Remark 1.2. It is unclear whether the lifespan of the solution obtained in Theorem 1.1 is
sharp. It remains open whether the solution is global in time for small data.

The rest of this paper is organized as follows. Some crucial lemmas are presented in Section
2. Paralinearization and symmetrizing can be found in Section 3. Section 4 discusses the
tangential estimates and vertical estimate is given in Section 5. Theorem 1.1 is obtained by
a bootstrap argument in Section 6.

2. PRELIMINARIES

In this section, we first introduce the Littlewood-Paley decomposition in the horizontal
direction = € R.
Choose two smooth functions x(7) and ¢(7), which satisfy

3 8 4
suppp C {r € 7 <l < 3}, suppx C{r €R:|r| < 2},

and for any 7 € R,

x(7) + Z w(2797) = 1.
j=>0
Then we define
Ajf =Fe@ ) f), Sif =F(x(279f) for j=0,
A_if=50f, Sif=5f, for j<O.
The Bony’s decomposition Tyg is defined by
Trg= ) Sj-1fAjg.
jz-1
Then we have the following Bony’s decomposition
(2.1) f9="Trg+ Ryf,
where the remainder term R, f is defined by
ng = ZAijlQ‘f’ Z Aj/Ajg.
>0 i215>j-1

Let W#P be the usual Sobolev spaces in R and denote W*?2 by H*. We now recall classical
paraproduct estimates and paraproduct calculus.
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Lemma 2.1. Let s € R. It holds that
1 Tegllers < Cllfl[zoellglles
If s > 0, then it admits
IR(f, o) s < Cmin{|| fllzee gl gl oo | 1z }-
Lemma 2.2. Let s € R and o € (0,1]. It holds that
[(TaTy — Tap) fll s < C([|bll o lallwoee + @l oo |bllwec )| f 1| -1,
Especially, we have

[T, Tol fll s << C(|[bllzos llallweee + llall e bllwoce) || £ a1,
I(Ta = Tax) fll s < Cllallweoeel| fll oo,

Here T is the adjoint of Ty,

The above lemmas are referred to [2].

3. PARALINEARIZATION AND SYMMETRIZATION

Thanks to Bony’s decomposition, we can rewrite the system (1.2) as

( ) { Ou + T 0pu + Tayuv — Thaxil — Tayﬁg — 8§u = Wi,
3.1 '

Oh+ Tudph + Ty, o — ThOpu — To,ug = W,
where

W1 = —Rg,qu — RyOyu + Ry jh+ Rydyh,
Wa = R,0,h — Ro,nu + Ry,uh + Ry0,u.

Now we introduce
Y.
hi = / h(t,x,z)dz.
0
Then we infer from the second equation of (3.1)
y
O¢h1 + Thv — Tyg = / Wodz.
0

Let us introduce the following good unknowns
(3.2) -

It is easy to verify

53) Opua + TuOstiq — ha — Tj0zha — Opua = G1,
. atila — Opll — Tflamua + Tuazila = G,
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where
G1 =[ToyuTh — To,nlv — [Toyu, Tulg — [T Toyn — To,nlg — T, . 04ub1
" 2 0 (01—02) %

_ y ’

(3.4) + 2T, opuh = TuT}) oynha — Toyu /O Wadz + Wi + Tay 0,
9
:ZG1i7
=1
and
G =[Toyn T = To,pl = [ThToyn — To,ulg — [Toyr, Tulg = Ty oy
)

(3.5) T ThTy, ot =TT, oo = Top /0 Wadz + Wo

8
A
i=1
Moreover, it is easy to check that (uq, he) satisfies the condition below

(ta, ha)ly=0 = (0,0), Jim (ua, ha) = (0,0).

4. TANGENTIAL ESTIMATE

We first introduce the energy functional
E(t) = (Il (uar ha)ll g0 + (s )12 + 1@, )30 + (s ) [2.0),
2 712 7112 2
D) = (Wt gy + 10yl g+ 10,20 + 1A% 20+ 10,01 20 -+ 10,0000
In this section, we always assume that (u, k) is a smooth solution of (1.2) on [0, 7] and

(4.1) sup E(t) < Cie?, T < Cie?
t<T

for some C7 > 0.
Let us give some crucial lemmas that could be found in [6].

Lemma 4.1. There exists g > 0 such that if € € (0,€), then
1
h(t,z,y) > 2 for (t,z,y) €[0,T] x R3.
Lemma 4.2. It holds that
Y 1
I [ faslig < ctisug,.
In particular, thanks to Oyu + Oyv =0 and Oyh + O0yg = 0, it holds that for any k € N
1 1, ~
[l sz < C@3llull grrro,  Ngllarre < CETA grero-
Now we would like to build the bridge of norm between good unknown (g, he) and (u, h).
Lemma 4.3. There ezists a positive constant ey such that if (0,¢€p), then for any t € [0,T]
lull gz + 12l 30 < CE@®)?,  [yull o < CD(®)2.

In order to state our main result, we shall establish the following Lemma.
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Lemma 4.4. It holds that
[[0pu (0, )HH;O < HasuHH}LO + HhOHHﬁ’O + ||UOHH;1HUOHH50 + HUOHH}/O”ayUOHH;*O
1l 1z + ol o0l o
and
920,V 10 < ol gz + Cluoll g 1ol 0 + Clluo 1018, ol 20
+ ol g lluol 20 -+ Cllal o9yl o
Proof. A direct calculation yields
= 1
0rull o < N83ul o + 1l 2o + el o lall 20 + (6%l o8yl o
~ ~ l ~ ~
1l gl 2o + 01l 010,50
Similarly, we have
~ ~ 1 ~
(96l 0 < lull 2o + 1l s [l gz + (8%l o8, o
~ l ~ ~
1l gl gz + €6 1Rl 019,y
Then, we have
190, Y 10 < 102l o + IFoll gz + ol 1. luoll 20 + ol 11 yoll 1o
1R gl 2o + ol grollyoll o
and
1920,V 10 < ol gz + Clluoll g1 ool 0 + Cllu 1018, ol 20

+ Vol gy ol gz + Clleo g9yl 0.

Lemma 4.5. It holds that
0,00l 30 < 105l +119,hlL gz + Nl gy 18yl 20 + CCT2) [l gy 03
1Bl 10yl 20 + CCT) [l a1l
for any t € [0, T¢].
Proof. Thanks to the Holder inequality, one has
10,0kl 10 < 1950l 0 + 10,7l 20 + 8, (udot + vdu — hoh + g0, R o
< 10ull o + 18, Al 2o + lull o lyull 2o + (6%l ralloZull o

~ ~ l ~ ~
1Bl 10y Bl 20 + (841l gnollB] 12

which implies
19,00l 10 < 103ull 0 + 19520 + o 10yl gz + CCTL)ul 1920 o

+ 1l l8yhll 2o + C(TL)|IR] rollh] e
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4.1. Nonlinear term estimates.

Lemma 4.6. It holds that
(4.2)

1d
s—(luall?, 50+ [ HHs o) + Ha Ua?

3O
< CDWIE(N)T +CD(1)iE < )i+ C{)rD(0)2 E(t) + C(t): D)2 E(t)2 + CD(1) E(t).
Proof. Making H, E’O-inner product between the equations (3.3) and (uq, ko), we obtain
(8tua,ua)H2,o — (83ua,ua)H3 0 — ((%Ea,ua)Hg,o
+ (Oha, ha) yzo — (ot ha) o + (Tudstia, Ua) o
— (T3,0uha, ta) s0 — (T 0zttas ﬁa)Hﬁ,o + (T 0z h, ﬁa)HS,o
= (G1,ua) 30 + (G, ﬁa)Hg,o.

where = € and 6 = %. Thanks to integration by parts and using the Young inequality,
we have

1d
(atua,ua)HS,o - (8 ua,ua)Hgo > ||u/3||H3,0 —/ atHHeeuaH%{%dy
Ry :

+ [|0y uoé||2 50 + 2/ 28y9(698yua,69ua)%gdy

R+

1d

> =—luall?, a0t HayuaHQ 5.0 —/ (00 +2(9y0)*) | €” ual| 73y
2dt Hy, R @
1d

> thHUaH 3,0 §H3yua|]§{3,0.

where we have used the fact 9,0 + 2(9,60)? < 0. Similarly, one gets

~ o~ 07
(6tha,ha)H§70 = 2dt||h ” 30 +/R H€ hlg”z%dy

y?
2
LAt
From integration by parts, one can deduce
—(9pha, ta) 30 = (Data, EQ)HS,O = 0.

The other terms on the left hand side can be handled as those in [6]. But the nonlinear term
on the right hand side is somewhat different. Let us estimate the nonlinear term G and Gs.

8
(G17 uo‘)H/i’O = (Zl Gli, UQ)HS,O + (G197 uOé)Hg’O
1=

8
< 3 Gl gollugllggo +1(Go. ua) ol
i=1

From Lemma 4.4, we deduce

D(t)2E(t)z.

[NIES

D(t)2 E(t) + C{t)

.M»—‘

(4.3) Z 1Gill o llusll o < CCE)

=1
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Since 8y}~1 loss one derivative in the direction y, we are able to use integration by parts to
transform the derivative 9, to u,. More precisely,

(Glg,ua) 3,0 = (T@Jﬁyﬁ, ua) 3,0
H,; L Hy
= (8y (TaLhu (%h), uo‘)Hﬁ’O — (TayayTu h, uo‘)Hfj’O
= —(TayTu h, 6298yua)H3,0 — (TayTu h, 28y9629ua)H3,0 — (TayayTuh, uo‘)HZ”O
= Hy + Hy + Hs.
We first bound Hy, Hy and Hs.
—(T,, 24Py e dyua) o < ||(Oyhdyu + du)|| Lo~ H71||H3«0 10y uall 3o
< ||3yib||Lo<>||3z,zu||L°<>||;L||Hf;,0||3yuaHH;o;O
102l Bl 30 104 30

~ 1 ~ 1 1 1 ~
O o L N A L P N e

1 1 ~
102l 105l 001Dyt

< CD()2E(t)+ CD(H) 1 E(t)1.

In view of the Holder inequality, Lemma 2.1 and the Young inequality, one has

~ 1 y2 ~
(T 20,860 oo < ClO Oyl + 5 [ e

1 ¥: 672
< CD@)E(t — h dy.

Using Lemma 2.1 again, we obtain
Hy < C|T, oyl gaollvall o
< Oy hll o 18yl o1l sl g + 1020l o1l gsollua | o
< CD(t)1E(t)1.

Thus, one has

1 S
(Grovti) gy < COWIEW +7 [ BBy + CDWEEW) + CDOIEW,
+

which along with (4.3) gives rise to

1 y> 052 1 1
(@l < [ 3l My + OO 100 B0

+C{)2Dt)2E(): + CD(t)

=

E(t)i + CD(#)iE(t)i.

Now we are reminded to estimate (G2, ha) y3.0-
n

8
(Garfa) g < 30 Gl gy il s

i=1
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Now we have to pay our attention to estimate ||Ga4]| 3.0, which cannot be found in [6].
I
A direct calculation gives

Oyh  —0ihdyh N 9y 0:h

O

h h2 h
 —u0yhdyh — vdyudyh + hd,udyh + gdyudyh
- =
Oyudeh + udyOph — Opudyh + v02h — Oyhdyu — hdyOyu + Oxhdyu — gd2u
B h
=J1+ Jo.

Then

HT&S%H}LIHHS'O = ||Ty h1 HHfl’O + || Ty, h1 HHﬁ’O
Now we deal with ||Ty, h1|| 3.0 and ||T;7,h1]] 3.0, respectively. Thanks to Lemma 4.2, we have
I B

ITr il gso < NT_ om0, h—voyud,h+goyuo, il 3o + 1 To q0,m 0 3o
< || = udzhdyh — vdyudyh + gdyudyhl| Loz 1Pl ooz + 10200y ooz |1B1 | Loe s

< ()3 [l oo |9ahl o 10y Pl e 22, 1l g0
+ (8) 8 [0l o 10y ull o 19y hll e 1 1R g0
+ (3 10pull 1= 9yRl e 13, Il 50

+ (1) gl e 0y ulloe |19y hl s 13, Il 30

3
2

E(t)%.

NI

< ()ID()2B(t): + (t)1D(1)2E(t) + (t)2D(t)
Similarly, one has
ITrhill 3o < T, w0, hud, 000,00, htvo2h—0, houtonho,u—gozult L g3o + 1 To,0,uhn |l g3o
< 1 0yudsh + udydoh — deudyh + vy Loz |l s
+ || = Oy — hOpOyu + Duhdyu — g02ul| o1 1l 1y + 100yl e 2 1 ey
< C({t)iD(t)2E(t)2 + C{t)2D(t)2 E(t).

Then, we can deduce

(44)  |Gallgso < CHID®E®)? + C()2D(t)2 E(t) + C(ZD()2 E(t)2.
I
Thanks to Lemma 4.4 in [6] again, we have
8
> lIGaillyzo < C{t)1D(t)2E(t)2 + C{t)2D(t)2 E(t).
i=1,i#4

which together with (4.4) yields

(G2 b gzo < Gall gyollBallgpo < COED() D(t):E(1):.

D=
[NIES

E(t) 4+ C(t)
Collecting all the above estimates, we can build

ld
2dt

- 1 1 y? -
2 2 2 07 112
(leallso + Ralfs0) + 5 10yualfao + 5 /R gl Bl
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N

E(t)1 + CD()1E®)T + C{t)1D(t)2E(t) + C({t)2D(t)2 E(t)2 + CD(t)E(t).
[l

< CD(t)

5. VERTICAL ESTIMATE
In this section, we will derive the high derivative norm in the vertical variable y. We also
assume that (u, h) is a solution of (1.2) on [0, 7] satisfying (4.1).
5.1. Vertical estimates of the velocity field.
Proposition 5.1. It holds that
- e Ul + Vil o)+ 5100l + | 4?;2 ey dy

< CD()IE®)T + (1) 7D()2 E(1).

Proof. Performing H° inner product with (u, k) to the equation (1.2), we obtain

(8tu,u)Hi,o + (04h, B)H}LO - (OEU’U)H}/O

= (amiz, U)lefo + (Ozu, iL)Hi,o + < — udyu — vOyU + hdyh + gayfz, u> o
(5.2) HY

+ < — uByh — vayﬁ + hdyu + goyu, ﬁ)
HL°

=L+ 1+ Is+ 1.
It is easy to check that by integration by parts

L+ 1,=0,
and
- - 1d
(Opu, U)HIO + (O¢h, h)H1o (O7u u)H1o > 2dt(”u” 10 + HhHH1 o) + H6 uHH10
(08 + 2(0,0 efu))? dy+/ v e?n||%,. dy
(5.3 - [ @200y + [ 1R
1d 1 y? .
> g+ Vo) + 50ty + [ sl
The estimate of Is + I4 can be found in [6], that is,
Is+ I, < CD()1E(t)1 + ()1 D(t)2 E(t).
Thus we deduce that
1d
e Ul o+ 1020+ 50,0+ [ Sty
5 ip
< CD(H)TE®)T + (1) 1D(t)2 E(t).
[l

The following Lemma gives the H le’l estimate.
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Proposition 5.2. It holds that
1d
(5.4) 2.dt

3/2 09 7112

1
— ([19yull?, 1o+ 19y hll%, 10) + *Ilagu\lfgl,o +/
n Ry
< D)) + (1)1 D)2 B(@).
Proof. We apply 0, to the result equations (1.2) and then take Hﬁ’o—inner product with
(Oyu, Oyh) to get
(8e8yu, Byu) yro + (8:0,h, ayﬁ)H;,o — (O3u, Oyu) 1o
= <3y(u8xu — vdyu + hdgh + gdyh), Byu>

1,0
Hy

+ <ay(—uaxiz — vdyh + hdyu + gdyu), 8yﬁ> o
u
=(850yh, Oyu) 10 + (Du0yu, Oyh) 1o + (~udsOyu — v8ju + hdsdyh
+ 905 h, 0yu) 1o + (=0yudsh — udsOyh + dyudyh — vO;h, yh) 1o
+ (Byhdzu + hOsOyu — shdyu + gOu, Oyh) 1o
=Ay + Ag + Aj.
where we have used the fact

(820yh, Byu) 10 + (D20, Oyh) 1o = 0.

(5.5)

Applying the same line to (5.3) yields
(8eByu, Byu) yro + (8;0,h, ayh)H;,o — (O3u, dyu) o

(5.6) _1d
=Y

3/2 0a 712
le? 0, h|%, dy.

1
9 2 2 2
U0yl 30 +10yh150) + 5 105ull 30 + /R+ 4(t)?

A straight calculation gives
Ay < [lul g |9yl grollByull o + el 1930l o Dyl o
1l 8, 2 19, gz + gLz 2] o8yl o
< D(O)FE(1)T + (1)1 D(0)? (1),

Az < 10yull oo 0kl 101y Rl 1.0 + 1l o< 1y Rl 20118y 2l 10
+ 9z ull 118,110 + gl o 195Al o 10yl 10
< DO)IE()T + (11D E(t),
and
A < 1180ull 18Rl 10 + 1Bl 2o 1Byl 20 10,h ] 10
+ 10y ull oo 0kl 1019y Rl o + gl oo |8l 100y Rll 1.0
< D()TE(t)i + (1)iD(t)2 E(t).



12 2D MHD BOUNDARY LAYER EQUATION WITHOUT RESISTIVITY

Collecting the estimates of A1, As and As, we have

1d
2dt

Lo 12 3/2 0 712
G100 + 18R 0) + 105l + | 2O iy dy

< D(H)IE(t)T + (1) 1D(t)2 B(t).

Proposition 5.3. It holds that

1d
2 dt

h”Hld?/

2 Jr, A1)

1e°0y B3 dy + C(£)2 D) E(t) + D()1E(t)T + (1)1D(H) E(t).

1 1
—(19ull 0 + ||62h|\H10) SOyl + /R
+

(5.7) ,

=16/, <>2

+
Proof. Taking 83 to (1.2) and making the H}L’O—inner product with (qu, 855), we obtain

(ataju,aju)Hi,o + (atajﬁ,ajﬁ),{;,o — (Oyu, 0} ) o
=(0 (~udsu — vdyu), Fyu) yro + (02(hdyh + gy h), Oyu) o
+ (0} (—udsh — vOyh, a;B)H;,O + (02 (hdyu + goyu), aji})H;o
=B + By + B3 + By.

(5.8)

where we have used the fact
~(0u0yh, ) ;0 — (u0yu, 5h) ;o = 0.
Reasoning as (5.3) and using the boundary condition 8§u]y:0 = 0 yield
(092, agu)Hi,o + (0102h, a;ﬁ)Hi,o — (Opu, aju)H; 0

(5.9) _1d
Z5d

1 y? -
2,112 27112 3,112 092712
G100 + 103Ry0) + 510300 + | oy

Leibniz law and Lemma 4.5 tell us
By = (—0yu0,0yu — u@xagu + (%u@iu - v@éju, Oju)Hi 0
< [0y ull o 1Byl 2o 105 ull gr.o + llull oo |05l 2o [Tl 1o
+ [0zl Lo 105 ull o |07 ull .o + [1vl] oo |0l 10105 ull g0
< D(t)TE(t)3 + ()7 D(t)2 E(t).
Similarly, one has

By = (95hdzu + 20,hd:0yu + hdsOyu — 0,0,hdyu — 20:h0u + gBu, 5h) 1.0
< D)IE®) + (1)1D(t)2 E(t).

Thanks to integration by parts, we obtain
= (02(hdsh, O}u) 10 — (0y(g0yh), € O2u) gro — (9 (g0yh), 2¢*°0,007u) 1.0
H ) ) Yy ) Yy yv "y
= B91 + Baa + Bos.
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A direct calculation gives
Bay = (02h0zh + 20,hd,0yh, 02 y) o + (hd,02h, 02 ) 1.0
= (02 hOyh + 20,10, 0,1, 0} y) o — (Oa hozh, 0} ) o — (hd2h, 0,0} 1) 10
< D(t)ZE(t)Z + D(t)EE( ).

= = 1 1
By = (0:hdyh + goyh, Ou) gio < (03 D(8)2E(t).
To bound Bsg, thanks to the Holder’s inequality and Young inequality, one gets
Bas =(8,hd,h — ga% 2e*0,007u) 1.0

<ii [, o+ 5 [ e logita
(1o s+l 15
<L 160,y + [ eozh dy
o), 3t 16 Jn, 271 %
+C)sD)E(®).

In view of integration by parts and d,u + dyv = 0, we deduce

~(Oudsh + 20,uds0yh — 0.0y udyh — 20,ud5h, Oyh) 1o + (v0,0¢° Oy h, € O7h) 1o

2 _ 1 1 1
< 1 4 HeethH%ﬂdy'FC<t>§D(t)E(t) +CD(t)ZE(t)3 +CD(t)2E(t).
].6 R+ 4<t>2 Y T

Collecting all the above estimates, it leads to

- 1 1 y2 -
2 27112 3112 0927112
5 o 0Rul o + ||ayh||H1,o> + 5195l 0 + z/R+ TORARCLL

1
< —
~ 16 JRr, <>2

[N
NI

le? 0y |3 dy + C(t)2 D(H)E(t) + D(£)T E(t)T + ()1 D(t)2 (1),

5.2. The dissipation estimates of the magnetic field.

Proposition 5.4. It holds that

1d
2dt

y2 0q 712
" Oh| 72 dy
L 41?2 v

< C{H)iD(t)2 E(t) + C(t)2 D(H)E(1).
Proof. Applying 0; to the equation (1.2) and making H &,0 with (Oyu, &JL), we obtain
(92u, Oput) 10 — (02 0yu, Opu) a0 + (82h, atiz)Hi,o = (8,0,h, O¢u) 10 + (Dz0ru, atﬁ)H;o
+ (0:(0zh + gOyh — udyu — VO u), 8tu)H;,o + (0¢(hOyu + gOyu — udyh — voyh), 8th)Hj 0
= (0¢(hOzh + gOyh — udyu — VO u), 8tu)H3L,o + (0¢(hOzu + gOyu — uOyh — vOyh), ath)H;,o
= D1 + Ds.

1
10kl F0 + 106h][310) + 5110y eul3n0 +/
2 ' g
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where we have used that
(9,0, O¢u) i + (:0ru, 0JL)H‘1L,0 = 0.

In view of integration by parts and using the Young inequality, we infer
2 2 27 o7
(at u, 8tu)Hﬁ’0 — (ayatu, 8tu)Hi’0 + (at h, 8th)H;1L,o

1d 2 N2 1 9
> §£(||atU”H;1LO + ”8thHH;1L,0) + 5”8‘1@“”}1‘{70

2 ~
/ ﬁ”e@&fhllﬁgdy _/ (90 + 2(9,0)*) e Opul 3y dy
Ry Ry
1d

- 1 y2 7
9 9 2 6 2
> ia(HatUHHbO + HathHH;»O) + 5”811@“”}150 + /R+ A(t)2 le”0eh 7 dy.

Now we deal with the nonlinear terms. Thanks to Leibnz law and the Holder inequality, one

_l’_

has
Dy = (0y(hdsh — udyu — vdyu), Oyu) o + (8:g0,h, Oyu) o + (90, 04h, Oput) 10
< [|0zhll e 10:hll yrol|Bsull frro + ([Pl a0l 2o | Oeull 1.0
+ |0zl Lo [| 0wl ol Orull .o + [lull 1110kl 2o | O]l 1.0
1 1
+ (O3 |0ul| 1o |8y ull grollOsull 1o + ()3 [ull yr.ollBydeul] ol el g0
1 7 = 1, ~ ~
+ (O 3|10l yrollOyhll 1o llOsull o + C@O IR 10| 0eh]] g1.0]10y Dyul| 1.0

2
1.~ 09 9 1 Yy 0q 712 7 7 2
+ ORI ol +4/R+ ol A P T PR e

1

1 1 1 2 ~
< COADWEN + COIDOEW +7 [ sl Dbl

where we have used the following estimate:
(90, 0sh, Opu) 10 = (8y(e*gd;h), dyu) 1o — (20,090;h, Oru) 1.0 + (0, hOsh, Opu) 10
= —(gb;h, 0y 0u) yro — (20,090;h, O¢u) a0 + (0,hOyh, Oput) .0

1= 5 15
< C@) 4 1All ol duhll o 10ydeul .o + CEOZ I s 0llOrully o

1 yz 0 72 7 7 2
= 2ol Bl 0y vy

Similarly, we have

1 Y 0a 72
D()E(t) + - Oihl|%1 dy.

[NIE
[SIE

Dy < C{)iD ()2 E(t) + C(t)

From all the above estimates, one deduces

1d
2dt

~ 1 y2 ~
2 2 2 0 2
(1o + 100y + 5100030 + [ 5tz e0 5y

< C{t)iD(t)2E(t) + C{)2 D(t)E(t).
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It is time to build the Hayil”HQ,O.
"
Proposition 5.5. It holds that

(510)  [19,hll320 < Clladyull}yro + ClOGullfo + CL)2DWE() + Clt) D) E(1)?.

Proof. Thanks to the equation (1.2), we deduce

(820yh, 8:0yh) 1.0 = (O0yu — Fju+ Oy (udyu + vOyu — hdzh — gdyh), z0yh) 1.0

14
1 ~
(5.11) < Cladyulso + Clogullyo + Slloyhl

+ 18y (udpus + vyu — hdyh — gayiL>||Hi,o“ayiL‘|Hﬁ,o.

2
H2°

A direct calculation gives

10y (udypu 4 vdyu — hdh — gayﬁ)HHi,o = [|u0z0yu + vO}u — hdy0yh — gOZh) 20
(5.12) < [lull o 1Byl 2o + o]l oe | 05ull g0

+ HszLooHé’yﬁHHgo + HgHLOOHaziLHH};O
< (HiB(1):D(1):.

which together with (5.11) gives

(SIS

~ 1
19,R1 20 < Cllodyullyso + Clo5ul 0 + CH)F DO B,

Proposition 5.6. It holds that

1d

~ 1 y2 ~
OO0 o+ 103uln + [ 10,y

L+ A2

NI

< C{1D(1)

1 2 7
E(t)+0<t>2D(t)E(t)+i/R 4Z>2||e9h|\fquy.

Proof. Applying 0, to the equation (1.2) and Making Hﬁ’o-inner product with (dyu, Oyﬁ) to
obtain

(8eByu, Byu) 20 — (82u,3yu)Hi,o + (8:0yh, ayB)Hi,o = [(axayiz,ayu)Hi,o
+ (0:0yu, 5yh)H310] — (Oy(u0pu + vOyu — hOxh — gOyh), 6yu)H§‘0
— (Oy(u0zh 4+ vOyh — hOyu — gOyu), 8yh)HE,o
= —(0y(u0yu + vOyu — hdyh — goyh), 8yu)H3,o
— (Oy(u0zh 4+ vOyh — hOyu — gOyu), 8yh)Hﬁ,o = E7 + Es.
where we used the fact

(828yh, Byu) 20 + (9a0yu, Oyh) 20 = 0.
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Thanks to integration by parts and the Young inequality, we obtain
(BuByu, Byu) 20 — (O3u, Oyu) 2o + (8,9 h, ayﬁ)Hi,o
1d
> -
— 2dt
5.13 2 .
(5:13) [0y — [ @0+ 20,010,z
Ry < > R4
1d 7\112 Lo 1o y? 09 7112
> 5O OB o+ 5105ul 0+ | ey
Now we are reminded to bound the nonlinear terms. According to the Holder inequality,
we deduce

By = (udpdyu + vju, yu) yzo + (hdsh + gyh, 5u) y20 + (hOsh + g0y h, 20,06 8yu) 2.

) 1
(10yull 20 + 18,21 320) + 5 105ullF 20

< Nullz=10yull oo Byl 20 + 0]l 103ull yzol|Byull 2o

+ IRl == 1l gzollOgull 2o + llgllzoe 10yl 2o 105wl 2o + 10:hl < |0yullyy 20

1 y2 07112 1 y2 0a 7112 2 2
+ - h 28 dy + — — 5 Oyh dy + |0,

1

2 2
1 1 1 Y 0512 1 Y 09 712
< D(t)2E D)E(t) + - :
< O{t)1D(t)2 E(t) + C(t)2D(t) (t)+4/1%+ nzle h]]H%dy+4/R+ 1€ uhllizdy

Similarly, we also have
Eg = (—0,udyh + d,udyh, @jL)Hﬁ,o — (udp(e?Dyh) + v, (P, h), Dyh) 20
— (0y0ve?Oyh, €?0yh) 20 + (9yhdzu + hdy0yu — Ophdyu + gdiu, Oyh) .o
= (=8yudsh + 0gudyh, Oyh) 20 — (900" yh, €8y h) 2.
+ (0yhOyu + hOy0yu — Ophdyu + gdju, Oyh) gz

1 1 1 1 v 6452
< ODWRE0) + OIDOBW) + 7 [ o0, gy

Collecting all the estimates mentioned above yields

1d
2 dt

~ 1 y2 ~
2 2,112 0 2
I o + 5108010+ [ Hsleto, gy

N

N
N|=

2 ~
< C{t)yiD(t)2 E(t) + C(t) D(t)E(t)—irl/R Y 5 lle’ Rz dy.

4 )p, 40

A similar argument can build the following proposition.
Proposition 5.7. It holds that
1d

- 1 yg 3
,h 2 — 8 2 / _J 9h 2 d
(5.14) 3 il Wllgzo + 510y ullze + i le” Al 72dy

L A2
< ()iD()2E(t) + ()i D(t)E(t).

Now we collect all the above propositions to build the following vertical estimates.
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Proposition 5.8. It holds that
d - - -
prlICE h)llfgi,z + [I(u, h)llf,{g,l + [ (Opu, Wz)ll%g) + (10yull 1.2
(5:15)  + adyullfy o + 10,7120 + 19yulfy2)
< CDW)TE{)T + () 1DA)ZE(t) + () 1D{)E(t)2 + C{t)2 E(t)? + C({)2 D(t)E(t).

Proof. According to the estimates from Proposition 5.1 to Proposition 5.7, it is easy to
conclude this proposition. So we omit it. ]

6. PROOF OF THEOREM 1.1

Motivated by [13], the approximate solution can be constructed by adding the viscosity
term 92u, Ah to the system (1.2). Thus, we only present the uniform estimates of smooth
solution. With the uniform estimates, the existence and uniqueness of the solution can be
obtained by showing that the approximate sequence is a Cauchy sequence in lower order
Sobolev spaces.

The uniform estimate is based on a bootstrap argument. Let us first assume that [0,T*)
is the maximal time interval so that

(6.1) E(t) < C1€%.
where C; > 0 is a fixed constant. Let us also assume T* < 2. Thanks to Lemma 4.6 and
Proposition 5.8, we have
%E(t) +D(t) < C(t)2D(t)E(t)
+CD()IE(t)T + CD(H)1E(t)
According to (6.1), it leads to

%E(t) +D(t) < C)2D{#)2E(t)? + CD{X)TE(t)i + CD(t)1E(t)1

+ C{)ID()2E(t) + C{t)2 B(t)%
Thanks to the Young inequality, we get
d
ZE() + D(s) < CoB()F + Co(t) 2 E(1)” + Co(t) E()".
which along with (6.1) implies
d

ZE(t) < (Caed + Ca(t)2e2 + Co(t)eh) E(t).

Then, for any t < 5_%, one has
BE(t) < O3,

Taking C'5 = %, the theorem follows by a bootstrap argument.

ACKNOWLEDGMENTS

The authors are partially supported by NSF of China under Grant (NO. 11971209, NO.
11961032).



18

1]

2]

2D MHD BOUNDARY LAYER EQUATION WITHOUT RESISTIVITY

REFERENCES

R. Alexandre, Y. Wang, C.- J. Xu and T. Yang, Well-posedness of the Prandtl equation in Sobolev spaces,
J. Amer. Math. Soc., 28(2015), 745-784.

H. Bahouri, J. Y. Chemin and R. Danchin, Fourier Analysis and Nonlinear Partial Differential Equations,
Grundlehren der Mathematischen Wissenschaften 343, Springer-Verlag Berlin Heidelberg, 2011.

A. B. Ferrari. On the blow-up of solutions of the 3-D Euler equations in a bounded domain, Math. Phys.,
5(1989), 208-218.

D. Chen, Y. Wang and Z. Zhang, Well-posedness of the Prandtl equation with monotonicity in Sobolev
spaces, J. Differential Equations, 28 (2018), 745-784.

D. Chen, Y. Wang and Z. Zhang, Well-posedness of the linearized Prandtl equation around a non-
monotonic shear flow, Ann. Inst. H. Poincar Anal. Non Linaire, 35 (2018), 1119-1142.

D. Chen, S. Ren, Y. Wang and Z. Zhang, Long time well-posedness of f the MHD boundary layer equation
in Sobolev apace, Anal. Theory Appl., 36 (2020), 1-18.

W. E and B. Engquist, Blow up of solutions of the unsteady Prandtls equation, Commun. Pure Appl.
Math., 50 (1997), 1287-1293.

D. Gérard-Varet and M. Prestipino, Formal derivation and stability analysis of boundary layer models in
MHD, Z. Angew. Math. Phys., 68 (2017), PP76.

D. Gérard-Varet and E. Dormy, On the ill-posedness of the Prandtl equation, J. Amer. Math. Soc., 23
(2010), 591-6009.

D. Gérard-Varet and N. Masmoudi, Well-posedness for the Prandtl system without analyt- icity or mono-
tonicity, Ann. Sci. Ec. Norm. Supér, 48(2015), 1273-1325.

I. Kukavica, V. Vicol and F. Wang, The van Dommelen and shen singularity in the Prandtl equtions,
Adv. Math., 307(2017), 288-311.

M. Ignatova and V. Vicol, Almost global existence for the Prandtlm boundary layer equa- tions, Arch.
Rational Mech. Anal., 220(2016), 809-848.

C. Liu, F. Xie, T. Yang, MHD boundary layer theory in Sobolev spaces without monotonicity. I. well-
posedness theory, Commun. Pure Appl. Math., 72(2019), 63-121.

C. Liu, D. Wang, F. Xie, T. Yang, Magnetic effects on the solvability of 2D MHD boundary layer equations
without resistivity in Sobolev spaces, J. Funct. Anal., 279(2020), 108367.

W. Li and T. Yang, Well-posedness in Gevrey space for the Prandtl equations with non- degenerate
critical points, J. Eur. Math. Soc., 22(2020),717-775.

N. Masmoudi and T. K. Wong, Local-in-time existence and uniqueness of solutions to the Prandtl equa-
tions by energy methods, Commun. Pure Appl. Math., 68(2015), 1683-1741.

O. A. Oleinik, The Prandtl system of equations in boundary layer theory, Sov. Math. Dokl. 4(1963),
583-586.

O. A. Oleinik and V. N. Samokhin, Mathematical Models in Boundary Layer Theory, Ap- plied Mathe-
matics and Mathematical Computation 15 Chapman Hall/CRC, Boca Raton, Fla., 1999.

L. Prandtl, Uber flssigkeits-bewegung bei sehr kleiner reibung, in: Verhandlungen des III. Interna- tionlen
Mathematiker Kongresses, Heidelberg, Teubner, Leipzig, 1904, pp. 484-491.

M. Sammartino and R. E. Caflisch, Zero viscosity limit for analytic solutions of the Navier- Stokes equation
on a half-space. I. Existence for Euler and Prandtl equations, Commun. Math. Phys., 192(1998), 433-461.
F. Xie, T. Yang, Global-in-time stability of 2D MHD boundary layer in the Prandtl-Hartmann regime,
SIAM J. Math. Anal. 50(2018), 5749-5760.

F. Xie, T. Yang, Lifespan of solutions to MHD boundary layer equations with analytic perturbation of
general shear flow, Acta Math. Appl. Sin. Engl. Ser. 35(2019), 209-229.

Z. Xin and L. Zhang, OntheglobalexistenceofsolutionstothePrandtlssystem, Adv.Math., 181 (2004), 88-
133.

C.-J. Xu and X. Zhang, Long time well-posedness of Prandtl equations in Sobolev space, J. Differen.
Equa., 263 (2017), 8749-8803.

P. Zhang and Z. Zhang, Long time well-posedness of Prandtl system with small and analytic initial data,
J. Funct. Anal., 270 (2016), 2591-2615.



