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Abstract. In the paper, we consider the local-in-time and the global-in-time infinity-
ion-mass convergence of bipolar Euler-Maxwell systems by setting the mass of an electron
me = 1 and letting the mass of an ion m; — +o00. We use the method of asymptotic
expansions to handle the local-in-time convergence problem and find that the limiting
process from bipolar models to unipolar models is actually decoupling, but not the van-
ishing of equations for the corresponding the other particle. Moreover, when the initial
data is sufficiently close to the constant equilibrium state, we establish the global-in-time

infinity-ion-mass convergence.

Keywords: Euler-Maxwell system; infinity-ion-mass limit; unipolar; bipolar; local conver-

gence; global convergence.

AMS Subject Classification (2020) : 35B40, 35C20, 35L60, 35Q35.

1. INTRODUCTION

In the paper, we consider the local-in-time and global-in-time infinity-ion-mass conver-
gence of the bipolar Euler-Maxwell system, which is an important model in plasma physics.
The infinity-ion-mass limit means letting the ratio of the mass of an ion to that of an electron
tends to infinity. We study these problems in the case of periodic solutions. Let T? be a torus
in R3. We denote by z = (21, 22, 73) € R? the space variable and ¢ > 0 the time variable.

For v = i,e, where i stands for ions and e stands for electrons, a bipolar Euler-Maxwell
1
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system in a three-dimensional torus is under the form [3] 4], 25]

Opy + div(p,u,) = 0,

) my, O (pyu,) + mydiv(p,u, @ u,) + Vo, (p,) = @up,(E + u, X B) —myp,u,, L.1)

atE’ - v X B = _(%pzuz + ereue)a divEk = qiPi + QepPe,

O0B+VxE=0divB=0, t>0, z¢€&T?

\

with initial conditions

t=0: (10117u1/7 E7 B) = (pl/,OvuV,(]? E07 BO)? YIS T3' (12)

Here ® stands for the tensor product, p; and w; (respectively, p. and wu.) stand for the
density and velocity vector of ions (respectively, electrons), E is the electric field and B is
the magnetic field. The parameters m; and ¢; = 1 (respectively, m, and ¢. = —1) stand for
the mass and the charge of an ion (respectively, an electron). The pressure functions p,(p)

are supposed to be smooth and strictly increasing for all p > 0, namely,
p,(p) >0, VYp>0, v=ie.
System admits an equilibrium state
(Pe; pi e, ui, £, B) = (1, 1,0,0,0, Be),

where B, € R3? is an arbitrary constant vector. For smooth solutions with p, > 0, the

momentum equations in (1.1 are equivalent to
my, Oy, + my,(u, - V)u, + Vh,(p,) = ¢ (E +u, X B) —myu,, (1.3)

where h is the enthalpy function, defined by

i) = 2.

Since p is strictly increasing, so is h. The terms ¢, (E + u, x B) and m,u, on the right hand
side of represents the Lorentz force and the velocity dissipation, respectively.

The bipolar Euler-Maxwell system is symmetrizable hyperbolic for p, > 0, then the
problem (L.I))-(L.2) admits a local smooth solution according to Lax [16] and Kato [14]. For
smooth initial data, the global existence of smooth solutions, which are sufficiently close to
the equilibrium state, to — was obtained by Peng [19] both in a torus and in the
whole space, while Duan-Liu-Zhu [7] studied the corresponding decay rate problem in the
whole space. In Xu-Xiong-Kawashima [31], the well-posedness of - was established
in critical Besov spaces. In addition, if there is no velocity dissipation in , Guo-Ionescu-
Pausader [L1] proved the global existence of smooth solutions to (L.I)-(1.2) in the whole
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space with the extra general irrotationality condition
B=V xu,=-V X u,.

We refer to [8, 10, 27] and the reference therein for more related topics.

Physicians observe that in plasma physics, electrons move much more rapidly than ions.
Hence, when establishing unipolar models, they often regard ions as non-moving and becom-
ing a uniform background with a fixed unit density for simplicity. As a result, the equations

for ions are neglected. In fact, if we assume
pi =b(x), wu; =0, (1.4)

in which b(x) denotes the doping profile, then system ([1.1)) becomes the following unipolar

Euler-Maxwell model for electrons,

4
Oype + div(peue) = 0,

Otte + (te - Ve + Vhe(pe) = —FE — ue X B — u,, (15)

OE —V X B = peu., divE = b(x) — pe,

OB+ V x E=0, divB=0,

which has been widely studied. In Chen-Jerome-Wang [5], a global existence result of weak
solutions in a one-dimensional space was established by using the fractional step Godunov
scheme together with a compensated compactness argument. For smooth initial data, the
global existence of smooth solutions, which are sufficiently close to the equilibrium state,
to ([1.5) was obtained in [23], [0, B0]. Moreover, the asymptotic analysis of for smooth
solutions is also a well known problem. For the local-in-time convergence of small parameters,
we refer to [20, 21}, 22], ©, 23, 30] and the reference therein. By establishing the uniform
global estimates with respect to small parameters, the global-in-time convergence of small
parameters for are studied in [23] 24, 28].

Although the unipolar model has been formally established, its derivation from the
bipolar model is only based on physical observations and assumptions , which
lacks rigorous proof in mathematics. In other words, we need to prove correctly and explain
clearly why the unipolar model is well-defined and can be regarded as the simplification of
the bipolar model. However, it is not easy. One of the reasons is that there is no general
method and procedure by now to reveal the relationship of the bipolar and the corresponding
unipolar model which is effective for almost all fluid models.

Fortunately, in the perspective of mass, there are reasonable attempts. Based on the
fact that ions are much heavier than electrons, we let the ratio m./m; — 0. There are

two different ways to consider this limiting process. The first is setting m. = 1 and letting



4 L. Zhao

m; — +o00o, which is called the infinity-ion-mass limit, and was recently introduced in [29].
The second is setting m; = 1 and letting m., — 0, which is called the zero-electron-mass
limit. To some extent, the relationship of the bipolar model and the corresponding unipolar
model can be explained well in both limits, through which the corresponding unipolar model
can both be obtained from the bipolar model.

The zero-electron-mass limit in bipolar models has a long research history, and was first
mathematically introduced in [I3] for bipolar drift-diffusion equations. In [9], the local-
in-time convergence of the zero-electron-mass limit was studied in a bounded domain in a

one-dimensional space for the following bipolar Euler-Poisson system,

Opy + div(p,u,) =0,
my, 0 (pyu,) + mydiv(p,u, @ w,) + Vo, (o)) = @0,V o — mypu,, (1.6)
A(b = Pi — Pe,

where p,,u,,m,,p, and ¢, are defined in the same way as in , and ¢ is the scaled
electric potential. See also [29] for the corresponding Cauchy problem in the whole space
of any dimension. Similar to the bipolar Euler-Maxwell system, when ions are regarded as
non-moving, various problems concerning the zero-electron-mass limit have been studied for

the following unipolar Euler-Poisson model for electrons,

Oype + div(peue) = 0,
meat(peue) + mediv(peue ® ue) + Vpe(pe) = _pev¢ - mepeuea
Ap=0b— pe,

where b is the doping profile which is assumed to be constant. For the local-in-time conver-
gence, we refer to [I] for the case of periodic solutions and [2] for Cauchy problem with both
well- and ill-prepared initial data. For the convergence of periodic solutions in critical Besov
spaces, we refer to [32, B3]. In Li-Peng-Xi [I7], they studied the periodic case when the
doping profile b is not a constant but a function of the space variable x. However, as pointed
out in [29], when the zero-electron-mass limit is applied in bipolar models, it is not proper
to simply ignore the effect of ions, and only make the asymptotic analysis to the equations
for electrons. In fact, rather than staying the same, the equations for ions have a limiting
process, of which the key point is actually decoupling, but not the vanishing of equations.
The zero-electron-mass limit works well in the bipolar Euler-Poisson system, but not for
the bipolar Euler-Maxwell system. This is because there are strong coupling in the form
of the Lorentz force in momentum equations in . Indeed, when the zero-electron-mass

limit is applied to the bipolar Euler-Poisson model (1.6, formally we get the Boltzmann
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relation Vh(p.) = —V¢. Together with the Poisson equation, we have

Pe — Ahe(pe) = Pi-

This implies the solvability of p. in the expression of p;, which leads to the unipolar Euler-
Poisson model for ions that does not contain any information of electrons. By now the
decoupling is successful (See details in [29]). Contrarily, when the zero-electron-mass limit
is applied to the bipolar Euler-Maxwell system , formally the momentum equation for

electrons becomes

Vhe(pe) = —FE — u. X B.

Due to the Lorentz force on the right hand side, it is obvious that the decoupling is not
successful. However, if setting m. = 1 and letting m; — 400, we can avoid this strong
coupling. In fact, when the infinity-ion-mass limit is applied to the bipolar Euler-Maxwell

system ((1.1), the formal limit of the momentum equation for ions becomes

It is a transport equation only for u;, which results in the success in decoupling. See the
details in Section 2. That is why we apply the infinity-ion-mass limit.

The aim of the present paper is to establish both the local-in-time and the global-in-time
convergence of the infinity-ion-mass limit for the bipolar Euler-Maxwell system , of
which the limiting system is the unipolar Euler-Maxwell model for electrons. The paper is
organized as follows. In Section 2, we give some preliminaries and state our main results.
In Section 3, for sufficiently smooth initial data, we establish the local-in-time convergence.

Section 4 is devoted to the problem of global-in-time convergence.

2. PRELIMINARIES AND MAIN RESULTS

2.1. Notations and inequalities. In the paper, we let m, = 1 and define the small pa-
rameter € = m, Y2 Thus the infinity-ion-mass limit means letting ¢ — 0. We denote s > 3
an integer and C' a generic positive constant independent of the small parameter . For a
multi-index a = (ay, as, as) € N3, we denote

olel

= aq o g
0x{" 0% 0xs

0° with |a| = a1 + as + as.

For simplicity, we denote by || - ||, || - lo and | - [|; the usual norms of L2 /" L2(T%),
L L>(T?) and H' o (T3) for all integers [ > 1, respectively. We will repeatedly
use the fact that for integers s > 3, the embedding H*~! < L™ is continuous. The inner

product in L?(T?) is denoted as (-,-). Throughout the paper, we denote v = i, e, where i
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stands for ions and e stands for electrons. We first introduce the Moser-type inequalities,

which we will frequently use in later proof.

Lemma 2.1. (Moser-type calculus inequalities [I5, [18]) . Let I > 3 be an integer. For all
a €N with 1 <|a| <1, ifu € H and v € H®, then
[0%(uv) —ud®| < CIVulliaf|v]ljo -1,
10%(uv)l| < Cllulli[[v]]:-

2.2. Results on the local-in-time convergence. We first consider the local-in-time con-
vergence of the infinity-ion-mass limit for the bipolar Euler-Maxwell system. When concern-

ing the local-in-time convergence, it is not necessary to introduce the velocity dissipation

term in the momentum equations ([1.3)). Hence, ([1.1)-(1.2)) becomes

p

Op; + div(pfui) =0,

Opus + (u5 - V)us + e2Vhi(p5) = e2(E° + us x BF),

Oz + div(pZug) = 0,

Opus + (us - V)us + Vhe(pS) = —E° — us x B°, (2.1)
QBT =V x B* = poug — pjug,  divE® = pj — pg,

OB +VXxE =0, divB°=0, t>0, zeT?

t=0: (p5,u;, E5, B%) = (0}, u; 0, B, B5), € T3.

\

By the theory of Lax [16] and Kato [14] for the symmetrizable hyperbolic system, we have

Proposition 2.1. (Local ezistence of smooth solutions) Let s > 3 be an integer and the initial
data (p,io, Ui,o) € H*® with p;, o > 2p for some given positive constant p > 0 independent of
e. Assume that the initial data E§ and B§ satisfy the following compatibility condition

then there exists TS > 0 such that the periodic problem ({2.1)) has a unique smooth solution
(05, us,, E°, B%) defined on the time interval [0,T¢], satisfying p5, > p and

(Pl uy, B2, B7) € C([0, Te)s H) N ([0, Te]; HTY).
2.2.1. Asymptotic expansion. We look for an approximation of solution (p$,u$, E°, B®) to

(2.1) under the form of a power series in €. Assume that the initial data of (p5,us, E<, BF)

admit an asymptotic expansion with respect to ¢,

(95,00 1S, B, BY)(x) = > ¥ (p), u), BV, B) (), (2.2)

Jj=0
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where (), @, E7, BI )j>0 are sufficiently smooth. Then we make the following ansatz,

(pf/7 ufn Esv BE) (t7 l’) = Zg2j (p17/7 u{/? Ej7 BJ) (t7 .T) (23)
Jj=0
In what follows, we use a formal expansion defined by
hy (Z 62%) = hy, (p)) + R, (00) s + Y e [W(p0) el + 1l ((0)k<j1)]
J=0 j=2
where {h{} ;51 are smooth functions depending only on (pfﬁ) K<)’ Substituting the expansions

(2.3)) into system (2.1)) and comparing the coefficients before the powers of €, we obtain

(1) The leading profiles (p%, u2, E°, BY) from the coefficients of &° satisfy the following
system
)
0100+ div(faf) = 0.
Ol + (uf - V)u? =0,

atpg + div(pgug) =0,

Oul + (u? - V)ul + Vh(p0) = —(E° + u? x BY), 24
OE® =V x B = plu] — piug, divE® = p} — p,
(0B +V x B0 =0, divB® =0.
with initial conditions
(=00 (ol B BY) = (), B, BY). 2.5

The second equation in (2.4]) is symmetrizable hyperbolic. Due to the theory of Lax [10]
0

and Kato [14], a unique local smooth solution u{ exists. Once ! is known, the first equation
in (2.4) becomes linear. Obviously, a unique local smooth solution p? exists. In conclusion,

9 u?) exists, which satisfies the following

a unique local smooth solution (p}, u;
Ol + (uf - V)u? =0, (2.6)
t=0: (p,u)) = (p),u7), =T

0

Since (p?, u) is known, the remaining equations in ([2.4) become

(0 + div(fu) = 0,
Ol + (u? - V)ul + Vhe(p?) = —(E° +u? x BY),
q OB —V x BY = p%ul — p0(t, 2)ud(t,x), divE® = p0(t,x) — pY, (2.7)
9B +V x ' =0, divB® =0,
E=0: (o000, B0, BY) = (20, @, B, BY), € T",

e’

\
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which we call the generalized unipolar Euler-Maxwell system for electrons. Since it is sym-

metrizable hyperbolic for p. > 0, a unique local smooth solution (p2,u?, E° B%) to (2.7))
exists due to the theory of Lax [16] and Kato [14].

e’

(2) When j = 1, the profiles (p!, ul, E', B') from the coefficients of 2 satisfy the following

linear system

(
Opi + div(piu; + piui) =0,
Opul + (uf - V)ui + (uf - V)ud = =Vhi(p?) + E° +uf x B,

Orpe + div(plug + peug) =0,

(2.8)
Ol + (ul - V)ul + (Wl - V)ul + V (RL(p0)pl) + E' +u? x B +ul x B® =0,
HE' =V x B' — (plul + pdu}) + plu; + pjuf =0, divE' = pj — p,
(0B +V x E' =0, divB' =0,
with initial conditions
t=0: (piauzlnElvBl) :(ﬁlln'azlnElagl)' (29)

(3) In general, for j > 2, the profiles (p?, i, E7, B7) are obtained by induction. Assume

that the coefficients (pl’f, uk, B, Bk)

0<h<j_1 ATC smooth and already determined in previous

steps, then the coefficients (p?, u/, E7, BY) of order €% satisfy the linear system

(

O+ div (pfud + pluf)) = = 3 div (plul™)

Ol + (uf - V) ul + (ul - V) uf

(2

Jj—1 j—1
= O 1 () + 87 - 5 (o) - ),
k=1 k=0

7j—1
0t + div (ol + ) = — 3 dliv (e ")
k=1

Ol + (a2 )+ (ud - V) 2+ V(L) + b (PEheyon) + BV + ud x Bl x B
7j—1

=— ((uf - V)ul™ +ul x B77F),

e

k=1
j—1
OB~V x B+ plul + gl — (plul + plud) = = 7 (phad™* — plul ™).
k=1

divE! —pl +pl =0, 9B +V x E' =0, divB’ =0,
(2.10)
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with the initial conditions
(p), ul, B/, B7) (0, z) = (pl, ul, B, B?) (). (2.11)

In and , all the terms on the right hand sides are known. Generally speaking, for
j > 1, we can get (pz , uf ) from the first two equations in the system or , and then
insert (pf , uz ) into the remaining equations in the system to get (p?, v/, E’, B7). Hence, linear
systems (2.8)-(2.9) and (2.10)-(2.11)) admit unique local smooth solutions (pJ,u/, E?, B7) for

all 7 > 1. We then have the following proposition.

Proposition 2.2. Let the conditions in Proposition 2.1 hold. Assume (2.2]), in which
independent of the small parameter €, such that periodic problems (2.4))-(2.5)), (2.8)-(2.9)) and
(2.10)-(2.11)) admit respectively a unique local smooth solution defined in the time interval
[0,T,]. In other words, there exists a unique asymptotic expansion of the form (2.3) with

are sufficiently smooth, then there exists a positive time T, > 0, which is

profiles (pl,, w}, E7, B7) ., defined on [0,T,] x T® up to any order of the small parameter ¢.

2.2.2. Error estimates and main result. Let m > 1 be a fixed integer and denote the ap-

proximate solution of order m by

(py, u, BBy =Y ¥ (pl, ul, B9, BY)
7=0

where (p, ul, 7, B)o_ i,

mainders (F7", Ry, Ry") by

are constructed in the previous subsection. We define the re-

(
Onpie +div (piul) = R,
el + (u - V) ufs + e>Vhi(pfh) — (B 4+ us x BI") = Ry™,
atpgba + le (PZ,IEUZ,LE) = RE,m

Pe

ol + (ul. - V) ul™. + Vhe(ph) + E" + u™. x B* = RG™,

e,e

8tE;n —V x Bgn —+ pm umn — pg?eugfe = R%m,

2,€ Vi,E

divE" — pit + pi. =0, B +V x E" =0, divB" =0.

\
It is clear that the convergence rate depends strongly on the order of the remainders with
respect to £. Since the approximate solution (p;’fa, uy, BT, Bg”) is sufficiently smooth, a

straightforward computation gives

sup [|[(R5™, Ry™, Ry™) ()| < Ce*m*2. (2.12)
0<t<T,

Let (p5, us, E°, B?) be the exact local smooth solution obtained in Proposition 2.1. When

the convergence holds at ¢t = 0, establishing the convergence of the asymptotic expansion
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(2.3)) is to prove that

(05, us, B5, B%) = (o, upe, B BEY) — 0,

Ve’

and obtain its convergence rate as ¢ — 0 on a time interval independent of . It is as follows
the main result for the local-in-time convergence for the infinity-ion mass limit, of which the

proof will be given in Section 3.

Theorem 2.1. (Local convergence result) Let the conditions in Proposition 2.1 and 2.2 hold.

Let s > 3 and m > 1 be integers. Assume

(> m 1 1> m > m g m > m
(650 = P00 S0 = w0, iy = (0., B = BP0, 55 - 50,0 )|
(

< Cl €2m+2 ,

2.13)

where C7 > 0 is a constant independent of e, then there exists a constant Cy > 0, which
depends on T, but is independent of €, such that as € — 0, we have T > T,, and the local
smooth solution (p,us, E°, B%) to the periodic problem (2.1)) satisfies

sup || (65, ug, B, B) (8) — (o, wl, M, BI) (1)]|, < Coc®™ 1,

v,Es
0<t<T,

In particular, as € — 0, we have
(05, ug, EF, BY) = (py,uy, B°, B%),  uniformly in C([0,T,]; H*),

where (p?,uY) satisfies ([2.6) and (p2,u®, E°, BY) satisfies the generalized unipolar Euler-
Mazwell system for electrons (2.7)).

Remark 2.1. If, ase — 0,
u; o — 0, weakly in H®,

)

it is obvious that ) = 0. Thus the leading profile u{ satisfies the following

Ol + (ud - V)u? = 0,

t=0:uY0,) =ud(-) =0,

which admits a unique local solution u9 = 0. Hence, combining the first equation in (2.6)),
we have Oip? = 0. As a result, p§ = p?(z).Consequently, [2.7) becomes

(

Oup¢ + div(pug) =0,

Ol + (ul - V)ul + Vhe(p°) = —(E° +u? x BY),
OE® —V x BY = p%uf,  divE® = p?(z) — p°,
8B+ V x " =0, divB®=0,

t=0: (o0, EY, BY) = (2, a0, B°, BY), xeT?,

\
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which 1s the usual model of the unipolar Euler-Mazwell system for electrons.

2.3. Results on the global-in-time convergence. When considering the global-in-time

convergence, we establish uniform global estimates of the solutions to (1.1))-(|1.2)) with respect
to e. Noticing (1.3]), the periodic problem ([1.1)-(|L.2)) is equivalent to the following

.

O + div(piug) = 0,

opus + (us - V)us + e2Vh(p5) = e2(E° + us x B¥) — g,

Oype + div(pgug) = 0,

Opus + (us - V)us + Vhe(pf) = —E° —us x B° —uf, (2.14)
OB =V X B = ptug — piug,  divE® = pi — pf,

HB 4+ VxE =0, divB°=0, t>0, zcT,

t=0: (p5,us, E°,B%) = (p5 0, u5, E5, By), x €T

\

Theorem 2.2. (Uniform global estimates with respect to €) Let s > 3 be an integer. There
exist positive constants Cs and § such that for all € € (0,1], if

1 1
> oo —tls + “llpio = Ul + llucolls + Zlluiolls + 1G]l + 1185 — Bells < 4,
then for allt > 0, (2.14) admits a unique global solution (p5,us,, E¢, B®) satisfying

£ 1 £ 1 € 3 3 &
2 o5 @) = 1E + S lpf (1) = 1y + Sl O + Ieg B + 1B + 15°(1) — Bell?

v=t,e

! 1
+ /0 <Z IVAL (s + Sl (OIS + I @IE + 1B I + HVBE(T)Hi_z> dr

v=t,e

1
< G (Ilpio = LS+ llp%o = 1S + llugolls + Zllufolls + I1EGIS + ||BSI|§) :

Theorem 2.3. (Uniform global convergence) Let (p5,, us, E°, B®) be the unique global smooth
solution obtained in Theorem[2.3. If, as e — 0,

(piOv ﬂi,o’ ui,0> u?,Ov ES) BS) - (ﬁ?a ﬁga aga O, an BO)’ weakly in Hsa (2'15)

then there exist functions (p;, pe, te, E, B) € L¥(R*; H®), such that, as ¢ — 0, up to subse-

quences,

u; — 0 strongly in L*>([0,T); H?), VYT >0, (2.16)

7

(05, p5,us, E5, B — (D, Pe, e, £, B), weakly-* in L®(R*; H®), (2.17)
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where p; = p;(z) depends only on the space variable x, and (pe, ., E, B) is the unique global
smooth solution of the following unipolar Fuler-Maxwell system for electrons
Orpe + div(petie) = 0,
Oiie + (e - V)ile + Vhe(pe) = —FE — 1, X B — i,

_ _ B (2.18)
OE —V X B = pti., divE = p;j(x) — pe,
B+V xE=0, divB=0,
with initial conditions
t = 0 : (ﬁe,ﬂe,E, B) = (pao,ﬂe,mEg,Bo). (219)

3. LOCAL CONVERGENCE

3.1. Energy estimates. In this section, we prove Theorem 2.1} Let (p5, uS, E°, B) be the
exact local smooth solution obtained in Proposition 2.1, which is defined on the time interval
[0, T7]. Since the approximate solution (7%, ul’., ET, B") is defined on the time interval

[0, To], we set
Ty =min (T2, T,),

then the exact solution and the approximate solution are both defined on the time interval

[0, T¢], on which we denote

(N, we, x°,G°) = (p6 — Uy, =y, B — B BT — B;”) )

v v v,e)

It is easy to check that (INE

v

ws, X%, G°) satisfies

(0.2 4 us - VNE + pedivus = —(Nedivul + Vpr - we) — R,
Opws + (us - V)ws + bl (pf)V N
= —(wi - V)ui — e (hi(N7 + pi) — hi(pil)) Vi
+e?(x° 4w x B +u x G°) — R,
0N + ug - VNE + pedivw; = —(NZdivul’ + Vol - wg) — R5™, (3.1)
Owg + (ug - V)wg + hi(p;) VNG
= —(w; - V)ugl — (ho(N; + pl) — he(pll)) Vol
—(x* +w: x B +uf x G°) — Ry™,

Oix® — V x GF = Neug + wipl. — (Nsu§ + wip) — Ry,

e

| divx® = Nf — Ng, 0,G°+V xx*=0, divG® =0,
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with initial conditions

(NE, Wiy G7) |,y

= (pls/,O - PZ,LE(Oa ‘)7“15/0 — Uy (07 ')7 E(E) - E;n<07 )7B(E] - B;n(o’ )) :

) v,e

For v =i,e, we set

W¢
Ni Ne We
Wi = . Wi= . WE=
w; we X°
GE

We further denote
oo ( Nedivul™ + ws - Vi )
(ws - V) ul + 2 (BA(NE + pit) — hi(p)) Vo )
oo ( Nedivull, +ws - Vi, )
(wg - V) ug + (WL (NE + pi) = Bpi)) Vi )

, 0
e2(x° 4+ wf X B™ +us x G°) |

H? = 0 .
o —x° —wi X B" —ui x G*

The remaining terms are defined as

[ e [ B0
¢ Rz,lm € Ri,em

For j =1,2,3, we set u;, = (u;, uj,,,u; 3), and

]
AL, ) = ( o )

el (p5) &5 iyl

Al (ps us) _ u‘;j '025}—
e o (p2) & ug I

13

(3.2)

where I3 is the 3 x 3 unit matrix, {&}3_, is the canonical basis of R? and the superscript T

denotes the transpose of a vector or a matrix. Thus, the first four equations in (3.1]) can be

written as
3
OWE +> AL (p, uy) 0, WS = —H,_+ H} . — R,
j=1
with initial conditions

t=0: W;=Wg,,

(3.3)

(3.4)
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we, = <W@)>:<p%—%WJ>7
| wi (0, -) uip — uf(0, )
(0, ) )
) )

where

NE(O0, co— pPo(0, -
Wego _ e _ p ,0 p ( )
7 wg(()» Ui,o - urena(ov ’

Since p;, > p > 0, system (3.3)-(3.4) is indeed symmetrizable hyperbolic. In fact, if we

introduce the symmetrizers A%(p%) as

AO (pa) _ h’g (p;‘:) 0 AO (pa) — h/e (pi) 0
Y 0 eI ) F 0 pl; )

which for 7 = 1,2, 3, results in

h, (p5) m@ﬂ@)

AL (p5, u5) =4£@340auﬂ:(
pi(p5) & e 2p5us I

~. . h! (08) ut . I (pE) T

A (g2, ve) = A%éﬁ%@i@)z( J%)&Jp*%ﬁﬁ),
P (P& peugls

then for p5 > 0, AY is positively definite and AJV is symmetric for all 1 < 7 < 3. Thus, the

theorem of Lax [16] and Kato [14] for the local existence of smooth solutions can also be

applied to (3.3)-(3.4).

By standard arguments, to prove Theorem [2.1], it suffices to establish uniform estimates
of W€ with respect to e. We denote

Wi,

NE € WE

v (0 ) e (), e |
£ w; w, X

GE

The theorem of Lax and Kato for the local existence of smooth solutions implies W €
C([0,T¢]; H*) and the function ¢ — [|[W{||s is continuous on [0,7;]. From the assumption
(2.13)), there exists a T¢ € [0, Ty] such that

W@l <C, vtel0,T7], (3.5)

provided that £ < 1. Actually, we may assume that T° is the maximum time such that W?
exists and satisfies (3.5)). For € < 1, the approximate solution established in Proposition
is sufficiently smooth. This, together with (3.5)), implies the exact solution to (2.1)) satisfies

1007, uz, B2, BY) ()]s < €, Vi€ [0,T°]. (3.6)
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In order to prove that T° is indeed independent of €, first we need to show that there exists
a constant p > 0, such that

sup [[WE(1)ls < Ce*.
0<t<T*

In what follows, we always assume that the conditions in Theorem hold.
Lemma 3.1. [t holds
d
LAY )0, 0 WS < CIWE o+ Cet. (3.7)

Proof. For a multi-index o € N? with |a| < s, applying A%(p5)0* to (3.3), making the inner
product of the resulting equations with 92W¢ in L?*(T?), we obtain the following energy
equality for W,

DA )0 W0 WE) = (A A (5 i) WE W) — 2( AL (45) 0° W, 0P )
+ 2<A8 (pla/) aaW;f? 8aH3,5> - 2<A2 (pi) aaWyav aaRi>’
2 (AP WE, ) (33)

where

3
divA, (o5, ug) =AY () + > Oa, AL (05, u5),

j=1
3 3
Jy. = =0~ (Z Al (pf, ui)&ij,f> + ZA{,(pi,uf,)&aﬁijj
j=1 j=1
Now we deal with each term on the right hand side of (3.8)). First, since 0;p; = —div(pius),
we have
1005 Ml < Nl s

Since ¢ < 1, in view of the expressions of A%, using (3.6)) and the Cauchy-Schwarz inequality,

we have

IN

| <at (Az(pf) uf)ng) aavviav 8aWiE> |

% (||Nf||2+ H“’—
[

[ (00 (Aelpf ug) HE L) 0°WE,0°WE) | < O (INEIIP + i) < CIIWELII,

2
> S C||Wz€,*||\2a|7

Hence,
(0, (A HD.) 0°WE, 0P W) | < CIWER,. (3.9)

Similarly, in view of the expression A/, we have

(0n, AL 65 w0, 07V

< CIWEIR,
Thus, combining ((3.9)), we have

[(divA, (o5, up )0 W, 0°W)| < CIWE,. (3.10)
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Since the approximate solution (p]’., uy’,, EI", B") is sufficiently smooth, noticing (3.5])-(3.6])

v,e?

and the expressions of H;E, using the Cauchy-Schwarz inequalities and the Moser-type in-

equality in Lemma 2.1, we have

(A (F) 0°W, 0°H., )

IN

‘<h;(pf)8a]\ff, o (Nfdivuzlg + w; - Vpﬁ.)ﬂ
+ [(p50% (e wf), 0% (e (wf - V) ut) + 0 ((hy(N; + pilv) — hi(p2)) Vi)

&

OOMWJPL
g

IN

2
> +[(pi0* (7 wf), 0% (R (p5.)NT Vi) | < CIWEIITy,

in which we have used the Taylor formula and pf, is between Ni + p/. and pj.. Similar

estimates can also be established for the term containing H,, and H__. Thus, we have
(A () 0°W, 0% H,, )| + [(Ay (p) 0°W, 0°H; )| < ClIWEy. (3.11)

For the term containing R° in (3.8)), noticing (2.12)) and applying the Cauchy-Schwarz in-

equality, we have

(A7 (pF) 0°W7, 0°R;)| < CIIWEIIG + Clle™ B llfyy < CIIWE, + Ce™*2, (3.12)
[(AD (p5) O°WE, O°RE)| < CIWEfy + ClIRENR < CIIWE 7y + O, (3.13)

e —

If |a] = 0, the term containing J¢, in (3.8)) vanishes. For 1 < |a| < s, by using the Moser-type

inequalities in Lemma 2.1 , we have
110Nl < CIV A lls-1 Vg llsmr < Ol Vg [[s-1,

which implies

(V)0 W, Ty )| < CIIWELL. (3.14)

vy Yve

Combining (3.8) and the estimates (3.10))-(3.14]) yields (3.7). O
Lemma 3.2. It holds

sup [[WE(t)]Z < €™ (3.15)

0<t<Te

Proof. For a multi-index o € N3 with |a| < s, applying 0° to the Maxwell equations in
(13.1)), we have

DN — V X 0°CF = O°(NZu +wipll,) — 0 (NFus +wipf) — 0° g™,

00°GE +V x 99 = 0, (3.16)
divoex® = 99Nz — 92Nz, divo*GE = 0.
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Making the inner product in L?*(T?) of the first equation in (3.16)) with 9“x° as well as of
the second equation with 0“G¢, adding the resulting two equations and noting the vector

analysis formula

div(f x g) =(Vx [f)-g=(Vxg)-f, VfgeR’,

we have

e

d .
2 (102 + 10°GF2) = 207, 07 (Nzus + wE i) — 0 (NFus + wipll) — 0P RE™)

Noticing (2.12)), applying the Cauchy-Schwarz inequality and the Moser-type inequalities in
Lemma 2.1 to the right hand side of the above energy equality, we have

d
a0 (10°X 1> + |9°GE|[?) < C||WE|? 4 Cetmth,

Thus, combining the above estimate and (3.7)), we have

d
p (Z (Ap(p))0" W, 0°W) + [[0°x°II* + ||3°‘G5||2) < CIWEIT+ Ce™™ = (3.17)

v=t,e

Since AY(p?) is positive definite, we obtain that there exists a constant ¢; > 0, such that
(AV(P)O" W5, 0°W5) > ea|[ WL 1%
Consequently, summing for all 0 < |a| < s, integrating the resulting equation over
[0,¢] for any ¢ € (0,7¢] and noticing (2.13)), we have
el < o [ e ias, e 07,
0
Applying the Gronwall inequality to the above estimate yields . U

3.2. Proof of Theorem It suffices to prove TF > T,, i.e., Tf = T,. Recall that T¢ is

the maximum time interval on which W exists and satisfies
Wil <€, vtelo,T7].

By the definition of T;,T, and 1%, we have T° < T; <T,. We want to prove 7° = T,,. If
T° < T,, we apply the theorem of Kato for the local existence of smooth solutions with initial
data WE(T*). Consequently, there exists 7. > T and a smooth solution Wg € C([0, T¢]; H®).
Since the function ¢t — ||[WE(t)||s is continuous on [T¢,T¢|, there exists 7! € (7, T.], such
that

IWeOlls <€, vt e0,T7].

This is contradictory to the maximality of 7. Thus, we have proved 7% = T; = T,. 0
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4. UNIFORM GLOBAL EXISTENCE AND CONVERGENCE

In this section, we denote by s > 3 an integer and C' a generic positive constant inde-
pendent of £ and any time. We first prove Theorem 2.2 In what follows, we will drop the
superscript € for simplicity and assume that the conditions in Theorem hold. Let

nl/:pv_17 FIB_B@? Ul/:

VRS
S 3
AN
N——
-
I
S oS

For j =1,2,3 and u, = (u’,u?,u3), we denote

v 128 14

; ul pikl
Di(ﬂw“l) = ( 277 ]> )
2 hi(pi)&;  wils

D](p U) — ug pegf
e (pe) ucls)

and

Qilus, B, B) = ’
e - e2(E +u; x B) —u; ,

Qe(ue, £, B) ’
6u67 ) - )
—F—u.xB—u,

where I3 is the unit matrix, {£,}3_, is the canonical basis of R® and 5]T is the transpose of

&;. Then (2.14]) becomes

3
atUu“‘ZDi(meu)aiju = QV(UV7E7 B)? (41)
j=1
with initial conditions
t=0: (py,w,E,B)=(p,0 u50 E5, B;), x¢€T (4.2)

System (4.1]) is symmetrizable hyperbolic when p, > 0. Indeed, if we define the symmetrizers

as

DY(p;) = 1 :
0 §Pi13

DY(p.) = (h/e(ope> p01>’
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which are symmetric and positive definite for p, > 0. The matrix D{, are defined by
hi(pi)ui  pi(pi)&;

1 ,
Pi(pi)&; ;Piufh

y : hi(pe)ul Dh(pe)€]
Dé(:Oeaue) = D?(loe)Dg(ﬂe:ue) = , Y )
pe(pe)gj peuil?)

Di(pi,u;) = D(p:)Di(pi,w;) =

Y

which are symmetric.

Without loss of generality, let 7 > 0 and U be the local smooth solution of (4.1))-(4.2)
defined on the interval [0,7]. We introduce the total energy and the dissipative energy as

follows

1 1
E) = Y Il + S lIn®IE + Slu@2+ Jue I + [ EG1E+ IFOIE,

v=i,e

1 .
2() = Y V@i, + Sla®1S + lue@)5 + I divE[Ls.

v=t,e
Moreover, we set

&r = sup &(t),

0<t<T
which we assume to be uniformly sufficiently small with respect to T and . Besides, because

of the smallness of &7, it is reasonable to assume

1
L 3 and K.(p) > ho, (4.3)

where hg is a positive constant independent of the small parameter € and any time. We first

have

Lemma 4.1. (L?>—estimate) It holds

d . 1 . 1
g | pelucl® +helpone + S piluil” + i )nd + | B + | FPdw + [luel* + Fllwl* < 0, (44)
T

in which p}, is between 1 and p,.

Proof. The entropy and the corresponding entropy flux for the bipolar Euler system in
(2.14]) are

1 1
Mo (Pws Un) = §Pe|ue|2 + He(pe) + —2€2p¢\uil2 + H;(ps),
1 1
Q100<pw uu) = §pe|ue|2ue + pehe(pe)ue + 2—€2P1|Uz|2% + pzhz<pz)uu

in which H/ (p) = h,(p). Then the entropy identity for the bipolar Euler system is

. 1
8t770(pu7 uu) + dlva(pm U,,) + pe|ue|2 + ;pllul|2 = _E(peue - plul)
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The energy conservation of Maxwell equations in ([2.14]) is
1
5@ (|E|* + |F|?) 4+ div(E x F) = E(peue — piu;).
Thus, combining the above two equations, we have
1
atn(pl/v Uy, Ea F) + din(pl,, Uy, E> F) + pe’u€’2 + E_Qpl‘ul|2 = O? (45)
in which
1 1
n(pwul/: E7 F) = 1o + §|E7|2 + §|F|27
V(py,u,, B, F) =g+ E X F.
By the Taylor formula, we obtain
1
H,(pv) = H,(1) + hy (1)1, + 5”(09”3,
where p¥ is between 1 and p,. Since dyn, = —div(p,u, ), we have
: ]‘ 1/ % 2
Ot (p,) = —h,(1)div(p,u,) + §at (h (pu)nu) .
Thus, substituting the above into (4.5)), integrating the resulting equation over T? and notic-
ing (I3 yield (). 0

Lemma 4.2. (Higher order estimates) It holds

%Z > (o, DYo"U,)

v=ie 1<|a|<s

d . 1 .
T ( / pelucl® + 3 (o)l + ol + 1| |3 + ||F||§) o luel2 + Sl 2

v=t,e

< C&P®). (4.6)

Proof. For a multi-index o € N3 with 1 < |a| < s, applying 0% to both sides of (4.1)), we
obtain
3
0,0°U, + > D} (py, 1,)0°0:,U, = 0°Q(u,,, E, B) + J3, (4.7)
j=1
in which
3
gy = Z(Dz{(pw uy)0“0,, U, — (D (p, uy) 0z, Uy)).

j=1
Since DY and DJ are symmetric, taking the inner product of ([&.7) with D%(p,)d*U, in
L*(T?), we have
d
%@O‘UV,DS@"U» = (divD,0°U,,0°U,) + 2(J3, DYo°U,) + 2(0°Q,, Dyo*U,)

= IL+I2+ 12 (4.8)
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with the natural correspondence of I', I? and I2, and

3
divD, = 0,D%(p,) + Z Oz, D (py, u).
j=1

In what follows, we will estimate I, I2 and I3 term by term. First, since 9yn, = —div(p,u,),

we have
10 lloo < |t |s-
Since ¢ < 1, it follows that

Uy

(8,D00°U;, 9°U;,)

IN

?
S

e (Ivni +]

Uy
€

)l

<athaaUe,aaUe> S O (aneui_l + ”ueHg) ||ue||5'

)

(0r, D2pes )0V °0e) < C (19l + el e

3

Similarly, for 1 < j < 3,

Uy

€

IN

b
S

<8x,,-Df(,0i,Uz‘)aaUz‘,3an> ¢ <||Vnz||§_1 + ‘

Uy
€

Therefore
2\ ||
NE

For I?2, since 2 = 22?21 17, with

Uy
€

<0 (I9nl + ] O (Tl ) Nl < C82(0). (49)

Izj = <h;(pl) (8a(uf(9mjni) — ufaaaxjm) ,8ani>
+ (hi(pi) (0°(pi0n,ul) — pi0Dyuil) , 0ns)
+ (pi (0%(h}(pi)Dayni) — hi(pi)0*O,mi) , 0%ul)
+€_2 <pz (aa(uﬁm]uz) — uﬁ"‘&xjui) ,8aui> s
and
Iezd» = <h'e(p6) (80‘(%8%716) — ui@“@xjne) ,aane>
+ <h'e(pe) (Qa(peawjui) — pecf)aa@ug) ,aane>
+ <pe (aa(h/e<pe)axjne) - hle(pe)aaazjne) 7aaug>
+ <pe (Ga(ueaxjue) - uea“axjue) ,aaue> )

Noticing VA, (p,) = h!(p,)Vn,, by the Moser-type inequalities in Lemma 2.1, we have

)l

2
11551 < C(IVnellazy + luelly) lluells,

Us

7251

IN

Y
S

o (Ivali +|

Uy
€

3



22 L. Zhao
which similarly implies
112 < C& (). (4.10)
For I3, by using the Moser-type inequalities in Lemma 2.1, we obtain

= 2(0°F, pid™us) + 2 (0%(us x B, pid®us) — —

6_2 <Piaauz’7 aaui>

= 2 <8°‘E, piaaui> - 2

2 (pi0%u;, 0%uy;)

+2 <8aui X B,piaaui> + 2 <0°‘(ui X B) — (9au7; X B, piao‘w)

IN

Q (63 1 8] (6%
2(0°E, pi0*us) = 5110%uwill® + Clleills1 [V [l 0% i

IN

1
2(0°E, pid"ui) — 5 0%wil|* + c& o),
similarly

P < —2(0°E, pd®uc) — ||0%uc|]? + C&ED(1).

e

Substituting (4.9), (4.10) and the above two estimates into (4.8)), and adding the resulting
equation for v = 1, e yield
d

1
- > (0°U,, DYOrU,) + ;H@O‘uiw F (|0 ||? = 2(0“E, pi0®u; — peduc) < CEL* D).

v=t,e

(4.11)
Now we estimate 2 (0°FE, p;0“u; — pe0®u.). Applying 0% to the Maxwell equations in
(2.14), we have
00°E —V X 0°F = —0%(piu; — pelie),
OO0 F+V x 0°E = 0.
Taking the inner product in L?*(T?) of the first equation in the above system with 20*E and

of the second equation with 20*F , and adding the two resulting equations, we have
d (6% (63 (63 (6% Q
T "B +110°GI*) = —2(0"E, pi0*uw; = ped*ue)
—2(0E, 0% piui) — pi0®u;) + 2 (0“E, 0%(pette) — pe0®ue) ,
in which by the Moser-type inequalities, we obtain

Uy

(0B, 0" (pis) = pidu] < ClO“E][Vpilser || 2

<ce? (),
1

Ss—

(07 B, 0% (peue) = ped®uc)] < ClOENIVpellsilucllsr < CE&* ().

Hence,

L2 (0B, i — pedug) > % (|0°E|? + 0°CG|1?) — &),

Substituting the above into (4.11)), adding the resulting equation for all 1 < |a| < s and
combining (4.4)) yield (4.6)). O
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Lemma 4.3. (Dissipation of Vn, ) It holds

Z % (52 (Haﬁnz’HQ +2 <8ﬂui,85Vni>) + [|0%ne||* + 2 <85u6,55Vn6>)

1Bl<s—1
ho ho .
P2+ 2 Tn 2 + a2
Ue 2 2 1/2
< o|%| +Cluclz + e 2. (4.12)

Proof. For a multi-index 8 € N3 with |3] < s — 1, multiplying e ?p; to both sides of the
momentum equation of ions in ([2.14]), and applying 9” to the resulting equation, we have

pi(p)0°Vn; — 0 (piE) = —e20,0% (piui) — e 20 (pi(wi - V)ui) — e 720" (piwy)
+0%(pui x B) + (0i(p:)07Vni — 0% (pl(pi) Vi) -
Taking the inner product of the above equation with 9°Vn; in L*(T?) yields
(Pi(pi)0°Vn;, 0°Vn; ) — (8°(p; E), 0°Vn;)
= (20,0 (prus), 9OV i) — (e720% (pi(us - V), Vi) — (7208 (prus), 97V,
+(8°(piu; x B),0°Vn;) + ((p}(p:)0°Vn; — 0° (pi(pi)Vny)) , 0°Vn; ) . (4.13)

Now we treat each terms in the above equation. First, the estimate for the term containing

9°(p;E) on the left hand side requires a little more calculations. Let us first remark that
(0°(piE),0°Vn;) = {(pi0°E,0°Vn;) + ((0°(p:iE) — pi0°E) ,0°Vn,) |
in which by the Moser-type inequalities, we have
[((07(piE) = pi0°E) ,0°Vni)| < ClIE || Viill}y < C& D),
and
<pi36E, GBVni> = % <86E, 86(V(p¢)2)> — <3BE, 9°(p:Vpi) — pi85Vpi>
< {OPBP(V(0)) - CE )
Hence,
(0 (0iE), 0°Vni) < 5 ("B, 0°(V(p))) — O (1)
Moreover, noticing , we have
(PO Ve, i) > o7V
Let us move on to the right hand side of . An integration by parts gives
g2 <6t06(piui), 85Vni> = 5_2% <8’3(piui), 36Vni> +e72 <85div(piui), aﬁdiv(piui»
5_2% (0°(piw;),0°Vn;)y + C ‘

UZ‘Q
£

S
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By applying the Young inequality, the Cauchy-Schwarz inequality and the Moser-type in-
equalities, it is obvious that

Uy

2
e (D% (pi(us - V), 0°Vini) | < O Vngl|s <c&(),

2 A
210 (psus x B),0°Vns) | < O || 2|+ 220" Vi)

Uy
€

[ (Pi(pi)0°Vni = 0°(9i(p)) Vi), 0P Vi) | < CIIVnilli, < C&* ().

Next, using the mass equation of ions in ([2.14]), we have

1 d

e (07 (prus), 0° Vi) = =72 (D7 div(psws), i) = 72 (00" ni, O pi) = 5

10%ns].

Thus, combining all these estimates, we have

1d h
=7 (107”2 (0%u;, 07Vni)) + 2 |07ni|[* = (97, 0°(V (p)*))
112
< C‘ % +CE (). (4.14)

Similarly, applying the same procedure as above to the momentum equation for electrons,

we obtain the similar estimate for electrons.
% ([10°ne||* + 2 (0 ue, 0°Vn,)) + %Haﬁwelﬁ +(0°E,0°(V(p.)?))
< Clluel? +C&a(1). (4.15)
Now it remains to estimate the term (9°E, 9°V ((p;)* — (p)?)). Since
PAvE = 0°p; — 0°pe.,

then

(OB, 0°V () = (pe)?)) = —(9°divE, 8((pi — pe)(pi + pe)))

= —{(pi + pe)0°divE,9°divE)
—(0°divE, 0°((pi — pe)(pi + pe)) — (pi + pe)’ (pi — pe)) ,
in which noticing , we have
{(pi + pe)0°divE, 0°divE) > ||0°divE|?,

and by the Cauchy-Schwarz inequality and the Moser-type inequality, we have

| (0P divE, 0 ((pi — pe)(pi + pe)) — (pi + pe)0°(pi — pe)) |

< Cl°AivE|[|Vpi + Vel sillpi = pells—
< C2(t)lpi — Uls—1 + llpe — Lls—1)
< C&"9().
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Hence, combining these estimates, we have
(DB ((p) ~ (p))) < 9PV E|* + CE (1),

Adding (4.14]) and (4.15)), and combining the above estimate, we have

Lay

e2dt
h h

+5 107Vl * + 210V ||* + [[divd” B

1872 + 2 (8%u;, °Vn,)) + % ([10°ne||* + 2 {0 ue, 0°Vn,))

2
< c||%|| +Cllul + c& ).
Adding the above for all |5 < s — 1 yields (4.12). O

Lemma 4.4. For VYt > 0, it holds

1
> lou(®) = 1S + eI + Sllw I + 1B + 1BE) — Be:

v=i,e

t
1
[ IR+ Sl + (o)

v=t,e

1 1
< Cllpso = 1S+ SIVPiollior + lugolls + Zlluolls + [EGIE + IBGI)-  (4.16)
Proof. Now let us define the following

_ . 1
E(t) = e nidl2y + mlinel2y + B+ 1 FI2 + / peluel® + D H(plym + ppiluf*de

+3° 3 (0o, DSrU) + > 2k (672 (0%u;,0°Vng) + (07, 07Vn,)) |
v=ie 1<|a|<s 1B|<s—1
and
1 kh kh )
D(t) = uellZ+ Flluilld + =51Vl + 521 Vnelsy + slldivEy,

where k > 0 is a small constant to be determined later. Using Lemma [4.2H4.3] adding the

two resulting estimates in the way (4.6)+~x(4.12)), we have
d 1
SE(@)+20) < O (Jlul? + Shul?) + 08900
Since ID() is equivalent to Z(t), and &7 is sufficiently small, a straightforward calculation
implies that there exists a positive constant x; > 0, such that

d

—E(t) + k1 2(t) <0,

dt

provided that s is chosen to be sufficiently small. Integrating the above inequality over |0, ]
for any ¢ € (0,7 yields

E(t) + k1 /t 2(r)dr < E(0). (4.17)
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Noticing (4.3]) and the fact that DY is positive definite, it is obvious that E(t) is equivalent
to &(t). Thus, from (4.17)), we have

E(t) + /t P(t)dr < C&(0),

This gives (4.16)), which implies the uniform global existence of solution to (2.14)) by a
bootstrap argument. 0

The proof of Theorem follows from the following lemma.

Lemma 4.5. It holds
t
/0 (IB@)2 + IVE@)|2,) dr < CEO), Vi =0, (4.18)

Proof. Let t > 0 and
E = —0wu. — f, (4.19)
in which
f = (te Vue + Vh(pe) + e + ue X B.
Since ¢ € (0, 1], from (4.16)), we obtain
[ 11 dr < 00, (1.20
For a multi-index 8 € N? with |3] < s — 1, applying 9” to both sides of , we obtain
O°E = —0,0°u, — 9°f.
Taking the inner product of the above with 9°E in L?(T?) yields
10°E|?> = — (0°E,0° f) — (8,0°u., 0°E)
in which by the Young inequality,
(0°B.0°)| < S|°EII* + Cllo° |
and by and the Moser-type inequalities,
(00, °F) = (P E) — (9., 00°E)
_ % (0%ue, 0°E) — (6%ue, V x OPF + 0% (pee — prus))
> & (0%, 0°B) — CO(1) ~ pIVFILy

where 1 > 0 is a sufficiently small constant to be determined later. Hence,

d
22 (0%, 0°B) + |0° B> < Cul| VFI_y + CII° I + CF (1),
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Summing for all |5] < s — 1, integrating the resulting equation over [0, ¢] and noticing (4.16)
and (4.20)), we have

/OHE(T)HildT < -2 ) <<9’3ue(t),<9ﬁE(t)>+05(0)+Cu/0 IVE(T)[5odr

1BI<s—1
t
< (Jé"(())+(],u/ IVE(T)|]2_,dr. (4.21)
0

For a multi-index v € N® with |y| < s — 2, applying 97 to the equation for O;F in (2.14)),
we obtain
VXIF =0,0"E — 0 (petie — piti;).
Taking the inner product of the above with V x 97F in L*(T?), and using the Maxwell equa-
tions for £ and B in (2.14)), the Cauchy-Schwarz inequality and the Moser-type inequalities,

we have
IV x OF||* = % (VE,V x OF) — (I"E,V x "F) — (0" (pette — pi;), V x OF)
< % (VE,V x O'F) — (V x "E,0,0"F) + %HV x IF|>+CP(t)
< % (VE,V x OF) + |V x O"E|* + %Hv x O F|*+Ca(t),

which implies
d
IV x F|* < 2% ("E,V x O'F) +2||V x OE||* + C2(t).

Summing for all |y| < s — 2, integrating the resulting equation over [0,¢] and using (4.16)),

we have

/0 IVF() 2 pdr < 2 S (@E(1),V x OF(1) + C /O B2 dr + C&(0)

lv|<s—2
t
e / |E(r)|2_ydr + CE(0).
0
Substituting the above into (4.21f), we have
t
/0 (IB@)2 + IVE@)2,) dr < CE®O),

provided that p is sufficiently small. This proves (4.18)). O

Proof of Theorem [2.3] The uniform estimate (2.15]) implies that
u; — 0, strongly in C([0,T]; H®), VYT > 0.

Besides, we obtain that the sequences (p5 — 1)cs0, (4S)es0, (F°)eso and (B — Be).o are

uniformly bounded in L>(R*; H?). It follows that there exist functions p,, i, £ and B, such
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that as ¢ — 0, (2.17) holds. This allows us to pass the limit in the mass and momentum

equations for ions in the sense of distributions. In particular, we have

Opi — Oips,
div(pju;) — 0,

which implies 9;p; = 0. Thus, p; is a function that depends only on the space variable z.
Moreover, noticing € < 1, (pS)es0 and (uf)eso are uniformly bounded in L>®(R™; H*~1),
by a classical compactness theorem [26], (pS)c=0 and (u).s¢ are relatively compact in

C([0,T); H;}

i), for all s; € (0,s). As a consequence, as € — 0, up to subsequences,

(f,u%) = (B, ) strongly in C([0, T]; H}L). (4.22)

As a result, it is sufficient for us to pass the limit in the mass and momentum equations for
electrons, as well as the Maxwell equations in (2.14]) in the sense of distributions, of which
the limiting system is the usual unipolar Euler-Maxwell system for electrons ([2.18]). Finally,

since (0;E%).>o and (0, B%).~¢ are uniformly bounded in L>°(R™; H*'). Hence, we have

(E5, B°) — (E,B) strongly in C([0,T]; H}L).

Combining (2.15)) and (4.22)) implies (2.19). O
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