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1 Introduction

In this paper, we consider the following generalized MHD-Boussinesq equations:

∂tu+ ν(−∆)αu+ (u · ∇)u+∇p = (b · ∇)b+ θe3 + f(x), x ∈ T3, t > 0,

∂tb+ η(−∆)αb+ (u · ∇)b = (b · ∇)u+ g(x),

∂tθ + κ(−∆)αθ + (u · ∇)θ = 0,

∇ · u = 0, ∇ · b = 0,

u(x, 0) = u0(x), b(x, 0) = b0(x), θ(x, 0) = θ0(x).

(1.1)

Here, T3 = [−π, π]3 is endowed with the periodic boundary condition and α = 5
4 . u is

the solenoidal velocity field, b is the magnetic filed, θ is the temperature and p is the

pressure. e3 = (0, 0, 1) is the unit vector in the direction of gravity. ν is the kinematic

viscosity, η is the magnetic diffusivity and κ is the thermal diffusivity. For simplicity, we

set ν = η = κ = 1. C is a positive constant which may be different from line to line.

∗The first author is supported by the Natural Science Foundation of Shandong Province under Grant

No. ZR2018QA002, the National Natural Science Foundation of China No. 11901342 and China Post-

doctoral Science Foundation No. 2019M652350. The second author is supported in part by the Jiangsu

Center for Collaborative Innovation in Geographical Information Resource and Applications, and the

fundamental Research Funds for the Central Universities No. 2242022R10013.
†Corresponding author, hjgao@seu.edu.cn, gaohj@hotmail.com

1



The MHD-Boussinesq equations are related with the Boussinesq equations of fluid

and Maxwell’s equations of electromagnetism. The system (1.1) has been investigated

in [1,13,14]. Recently, the Prodi-Serrin-type global regularity for the 3D MHD-Boussinesq

equations was proved without thermal diffusion in [8]. By using the Fourier local-

ization technique, the well-posedness for the 3D MHD-Boussinesq equations with the

temperature-dependent viscosity was proved in [17]. The existence and uniqueness of

strong solutions and smooth solutions for the 3D modified MHD-Boussinesq equations

without heat diffusion were proved in [12]. Li in [10] has proved the global weak solutions

for the 3D inviscid Boussinesq equations with the magnetic field by using the convex

integration method.

When the term θ absent, the 3D generalized MHD-Boussinesq equations reduce to

the 3D generalized magnetohydrodynamic equations. Some regularity criteria for the 3D

magnetohydrodynamic equations were obtained in [2,5,6,15,16]. When the term b absent,

the 3D generalized MHD-Boussinesq equations reduce to the 3D generalized Boussinesq

equations. Global well-posedness for the 3D generalized Navier-Stokes-Boussinesq equa-

tions was proved by using the Fourier localization technique in [7]. When the terms u and

θ absent, the 3D generalized MHD-Boussinesq equations reduce to the 3D generalized

Navier-Stokes equations. The existence of inertial manifolds for the hyperviscous Navier-

Stokes equations for α ≥ 3
2 by using the spatial averaging method in [3]. Meanwhile,

Li and Sun in [9] proved the existence of inertial manifolds for the hyperviscous Navier-

Stokes equations for α ≥ 5
4 by using the extend slightly the spatial averaging method.

The well-posedness of strong solutions for the hyperviscous magneto-micropolar equation

was proved in [11].

In order to get the well-posedness and regularity for the generalized MHD-Boussinesq

equations, we should overcome the main difficult for the estimations of the nonlinear

terms (u · ∇)u, (u · ∇)b, (b · ∇)u, (b · ∇)b and (u · ∇)θ. Based on [3, 9], by using the

delicate estimates, we improve their results and get the better estimations. Moreover, we

will prove the regularity of the system (1.1) in H
9
2 ×H

9
2 ×H

9
2 and Ha ×Ha ×Ha.

The paper is divided into sections as follows. In section 2, we give some prepared

works and the main results. In section 3, the existence and uniqueness of the strong

solutions for the generalized MHD-Boussinesq equations are proved. In section 4, the

regularity for the generalized MHD-Boussinesq equations is proved in H
9
2 ×H

9
2 ×H

9
2 . In

section 5, the higher regularity for the generalized MHD-Boussinesq equations is proved

in Ha ×Ha ×Ha.
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2 Preliminaries

First, we give the following abstract model:
∂tu+Aαu+B(u, u)−B(b, b)− θe3 = f,

∂tb+Aαb+B(u, b)−B(b, u) = g,

∂tθ +Aαθ +B(u, θ) = 0,

u|t=0 = u0, b|t=0 = b0, θ|t=0 = θ0.

(2.1)

Here, || · || is the norm of L2(T3), || · ||Lp is the norm of Lp(T3), || · ||Hs is the norm of

Hs(T3), here Hs(T3) = W s,2(T3). Let

H1 = {u ∈ (L2(T3))3 :

∫
T3

udx = 0,∇ · u = 0},

H2 = {b ∈ (L2(T3))3 :

∫
T3

bdx = 0,∇ · b = 0},

H3 = {θ ∈ L2(T3) :

∫
T3

θdx = 0},

here, (u0, b0, θ0) ∈ H1 × H2 × H3 = H. Let P : (L2(T3))3 × (L2(T3))3 × L2(T3) →
H := P ((L2(T3))3 × (L2(T3))3 × L2(T3)) be the Helmholtz-Leray orthogonal projection

operator. We have Av = −P∆v = −∆v for any v ∈ D(A). The Sobolev space and norm

are defined by Hs = D(A
s
2 ), s ∈ R, and || · ||Hs = ||A

s
2 · ||. By virtue of the Parseval

equality [4], we have

||u||2Hs =
∑

j∈Z3\{0}

|j|2s|ûj |2, u ∈ Hs.

For any w1, w2 ∈ H1, the bilinear form is defined by

B(w1, w2) = P ((w1 · ∇)w2).

Nextly, we give the following main results.

Theorem 2.1. Assume that f ∈ H1, g ∈ H2, u0 ∈ H
5
4 , b0 ∈ H

5
4 and θ0 ∈ H

5
4 , the

system (2.1) has a unique strong solution such that u ∈ L∞(0, T ;H
5
4 ) ∩ L2(0, T ;H

5
2 ),

b ∈ L∞(0, T ;H
5
4 ) ∩ L2(0, T ;H

5
2 ) and θ ∈ L∞(0, T ;H

5
4 ) ∩ L2(0, T ;H

5
2 ) for T > 0.

Theorem 2.2. Assume that f ∈ H2, g ∈ H2, the dynamics of system (2.1) has an

absorbing ball in H
9
2 ×H

9
2 ×H

9
2 .

Theorem 2.3. Assume that f ∈ Ha− 5
2 , g ∈ Ha− 5

2 for a ≥ 9
2 , the dynamics of system

(2.1) has an absorbing ball in Ha ×Ha ×Ha.
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3 Well-posedness

In this section, we will prove the existence and uniqueness for the strong solutions of

system (2.1). Meanwhile, we will give the proof of Theorem 2.1.

Proof of the Theorem 2.1. Multiplying the third equation for system (2.1) by θ,

integrating the result on T3, then we get

1

2

d

dt
||θ||2 + ||θ||2

H
5
4

= 0. (3.1)

Moreover,

||θ||2 ≤ ||θ0||2. (3.2)

Multiplying the first equation for system (2.1) by u, the second equation for system (2.1)

by b, respectively. Integrating their results on T3 and adding up their results, then we get

1

2

d

dt
(||u||2 + ||b||2) + ||u||2

H
5
4

+ ||b||2
H

5
4

= (f, u) + (g, b) + (θe3, u)

≤ 1

4
(||u||2

H
5
4

+ ||b||2
H

5
4
) + C(||f ||2

H−
5
4

+ ||g||2
H−

5
4
) + C||u||

H
5
4
||θ||

≤ 1

2
(||u||2

H
5
4

+ ||b||2
H

5
4
) + C(1 + ||f ||2

H−
5
4

+ ||g||2
H−

5
4
). (3.3)

Adding up (3.1) and (3.3), it yields

d

dt
(||u||2 + ||b||2 + ||θ||2) + ||u||2

H
5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4

≤ C(1 + ||f ||2
H−

5
4

+ ||g||2
H−

5
4
). (3.4)

Then there exists a positive constant γ such that

d

dt
(||u||2 + ||b||2 + ||θ||2) + γ(||u||2 + ||b||2 + ||θ||2)

≤ C(1 + ||f ||2
H−

5
4

+ ||g||2
H−

5
4
). (3.5)

Then we get for any t ≥ 0

||u||2 + ||b||2 + ||θ||2 ≤ e−γt(||u0||2 + ||b0||2 + ||θ0||2)
+ C(1 + ||f ||2

H−
5
4

+ ||g||2
H−

5
4
)(1− e−γt), (3.6)

and ∫ t

0
(||u||2

H
5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4
)ds ≤ ||u0||2 + ||b0||2 + ||θ0||2

+ Ct(1 + ||f ||2
H−

5
4

+ ||g||2
H−

5
4
). (3.7)
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Multiplying the first equation for system (2.1) by A
5
4u, the second equation for system

(2.1) by A
5
4 b and the third equation for system (2.1) by A

5
4 θ, respectively. Integrating

their results on T3 and adding up their results, then we get

1

2

d

dt
(||u||2

H
5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4
) + ||u||2

H
5
2

+ ||b||2
H

5
2

+ ||θ||2
H

5
2

≤
∣∣∣∣∫

T3

(u · ∇)uA
5
4udx

∣∣∣∣+

∣∣∣∣∫
T3

(b · ∇)bA
5
4udx

∣∣∣∣+

∣∣∣∣∫
T3

θe3A
5
4udx

∣∣∣∣+

∣∣∣∣∫
T3

f(x)A
5
4udx

∣∣∣∣
+

∣∣∣∣∫
T3

(u · ∇)bA
5
4 bdx

∣∣∣∣+

∣∣∣∣∫
T3

(b · ∇)uA
5
4 bdx

∣∣∣∣+

∣∣∣∣∫
T3

g(x)A
5
4 bdx

∣∣∣∣+

∣∣∣∣∫
T3

(u · ∇)θA
5
4 θdx

∣∣∣∣
≤ ||u||L12 ||∇u||

L
12
5
||A

5
4u||+ ||b||L12 ||∇b||

L
12
5
||A

5
4u||+ ||θ||||A

5
4u||+ ||f ||||A

5
4u||

+ ||u||L12 ||∇b||
L

12
5
||A

5
4 b||+ ||b||L12 ||∇u||

L
12
5
||A

5
4 b||+ ||g||||A

5
4 b||+ ||u||L12 ||∇θ||

L
12
5
||A

5
4 θ||

≤ C||u||2
H

5
4
||u||

H
5
2

+ C||b||2
H

5
4
||u||

H
5
2

+ C||θ||||u||
H

5
2

+ C||f ||||u||
H

5
2

+ C||u||
H

5
4
||b||

H
5
4
||b||

H
5
2

+ C||g||||b||
H

5
2

+ C||u||
H

5
4
||θ||

H
5
4
||θ||

H
5
2

≤ 1

2
(||u||2

H
5
2

+ ||b||2
H

5
2

+ ||θ||2
H

5
2
) + C(||θ||2 + ||f ||2 + ||g||2)

+ C(||u||2
H

5
4

+ ||b||2
H

5
4
)(||u||2

H
5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4
). (3.8)

Then we have

d

dt
(||u||2

H
5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4
) + ||u||2

H
5
2

+ ||b||2
H

5
2

+ ||θ||2
H

5
2

≤ C(||θ||2 + ||f ||2 + ||g||2)
+ C(||u||2

H
5
4

+ ||b||2
H

5
4
)(||u||2

H
5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4
). (3.9)

Since
∫ t
0 (||u||2

H
5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4
)ds ≤ C(t), applying the Gronwall inequality, we get

||u||2
H

5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4

+

∫ t

0
(||u||2

H
5
2

+ ||b||2
H

5
2

+ ||θ||2
H

5
2
)ds ≤ C(t). (3.10)

Applying the Galerkin method and compactness argument, we get the existence of strong

solution for the system (2.1). Nextly, we will prove the uniqueness of the system (2.1).

Assume (u1, b1, θ1) and (u2, b2, θ2) are two solutions of the system (2.1). Let ū = u1− u2,
b̄ = b1 − b2 and θ̄ = θ1 − θ2. Then we get the following equality:

∂tū+ (−∆)αū+ (u1 · ∇)ū+ (ū · ∇)u2 +∇(p1 − p2)
= (b1 · ∇)b̄+ (b̄ · ∇)b2 + (θ1 − θ2)e3,
∂tb̄+ (−∆)αb̄+ (u1 · ∇)b̄+ (ū · ∇)b2 = (b1 · ∇)ū+ (b̄ · ∇)u2,

∂tθ̄ + (−∆)αθ̄ + (u1 · ∇)θ̄ + (ū · ∇)θ2 = 0,

∇ · ū = 0, ∇ · b̄ = 0.

(3.11)
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Here, α = 5
4 . Testing the first equation of system (3.11) by ū, the second equation of

system (3.11) by b̄ and the third equation of system (3.11) by θ̄, respectively. Summing

up their results, we deduce

1

2

d

dt
(||ū||2 + ||b̄||2 + ||θ̄||2) + ||ū||2

H
5
4

+ ||b̄||2
H

5
4

+ ||θ̄||2
H

5
4

≤
∣∣∣∣∫

T3

(ū · ∇)u2ūdx

∣∣∣∣+

∣∣∣∣∫
T3

(b̄ · ∇)b2ūdx

∣∣∣∣+

∣∣∣∣∫
T3

(θ1 − θ2)ūdx
∣∣∣∣

+

∣∣∣∣∫
T3

(ū · ∇)b2b̄dx

∣∣∣∣+

∣∣∣∣∫
T3

(b̄ · ∇)u2b̄dx

∣∣∣∣+

∣∣∣∣∫
T3

(ū · ∇)θ2θ̄dx

∣∣∣∣
≤ ||ū||L12 ||∇u2||

L
12
5
||ū||+ ||b̄||L12 ||∇b2||

L
12
5
||ū||+ ||θ̄||||ū||

+ ||ū||L12 ||∇b2||
L

12
5
||b̄||+ ||b̄||L12 ||∇u2||

L
12
5
||b̄||+ ||ū||L12 ||∇θ2||

L
12
5
||θ̄||

≤ C||ū||
H

5
4
||u2||

H
5
4
||ū||+ C||b̄||

H
5
4
||b2||

H
5
4
||ū||+ ||θ̄||||ū||

+ C||ū||
H

5
4
||b2||

H
5
4
||b̄||+ C||b̄||

H
5
4
||u2||

H
5
4
||b̄||+ C||ū||

H
5
4
||θ2||

H
5
4
||θ̄||

≤ 1

2
(||ū||2

H
5
4

+ ||b̄||2
H

5
4

+ ||θ̄||2
H

5
4
) +

1

2
||θ̄||2 +

1

2
||ū||2

+ C(||u2||2
H

5
4

+ ||b2||2
H

5
4

+ ||θ2||2
H

5
4
)(||ū||2 + ||b̄||2 + ||θ̄||2). (3.12)

It yields

d

dt
(||ū||2 + ||b̄||2 + ||θ̄||2) + ||ū||2

H
5
4

+ ||b̄||2
H

5
4

+ ||θ̄||2
H

5
4

≤ C(||θ̄||2 + ||ū||2) + C(||u2||2
H

5
4

+ ||b2||2
H

5
4

+ ||θ2||2
H

5
4
)(||ū||2 + ||b̄||2 + ||θ̄||2). (3.13)

Applying the Gronwall inequality and (3.7), then we deduce for t ≥ 0

||ū(t)||2 + ||b̄(t)||2 + ||θ̄(t)||2

≤ (||ū(0)||2 + ||b̄(0)||2 + ||θ̄(0)||2)e
C

∫ t
0 (1+||u2||

2

H
5
4

+||b2||2
H

5
4

+||θ2||2
H

5
4

)dτ
. (3.14)

If ū(0) = u1(0) − u2(0) = 0, b̄(0) = b1(0) − b2(0) = 0 and θ̄(0) = θ1(0) − θ2(0) = 0, then

we get ū(t) = b̄(t) = θ̄(t) = 0. This completes the proof of Theorem 2.1.

4 Asymptotic regularity

In this subsection, we will prove that the system (2.1) has an absorbing ball in H
9
2 ×

H
9
2 ×H

9
2 . Nextly, we give the following some priori estimates.

Step 1. By (3.6), it is easy to get

lim sup
t→+∞

(||u(t)||2 + ||b(t)||2 + ||θ(t)||2) ≤ C(1 + ||f ||2
H−

5
4

+ ||g||2
H−

5
4
). (4.1)
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There exists a positive constant t0 such that

||u(t)||2 + ||b(t)||2 + ||θ(t)||2 ≤ C, for t ≥ t0. (4.2)

By virtue of the (3.4) and (4.2), we have∫ t+1

t
(||u||2

H
5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4
)ds ≤ C, t ≥ t0. (4.3)

Step 2. Testing the first equation of system (2.1) by Au, the second equation of system

(2.1) by Ab and the third equation of system (2.1) by Aθ, respectively. Summing up their

results, we get

1

2

d

dt
(||u||2H1 + ||b||2H1 + ||θ||2H1) + ||u||2

H
9
4

+ ||b||2
H

9
4

+ ||θ||2
H

9
4

≤
∣∣∣∣∫

T3

(u · ∇)uAudx

∣∣∣∣+

∣∣∣∣∫
T3

(b · ∇)bAudx

∣∣∣∣+

∣∣∣∣∫
T3

θAudx

∣∣∣∣+

∣∣∣∣∫
T3

fAudx

∣∣∣∣
+

∣∣∣∣∫
T3

(u · ∇)bAbdx

∣∣∣∣+

∣∣∣∣∫
T3

(b · ∇)uAbdx

∣∣∣∣+

∣∣∣∣∫
T3

gAbdx

∣∣∣∣+

∣∣∣∣∫
T3

(u · ∇)θAθdx

∣∣∣∣
≤ ||u||L12 ||∇u||||Au||

L
12
5

+ ||b||L12 ||∇b||||Au||
L

12
5

+ ||θ||||Au||+ ||f ||||Au||+ ||g||||Ab||

+ ||u||L12 ||∇b||||Ab||
L

12
5

+ ||b||L12 ||∇u||||Ab||
L

12
5

+ ||u||L12 ||∇θ||||Aθ||
L

12
5

≤ C||u||
H

5
4
||u||H1 ||u||

H
9
4

+ C||b||
H

5
4
||b||H1 ||u||

H
9
4

+ C||u||
H

5
4
||b||H1 ||b||

H
9
4

+ C||b||
H

5
4
||u||H1 ||b||

H
9
4

+ C||u||
H

5
4
||θ||H1 ||θ||

H
9
4

+ C||f ||||u||
1
9 ||u||

8
9

H
9
4

+ C||g||||b||
1
9 ||b||

8
9

H
9
4

+ C||θ||||u||
1
9 ||u||

8
9

H
9
4

≤ 1

2
(||u||2

H
9
4

+ ||b||2
H

9
4

+ ||θ||2
H

9
4
) + C(||u||2

H
5
4

+ ||b||2
H

5
4
)(||u||2H1 + ||b||2H1 + ||θ||2H1)

+ C||f ||2 + C||g||2 + C(||u||2 + ||b||2 + ||θ||2). (4.4)

Then we get

d

dt
(||u||2H1 + ||b||2H1 + ||θ||2H1) + ||u||2

H
9
4

+ ||b||2
H

9
4

+ ||θ||2
H

9
4

≤ C(||u||2
H

5
4

+ ||b||2
H

5
4
)(||u||2H1 + ||b||2H1 + ||θ||2H1)

+ C(||f ||2 + ||g||2) + C(||u||2 + ||b||2 + ||θ||2). (4.5)

By (4.3) and (4.2), we get∫ t+1

t
(||u||2H1 + ||b||2H1 + ||θ||2H1)ds

≤
∫ t+1

t
(||u||

8
5

H
5
4
||u||

2
5 + ||b||

8
5

H
5
4
||b||

2
5 + ||θ||

8
5

H
5
4
||θ||

2
5 )ds
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≤ C
∫ t+1

t
(||u||2

H
5
4

+ ||u||2 + ||b||2
H

5
4

+ ||b||2 + ||θ||2
H

5
4

+ ||θ||2)ds ≤ C. (4.6)

Applying the uniform Gronwall lemma, it yields

||u(t+ 1)||2H1 + ||b(t+ 1)||2H1 + ||θ(t+ 1)||2H1

≤ e
∫ t+1
t C(||u||2

H
5
4

+||b||2
H

5
4

)ds
(

∫ t+1

t
(||u||2H1 + ||b||2H1 + ||θ||2H1)ds

+ C(||f ||2 + ||g||2) + C

∫ t+1

t
(||u||2 + ||b||2 + ||θ||2)ds) ≤ C. (4.7)

Moreover, it yields

||u(t)||2H1 + ||b(t)||2H1 + ||θ(t)||2H1 ≤ C, t ≥ t0 + 1. (4.8)

Step 3. By (4.3) and (3.9) and uniform Gronwall lemma, we get

||u(t)||2
H

5
4

+ ||b(t)||2
H

5
4

+ ||θ(t)||2
H

5
4
≤ C, t ≥ t0 + 1, (4.9)

and ∫ t+1

t
(||u(s)||2

H
5
2

+ ||b(s)||2
H

5
2

+ ||θ(s)||2
H

5
2
)ds ≤ C. (4.10)

Step 4. Testing the first equation of system (2.1) by A2u, the second equation of system

(2.1) by A2b and the third equation of system (2.1) by A2θ, respectively. Summing up

their results, we get

1

2

d

dt
(||u||2H2 + ||b||2H2 + ||θ||2H2) + ||u||2

H
13
4

+ ||b||2
H

13
4

+ ||θ||2
H

13
4

≤
∣∣∣∣∫

T3

(u · ∇)uA2udx

∣∣∣∣+

∣∣∣∣∫
T3

(b · ∇)bA2udx

∣∣∣∣+

∣∣∣∣∫
T3

θA2udx

∣∣∣∣+

∣∣∣∣∫
T3

fA2udx

∣∣∣∣
+

∣∣∣∣∫
T3

(u · ∇)bA2bdx

∣∣∣∣+

∣∣∣∣∫
T3

(b · ∇)uA2bdx

∣∣∣∣+

∣∣∣∣∫
T3

gA2bdx

∣∣∣∣+

∣∣∣∣∫
T3

(u · ∇)θA2θdx

∣∣∣∣
≤ C||A

3
8u||L3 ||∇u||L6 ||A

13
8 u||+ C||u||L12 ||A

7
8u||

L
12
5
||A

13
8 u||+ C||A

3
8 b||L3 ||∇b||L6 ||A

13
8 u||

+ C||b||L12 ||A
7
8 b||

L
12
5
||A

13
8 u||+ C||A

3
8 θ||||A

13
8 u||+ C||A

3
8 f ||||A

13
8 u||

+ C||A
3
8u||L3 ||∇b||L6 ||A

13
8 b||+ C||u||L12 ||A

7
8 b||

L
12
5
||A

13
8 b||+ C||A

3
8 b||L3 ||∇u||L6 ||A

13
8 b||

+ C||b||L12 ||A
7
8u||

L
12
5
||A

13
8 b||+ C||A

3
8 g||||A

13
8 b||

+ C||A
3
8u||L3 ||∇θ||L6 ||A

13
8 θ||+ C||u||L12 ||A

7
8 θ||

L
12
5
||A

13
8 θ||

≤ C||u||
H

5
4
||u||H2 ||u||

H
13
4

+ C||b||
H

5
4
||b||H2 ||u||

H
13
4

+ C||u||
H

5
4
||b||H2 ||b||

H
13
4

+ C||b||
H

5
4
||u||H2 ||b||

H
13
4

+ C||u||
H

5
4
||θ||H2 ||θ||

H
13
4

+ C||A
3
8 f ||||u||

H
13
4

8



+ C||A
3
8 g||||b||

H
13
4

+ C||θ||H2 ||u||
H

13
4

≤ 1

2
(||u||2

H
13
4

+ ||b||2
H

13
4

+ ||θ||2
H

13
4

) + C(||u||2
H

5
4

+ ||b||2
H

5
4
)(||u||2H2 + ||b||2H2 + ||θ||2H2)

+ C||A
3
8 f ||2 + C||A

3
8 g||2 + C||θ||2H2 . (4.11)

We get

d

dt
(||u||2H2 + ||b||2H2 + ||θ||2H2) + ||u||2

H
13
4

+ ||b||2
H

13
4

+ ||θ||2
H

13
4

≤ C(||u||2
H

5
4

+ ||b||2
H

5
4
)(||u||2H2 + ||b||2H2 + ||θ||2H2)

+ C||A
3
8 f ||2 + C||A

3
8 g||2 + C||θ||2H2 . (4.12)

By (4.3) and (4.10), we get∫ t+1

t
(||u||2H2 + ||b||2H2 + ||θ||2H2)ds

≤ C
∫ t+1

t
(||u||

4
5

H
5
4
||u||

6
5

H
5
2

+ ||b||
4
5

H
5
4
||b||

6
5

H
5
2

+ ||θ||
4
5

H
5
4
||θ||

6
5

H
5
2
)ds

≤ C
∫ t+1

t
(||u||2

H
5
4

+ ||u||2
H

5
2

+ ||b||2
H

5
4

+ ||b||2
H

5
2

+ ||θ||2
H

5
4

+ ||θ||2
H

5
2
)ds ≤ C. (4.13)

By (4.3) and (4.13), applying the uniform Gronwall lemma, it yields

||u||2H2 + ||b||2H2 + ||θ||2H2 ≤ C, t ≥ t0 + 1. (4.14)

Step 5. Applying ∂t to the first equation of system (2.1), testing by ut. Applying ∂t to

the second equation of system (2.1), testing by bt. Applying ∂t to the third equation of

system (2.1), testing by θt. Summing up their results, then we have

1

2

d

dt
(||ut||2 + ||bt||2 + ||θt||2) + ||ut||2

H
5
4

+ ||bt||2
H

5
4

+ ||θt||2
H

5
4

≤
∣∣∣∣∫

T3

(ut∇u)utdx

∣∣∣∣+

∣∣∣∣∫
T3

(bt∇b)utdx
∣∣∣∣+

∣∣∣∣∫
T3

θtutdx

∣∣∣∣+

∣∣∣∣∫
T3

(ut∇b)btdx
∣∣∣∣

+

∣∣∣∣∫
T3

(bt∇u)btdx

∣∣∣∣+

∣∣∣∣∫
T3

(ut∇θ)θtdx
∣∣∣∣

≤ ||ut||L12 ||∇u||
L

12
5
||ut||+ ||bt||L12 ||∇b||

L
12
5
||ut||+

1

2
(||θt||2 + ||ut||2)

+ ||ut||L12 ||∇b||
L

12
5
||bt||+ ||bt||L12 ||∇u||

L
12
5
||bt||+ ||ut||L12 ||∇θ||

L
12
5
||θt||

≤ C||ut||
H

5
4
||u||

H
5
4
||ut||+ C||bt||

H
5
4
||b||

H
5
4
||ut||+

1

2
(||θt||2 + ||ut||2)

+ C||ut||
H

5
4
||b||

H
5
4
||bt||+ C||bt||

H
5
4
||u||

H
5
4
||bt||+ C||ut||

H
5
4
||θ||

H
5
4
||θt||

≤ 1

2
(||ut||2

H
5
4

+ ||bt||2
H

5
4

+ ||θt||2
H

5
4
) +

1

2
(||θt||2 + ||ut||2)
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+ C(||u||2
H

5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4
)(||ut||2 + ||bt||2 + ||θt||2). (4.15)

Moreover,

d

dt
(||ut||2 + ||bt||2 + ||θt||2) + ||ut||2

H
5
4

+ ||bt||2
H

5
4

+ ||θt||2
H

5
4

≤ ||θt||2 + ||ut||2 + C(||u||2
H

5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4
)(||ut||2 + ||bt||2 + ||θt||2). (4.16)

Nextly, we get the following estimates

||ut||+ ||bt||+ ||θt||

≤ ||A
5
4u||+ ||A

5
4 b||+ ||A

5
4 θ||+ ||B(u, u)||+ ||B(b, b)||+ ||B(u, b)||+ ||B(b, u)||

+ ||B(u, θ)||+ ||θ||+ ||f ||+ ||g||
≤ ||u||

H
5
2

+ ||b||
H

5
2

+ ||θ||
H

5
2

+ ||u||L12 ||∇u||
L

12
5

+ ||b||L12 ||∇b||
L

12
5

+ ||u||L12 ||∇b||
L

12
5

+ ||b||L12 ||∇u||
L

12
5

+ ||u||L12 ||∇θ||
L

12
5

+ ||θ||+ ||f ||+ ||g||

≤ ||u||
H

5
2

+ ||b||
H

5
2

+ ||θ||
H

5
2

+ ||θ||+ ||f ||+ ||g||

+ C(||u||2
H

5
4

+ ||b||2
H

5
4

+ ||u||
H

5
4
||b||

H
5
4

+ ||u||
H

5
4
||θ||

H
5
4
)

≤ ||u||
H

5
2

+ ||b||
H

5
2

+ ||θ||
H

5
2

+ ||θ||+ ||f ||+ ||g||

+ C(||u||2
H

5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4
). (4.17)

By (4.9) and (4.10), we get

||ut||2L2(t,t+1;H) + ||bt||2L2(t,t+1;H) + ||θt||2L2(t,t+1;H)

≤ C
∫ t+1

t
(||u||2

H
5
2

+ ||b||2
H

5
2

+ ||θ||2
H

5
2

+ ||θ||2 + ||f ||2 + ||g||2

+ ||u||4
H

5
4

+ ||b||4
H

5
4

+ ||θ||4
H

5
4
)ds ≤ C. (4.18)

For (4.16), applying the uniform Gronwall lemma and (4.3) and (4.9) and (4.18), we get

||ut||2 + ||bt||2 + ||θt||2 ≤ C, t ≥ t0 + 1. (4.19)

Step 6. Applying ∂t to the first equation of system (2.1), testing by Aut. Meanwhile,

applying ∂t to the second equation of system (2.1), testing by Abt. Applying ∂t to the

third equation of system (2.1), testing by Aθt. Summing up their results, then we deduce

1

2

d

dt
(||ut||2H1 + ||bt||2H1 + ||θt||2H1) + ||ut||2

H
9
4

+ ||bt||2
H

9
4

+ ||θt||2
H

9
4

≤
∣∣∣∣∫

T3

(ut∇u)Autdx

∣∣∣∣+

∣∣∣∣∫
T3

(u∇ut)Autdx
∣∣∣∣+

∣∣∣∣∫
T3

(bt∇b)Autdx
∣∣∣∣+

∣∣∣∣∫
T3

(b∇bt)Autdx
∣∣∣∣

+

∣∣∣∣∫
T3

θtAutdx

∣∣∣∣+

∣∣∣∣∫
T3

(ut∇b)Abtdx
∣∣∣∣+

∣∣∣∣∫
T3

(u∇bt)Abtdx
∣∣∣∣+

∣∣∣∣∫
T3

(bt∇u)Abtdx

∣∣∣∣
10



+

∣∣∣∣∫
T3

(b∇ut)Abtdx
∣∣∣∣+

∣∣∣∣∫
T3

(ut∇θ)Aθtdx
∣∣∣∣+

∣∣∣∣∫
T3

(u∇θt)Aθtdx
∣∣∣∣

≤ ||ut||L6 ||∇u||
L

12
5
||Aut||

L
12
5

+ ||u||L12 ||∇ut||||Aut||
L

12
5

+ ||bt||L6 ||∇b||
L

12
5
||Aut||

L
12
5

+ ||b||L12 ||∇bt||||Aut||
L

12
5

+ ||θt||||Aut||+ ||ut||L6 ||∇b||
L

12
5
||Abt||

L
12
5

+ ||u||L12 ||∇bt||||Abt||
L

12
5

+ ||bt||L6 ||∇u||
L

12
5
||Abt||

L
12
5

+ ||b||L12 ||∇ut||||Abt||
L

12
5

+ ||ut||L6 ||∇θ||
L

12
5
||Aθt||

L
12
5

+ ||u||L12 ||∇θt||||Aθt||
L

12
5

≤ C||ut||H1 ||u||
H

5
4
||ut||

H
9
4

+ C||b||
H

5
4
||bt||H1 ||ut||

H
9
4

+ C||θt||2 + C||ut||
2
9 ||ut||

16
9

H
9
4

+ C||ut||H1 ||b||
H

5
4
||bt||

H
9
4

+ C||u||
H

5
4
||bt||H1 ||bt||

H
9
4

+ C||ut||H1 ||θ||
H

5
4
||θt||

H
9
4

+ C||u||
H

5
4
||θt||H1 ||θt||

H
9
4

≤ 1

2
(||ut||2

H
9
4

+ ||bt||2
H

9
4

+ ||θt||2
H

9
4
) + C||θt||2 + C||ut||2

+ C(||u||2
H

5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4
)(||ut||2H1 + ||bt||2H1 + ||θt||2H1). (4.20)

We have

d

dt
(||ut||2H1 + ||bt||2H1 + ||θt||2H1) + ||ut||2

H
9
4

+ ||bt||2
H

9
4

+ ||θt||2
H

9
4

≤ C(||θt||2 + ||ut||2)
+ C(||u||2

H
5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4
)(||ut||2H1 + ||bt||2H1 + ||θt||2H1). (4.21)

We integrate (4.16) on [t, t+ 1] to get∫ t+1

t
(||ut||2

H
5
4

+ ||bt||2
H

5
4

+ ||θt||2
H

5
4
)ds ≤ C. (4.22)

Moreover,∫ t+1

t
(||ut||2H1 + ||bt||2H1 + ||θt||2H1)ds

≤ C
∫ t+1

t
(||ut||

8
5

H
5
4
||ut||

2
5 + ||bt||

8
5

H
5
4
||bt||

2
5 + ||θt||

8
5

H
5
4
||θt||

2
5 )ds

≤ C
∫ t+1

t
(||ut||2 + ||ut||2

H
5
4

+ ||bt||2 + ||bt||2
H

5
4

+ ||θt||2 + ||θt||2
H

5
4
)ds ≤ C. (4.23)

By (4.3), (4.19) and (4.23), applying the uniform Gronwall lemma, we have

||ut||2H1 + ||bt||2H1 + ||θt||2H1 ≤ C, t ≥ t0 + 1. (4.24)

Step 7. Taking ∂t to the first equation of system (2.1) and the scalar product with A2ut.

Similarly, taking ∂t to the second equation of system (2.1) and the scalar product with

11



A2bt. Taking ∂t to the third equation of system (2.1) and the scalar product with A2θt.

Summing up their results, then we have

1

2

d

dt
(||ut||2H2 + ||bt||2H2 + ||θt||2H2) + ||ut||2

H
13
4

+ ||bt||2
H

13
4

+ ||θt||2
H

13
4

≤
∣∣∣∣∫

T3

(ut∇u)A2utdx

∣∣∣∣+

∣∣∣∣∫
T3

(u∇ut)A2utdx

∣∣∣∣+

∣∣∣∣∫
T3

(bt∇b)A2utdx

∣∣∣∣+

∣∣∣∣∫
T3

(b∇bt)A2utdx

∣∣∣∣
+

∣∣∣∣∫
T3

θtA
2utdx

∣∣∣∣+

∣∣∣∣∫
T3

(ut∇b)A2btdx

∣∣∣∣+

∣∣∣∣∫
T3

(u∇bt)A2btdx

∣∣∣∣+

∣∣∣∣∫
T3

(bt∇u)A2btdx

∣∣∣∣
+

∣∣∣∣∫
T3

(b∇ut)A2btdx

∣∣∣∣+

∣∣∣∣∫
T3

(ut∇θ)A2θtdx

∣∣∣∣+

∣∣∣∣∫
T3

(u∇θt)A2θtdx

∣∣∣∣
≤ C||A

3
8ut||L12 ||∇u||

L
12
5
||A

13
8 ut||+ C||ut||L12 ||A

7
8u||

L
12
5
||A

13
8 ut||

+ C||A
3
8u||L3 ||∇ut||L6 ||A

13
8 ut||+ C||u||L12 ||A

7
8ut||

L
12
5
||A

13
8 ut||

+ C||A
3
8 bt||L12 ||∇b||

L
12
5
||A

13
8 ut||+ C||bt||L12 ||A

7
8 b||

L
12
5
||A

13
8 ut||

+ C||A
3
8 b||L3 ||∇bt||L6 ||A

13
8 ut||+ C||b||L12 ||A

7
8 bt||

L
12
5
||A

13
8 ut||+ C||A

3
8 θt||||A

13
8 ut||

+ C||A
3
8ut||L12 ||∇b||

L
12
5
||A

13
8 bt||+ C||ut||L12 ||A

7
8 b||

L
12
5
||A

13
8 bt||

+ C||A
3
8u||L3 ||∇bt||L6 ||A

13
8 bt||+ C||u||L12 ||A

7
8 bt||

L
12
5
||A

13
8 bt||

+ C||A
3
8 bt||L12 ||∇u||

L
12
5
||A

13
8 bt||+ C||bt||L12 ||A

7
8u||

L
12
5
||A

13
8 bt||

+ C||A
3
8 b||L3 ||∇ut||L6 ||A

13
8 bt||+ C||b||L12 ||A

7
8ut||

L
12
5
||A

13
8 bt||

+ C||A
3
8ut||L12 ||∇θ||

L
12
5
||A

13
8 θt||+ C||ut||L12 ||A

7
8 θ||

L
12
5
||A

13
8 θt||

+ C||A
3
8u||L3 ||∇θt||L6 ||A

13
8 θt||+ C||u||L12 ||A

7
8 θt||

L
12
5
||A

13
8 θt||

≤ C||u||
H

5
4
||ut||H2 ||ut||

H
13
4

+ C||u||H2 ||ut||
H

5
4
||ut||

H
13
4

+ C||b||
H

5
4
||bt||H2 ||ut||

H
13
4

+ C||b||H2 ||bt||
H

5
4
||ut||

H
13
4

+ C||θt||
H

3
4
||ut||

H
13
4

+ C||b||
H

5
4
||ut||H2 ||bt||

H
13
4

+ C||b||H2 ||ut||
H

5
4
||bt||

H
13
4

+ C||u||
H

5
4
||bt||H2 ||bt||

H
13
4

+ C||u||H2 ||bt||
H

5
4
||bt||

H
13
4

+ C||θ||
H

5
4
||ut||H2 ||θt||

H
13
4

+ C||θ||H2 ||ut||
H

5
4
||θt||

H
13
4

+ C||u||
H

5
4
||θt||H2 ||θt||

H
13
4

≤ 1

2
(||ut||2

H
13
4

+ ||bt||2
H

13
4

+ ||θt||2
H

13
4

) + C(||θt||2H2 + ||θt||2)

+ C(||u||2
H

5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4
)(||ut||2H2 + ||bt||2H2 + ||θt||2H2)

+ C(||u||2H2 + ||b||2H2 + ||θ||2H2)(||ut||2
H

5
4

+ ||bt||2
H

5
4
)

≤ 1

2
(||ut||2

H
13
4

+ ||bt||2
H

13
4

+ ||θt||2
H

13
4

) + C(1 + ||u||2
H

5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4

+ ||u||2H2 + ||b||2H2 + ||θ||2H2)(||ut||2H2 + ||bt||2H2 + ||θt||2H2). (4.25)
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Then we get

d

dt
(||ut||2H2 + ||bt||2H2 + ||θt||2H2) + ||ut||2

H
13
4

+ ||bt||2
H

13
4

+ ||θt||2
H

13
4

≤ C(1 + ||u||2
H

5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4

+ ||u||2H2 + ||b||2H2 + ||θ||2H2)

(||ut||2H2 + ||bt||2H2 + ||θt||2H2). (4.26)

We integrate (4.21) on [t, t+ 1] to get∫ t+1

t
(||ut||2

H
9
4

+ ||bt||2
H

9
4

+ ||θt||2
H

9
4
)ds ≤ C. (4.27)

Moreover,∫ t+1

t
(||ut||2H2 + ||bt||2H2 + ||θt||2H2)ds

≤ C
∫ t+1

t
(||ut||

16
9

H
9
4
||ut||

2
9 + ||bt||

16
9

H
9
4
||bt||

2
9 + ||θt||

16
9

H
9
4
||θt||

2
9 )ds

≤ C
∫ t+1

t
(||ut||2

H
9
4

+ ||ut||2 + ||bt||2
H

9
4

+ ||bt||2 + ||θt||2
H

9
4

+ ||θt||2)ds ≤ C. (4.28)

Applying the uniform Gronwall lemma and (4.3), (4.13), (4.14) and (4.28), we get

||ut||2H2 + ||bt||2H2 + ||θt||2H2 ≤ C, t ≥ t0 + 1. (4.29)

Step 8. Proof of the Theorem 2.2. Finally, we will get that the system (2.1) has an

absorbing ball in H
9
2 ×H

9
2 ×H

9
2 .

||u||
H

9
2

+ ||b||
H

9
2

+ ||θ||
H

9
2

= ||A
9
4u||+ ||A

9
4 b||+ ||A

9
4 θ||

≤ ||ut||H2 + ||bt||H2 + ||θt||H2 + ||B(u, u)||H2 + ||B(b, b)||H2 + ||B(u, b)||H2

+ ||B(b, u)||H2 + ||B(u, θ)||H2 + ||θe3||H2 + ||f ||H2 + ||g||H2

≤ ||ut||H2 + ||bt||H2 + ||θt||H2 + C||u||H2 ||∇u||H2 + C||b||H2 ||∇b||H2 + C||u||H2 ||∇b||H2

+ C||b||H2 ||∇u||H2 + C||u||H2 ||∇θ||H2 + ||θ||H2 + ||f ||H2 + ||g||H2

≤ ||ut||H2 + ||bt||H2 + ||θt||H2 + ||f ||H2 + ||g||H2 + C||θ||H2

+ C(||u||
8
5

H2 ||u||
2
5

H
9
2

+ ||b||
8
5

H2 ||b||
2
5

H
9
2

+ ||b||H2 ||u||
3
5

H2 ||u||
2
5

H
9
2

+ ||u||H2 ||b||
3
5

H2 ||b||
2
5

H
9
2

+ ||u||H2 ||θ||
3
5

H2 ||θ||
2
5

H
9
2
)

≤ ||ut||H2 + ||bt||H2 + ||θt||H2 + ||f ||H2 + ||g||H2 + C||θ||H2

+
1

2
(||u||

H
9
2

+ ||b||
H

9
2

+ ||θ||
H

9
2
)

+ C(||u||
8
3

H2 + ||b||
8
3

H2 + ||b||
5
3

H2 ||u||H2 + ||u||
5
3

H2 ||b||H2 + ||u||
5
3

H2 ||θ||H2). (4.30)
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We get

||u||
H

9
2

+ ||b||
H

9
2

+ ||θ||
H

9
2

≤ 2(||ut||H2 + ||bt||H2 + ||θt||H2 + ||f ||H2 + ||g||H2) + C||θ||H2

+ C(||u||
8
3

H2 + ||b||
8
3

H2 + ||b||
5
3

H2 ||u||H2 + ||u||
5
3

H2 ||b||H2 + ||u||
5
3

H2 ||θ||H2). (4.31)

By virtue of (4.14) and (4.29), then we have

||u||
H

9
2

+ ||b||
H

9
2

+ ||θ||
H

9
2
≤ C, t ≥ t0 + 1. (4.32)

5 Higher regularity

In this subsection, we will prove that the system (2.1) has an absorbing ball in Ha ×
Ha ×Ha. We get the following some priori estimates.

Step 9 Testing the first equation of system (2.1) by Aa−
5
2u, the second equation of system

(2.1) by Aa−
5
2 b and the third equation of system (2.1) by Aa−

5
2 θ, respectively. Summing

up their results, we get

1

2

d

dt
(||u||2

Ha− 5
2

+ ||b||2
Ha− 5

2
+ ||θ||2

Ha− 5
2
) + ||u||2

Ha− 5
4

+ ||b||2
Ha− 5

4
+ ||θ||2

Ha− 5
4

≤
∣∣∣∣∫

T3

(u · ∇)uAa−
5
2udx

∣∣∣∣+

∣∣∣∣∫
T3

(b · ∇)bAa−
5
2udx

∣∣∣∣+

∣∣∣∣∫
T3

θAa−
5
2udx

∣∣∣∣+

∣∣∣∣∫
T3

fAa−
5
2udx

∣∣∣∣
+

∣∣∣∣∫
T3

(u · ∇)bAa−
5
2 bdx

∣∣∣∣+

∣∣∣∣∫
T3

(b · ∇)uAa−
5
2 bdx

∣∣∣∣+

∣∣∣∣∫
T3

gAa−
5
2 bdx

∣∣∣∣+

∣∣∣∣∫
T3

(u · ∇)θAa−
5
2 θdx

∣∣∣∣
≤ C||A

a
2
− 15

8 u||L12 ||∇u||
L

12
5
||A

a
2
− 5

8u||+ C||u||L12 ||A
a
2
− 11

8 u||
L

12
5
||A

a
2
− 5

8u||

+ C||A
a
2
− 15

8 b||L12 ||∇b||
L

12
5
||A

a
2
− 5

8u||+ C||b||L12 ||A
a
2
− 11

8 b||
L

12
5
||A

a
2
− 5

8u||

+ C||A
a
2
− 15

8 θ||||A
a
2
− 5

8u||+ C||A
a
2
− 15

8 f ||||A
a
2
− 5

8u||

+ C||A
a
2
− 15

8 u||L12 ||∇b||
L

12
5
||A

a
2
− 5

8 b||+ C||u||L12 ||A
a
2
− 11

8 b||
L

12
5
||A

a
2
− 5

8 b||

+ C||A
a
2
− 15

8 b||L12 ||∇u||
L

12
5
||A

a
2
− 5

8 b||+ C||b||L12 ||A
a
2
− 11

8 u||
L

12
5
||A

a
2
− 5

8 b||

+ C||A
a
2
− 15

8 g||||A
a
2
− 5

8 b||+ C||A
a
2
− 15

8 u||L12 ||∇θ||
L

12
5
||A

a
2
− 5

8 θ||

+ C||u||L12 ||A
a
2
− 11

8 θ||
L

12
5
||A

a
2
− 5

8 θ||

≤ C||u||
H

5
4
||u||

Ha− 5
2
||u||

Ha− 5
4

+ C||b||
H

5
4
||b||

Ha− 5
2
||u||

Ha− 5
4

+ C||u||
H

5
4
||b||

Ha− 5
2
||b||

Ha− 5
4

+ C||b||
H

5
4
||u||

Ha− 5
2
||b||

Ha− 5
4

+ C||u||
H

5
4
||θ||

Ha− 5
2
||θ||

Ha− 5
4

+ C||θ||
H

5
4
||u||

Ha− 5
2
||θ||

Ha− 5
4

+ C||θ||
Ha− 15

4
||u||

Ha− 5
4

+ C||f ||
Ha− 15

4
||u||

Ha− 5
4

+ C||g||
Ha− 15

4
||θ||

Ha− 5
4

14



≤ 1

2
(||u||2

Ha− 5
4

+ ||b||2
Ha− 5

4
+ ||θ||2

Ha− 5
4
) + C(||f ||2

Ha− 15
4

+ ||g||2
Ha− 15

4
+ ||θ||2)

+ C(1 + ||u||2
H

5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4
)(||u||2

Ha− 5
2

+ ||b||2
Ha− 5

2
+ ||θ||2

Ha− 5
2
). (5.1)

Moreover,

d

dt
(||u||2

Ha− 5
2

+ ||b||2
Ha− 5

2
+ ||θ||2

Ha− 5
2
) + ||u||2

Ha− 5
4

+ ||b||2
Ha− 5

4
+ ||θ||2

Ha− 5
4

≤ C(||f ||2
Ha− 15

4
+ ||g||2

Ha− 15
4

+ ||θ||2)

+ C(1 + ||u||2
H

5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4
)(||u||2

Ha− 5
2

+ ||b||2
Ha− 5

2
+ ||θ||2

Ha− 5
2
). (5.2)

By virtue of (4.2), we have∫ t+1

t
(||f ||2

Ha− 15
4

+ ||g||2
Ha− 15

4
+ ||θ||2)ds ≤ C. (5.3)

We integrate (4.12) on [t, t+ 1] to get∫ t+1

t
(||u(s)||2

H
13
4

+ ||b(s)||2
H

13
4

+ ||θ(s)||2
H

13
4

)ds ≤ C. (5.4)

Let a = 23
4 , we have

d

dt
(||u||2

H
13
4

+ ||b||2
H

13
4

+ ||θ||2
H

13
4

) + ||u||2
H

9
2

+ ||b||2
H

9
2

+ ||θ||2
H

9
2

≤ C(||f ||2H2 + ||g||2H2 + ||θ||2)
+ C(1 + ||u||2

H
5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4
)(||u||2

H
13
4

+ ||b||2
H

13
4

+ ||θ||2
H

13
4

). (5.5)

Applying the uniform Gronwall lemma and (4.3) and (5.4), we get

||u(t)||2
H

13
4

+ ||b(t)||2
H

13
4

+ ||θ(t)||2
H

13
4
≤ C, t ≥ t0 + 1. (5.6)

Integrating (5.5) on [t, t+ 1], we get∫ t+1

t
(||u(s)||2

H
9
2

+ ||b(s)||2
H

9
2

+ ||θ(s)||2
H

9
2
)ds ≤ C. (5.7)

Let a = 23
4 + 5

4 = 7, we have

d

dt
(||u||2

H
9
2

+ ||b||2
H

9
2

+ ||θ||2
H

9
2
) + ||u||2

H
23
4

+ ||b||2
H

23
4

+ ||θ||2
H

23
4

≤ C(||f ||2
H

13
4

+ ||g||2
H

13
4

+ ||θ||2)

+ C(1 + ||u||2
H

5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4
)(||u||2

H
9
2

+ ||b||2
H

9
2

+ ||θ||2
H

9
2
). (5.8)

15



Applying the uniform Gronwall lemma and (4.3) and (5.7), we have

||u(t)||2
H

9
2

+ ||b(t)||2
H

9
2

+ ||θ(t)||2
H

9
2
≤ C, t ≥ t0 + 2. (5.9)

Integrating (5.8) on [t, t+ 1], we get∫ t+1

t
(||u(s)||2

H
23
4

+ ||b(s)||2
H

23
4

+ ||θ(s)||2
H

23
4

)ds ≤ C. (5.10)

Let a = 23
4 + 2× 5

4 = 33
4 , we have

d

dt
(||u||2

H
23
4

+ ||b||2
H

23
4

+ ||θ||2
H

23
4

) + ||u||2H7 + ||b||2H7 + ||θ||2H7

≤ C(||f ||2
H

9
2

+ ||g||2
H

9
2

+ ||θ||2)

+ C(1 + ||u||2
H

5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4
)(||u||2

H
23
4

+ ||b||2
H

23
4

+ ||θ||2
H

23
4

). (5.11)

Applying the uniform Gronwall lemma and (4.3) and (5.10), we have

||u(t)||2
H

23
4

+ ||b(t)||2
H

23
4

+ ||θ(t)||2
H

23
4
≤ C, t ≥ t0 + 3. (5.12)

If a = 23
4 + k × 5

4 , k ∈ N, (5.2) holds. Then we get

||u||2
H

13
4 +k× 5

4
+ ||b||2

H
13
4 +k× 5

4
+ ||θ||2

H
13
4 +k× 5

4
≤ C, t ≥ t0 + k + 1 (5.13)

and ∫ t+1

t
(||u||2

H
9
2+k× 5

4
+ ||b||2

H
9
2+k× 5

4
+ ||θ||2

H
9
2+k× 5

4
)ds ≤ C. (5.14)

Let a = 23
4 + (k + 1)× 5

4 , k ∈ N, we have

d

dt
(||u||2

H
9
2+k× 5

4
+ ||b||2

H
9
2+k× 5

4
+ ||θ||2

H
9
2+k× 5

4
) + ||u||2

H
23
4 +k× 5

4
+ ||b||2

H
23
4 +k× 5

4
+ ||θ||2

H
23
4 +k× 5

4

≤ C(||f ||2
H

13
4 +k× 5

4
+ ||g||2

H
13
4 +k× 5

4
+ ||θ||2)

+ C(1 + ||u||2
H

5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4
)(||u||2

H
9
2+k× 5

4
+ ||b||2

H
9
2+k× 5

4
+ ||θ||2

H
9
2+k× 5

4
). (5.15)

Applying the uniform Gronwall lemma and (4.3) and (5.14), we have

||u(t)||2
H

9
2+k× 5

4
+ ||b(t)||2

H
9
2+k× 5

4
+ ||θ(t)||2

H
9
2+k× 5

4
≤ C, t ≥ t0 + k + 2. (5.16)

Since k ∈ N is arbitrarily, there exists a t′0 > t0 such that

||u||2
Ha− 5

2
+ ||b||2

Ha− 5
2

+ ||θ||2
Ha− 5

2
≤ C, t ≥ t′0. (5.17)

Step 10 Taking ∂t to the first equation of system (2.1) and the scalar product with

Aa−
5
2ut. Similarly, taking ∂t to the second equation of system (2.1) and the scalar product
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with Aa−
5
2 bt. Taking ∂t to the third equation of system (2.1) and the scalar product with

Aa−
5
2 θt. Summing up their results, then we have

1

2

d

dt
(||ut||2

Ha− 5
2

+ ||bt||2
Ha− 5

2
+ ||θt||2

Ha− 5
2
) + ||ut||2

Ha− 5
4

+ ||bt||2
Ha− 5

4
+ ||θt||2

Ha− 5
4

≤
∣∣∣∣∫

T3

(ut∇u)Aa−
5
2utdx

∣∣∣∣+

∣∣∣∣∫
T3

(u∇ut)Aa−
5
2utdx

∣∣∣∣+

∣∣∣∣∫
T3

(bt∇b)Aa−
5
2utdx

∣∣∣∣
+

∣∣∣∣∫
T3

(b∇bt)Aa−
5
2utdx

∣∣∣∣+

∣∣∣∣∫
T3

θtA
a− 5

2utdx

∣∣∣∣+

∣∣∣∣∫
T3

(ut∇b)Aa−
5
2 btdx

∣∣∣∣
+

∣∣∣∣∫
T3

(u∇bt)Aa−
5
2 btdx

∣∣∣∣+

∣∣∣∣∫
T3

(bt∇u)Aa−
5
2 btdx

∣∣∣∣+

∣∣∣∣∫
T3

(b∇ut)Aa−
5
2 btdx

∣∣∣∣
+

∣∣∣∣∫
T3

(ut∇θ)Aa−
5
2 θtdx

∣∣∣∣+

∣∣∣∣∫
T3

(u∇θt)Aa−
5
2 θtdx

∣∣∣∣
≤ C||A

a
2
− 15

8 ut||L12 ||∇u||
L

12
5
||A

a
2
− 5

8ut||+ C||ut||L12 ||A
a
2
− 11

8 u||
L

12
5
||A

a
2
− 5

8ut||

+ C||A
a
2
− 15

8 u||L12 ||∇ut||
L

12
5
||A

a
2
− 5

8ut||+ C||u||L12 ||A
a
2
− 11

8 ut||
L

12
5
||A

a
2
− 5

8ut||

+ C||A
a
2
− 15

8 bt||L12 ||∇b||
L

12
5
||A

a
2
− 5

8ut||+ C||bt||L12 ||A
a
2
− 11

8 b||
L

12
5
||A

a
2
− 5

8ut||

+ C||A
a
2
− 15

8 b||L12 ||∇bt||
L

12
5
||A

a
2
− 5

8ut||+ C||b||L12 ||A
a
2
− 11

8 bt||
L

12
5
||A

a
2
− 5

8ut||

+ C||A
a
2
− 15

8 ut||L12 ||∇b||
L

12
5
||A

a
2
− 5

8 bt||+ C||ut||L12 ||A
a
2
− 11

8 b||
L

12
5
||A

a
2
− 5

8 bt||

+ C||A
a
2
− 15

8 u||L12 ||∇bt||
L

12
5
||A

a
2
− 5

8 bt||+ C||u||L12 ||A
a
2
− 11

8 bt||
L

12
5
||A

a
2
− 5

8 bt||

+ C||A
a
2
− 15

8 bt||L12 ||∇u||
L

12
5
||A

a
2
− 5

8 bt||+ C||bt||L12 ||A
a
2
− 11

8 u||
L

12
5
||A

a
2
− 5

8 bt||

+ C||A
a
2
− 15

8 b||L12 ||∇ut||
L

12
5
||A

a
2
− 5

8 bt||+ C||b||L12 ||A
a
2
− 11

8 ut||
L

12
5
||A

a
2
− 5

8 bt||

+ C||A
a
2
− 15

8 ut||L12 ||∇θ||
L

12
5
||A

a
2
− 5

8 θt||+ C||ut||L12 ||A
a
2
− 11

8 θ||
L

12
5
||A

a
2
− 5

8 θt||

+ C||A
a
2
− 15

8 u||L12 ||∇θt||
L

12
5
||A

a
2
− 5

8 θt||+ C||u||L12 ||A
a
2
− 11

8 θt||
L

12
5
||A

a
2
− 5

8 θt||

+ C||A
a
2
− 5

4 θt||||A
a
2
− 5

4ut||
≤ C||u||

H
5
4
||ut||

Ha− 5
2
||ut||

Ha− 5
4

+ C||u||
Ha− 5

2
||ut||

H
5
4
||ut||

Ha− 5
4

+ C||b||
H

5
4
||bt||

Ha− 5
2
||ut||

Ha− 5
4

+ C||b||
Ha− 5

2
||bt||

H
5
4
||ut||

Ha− 5
4

+ C||b||
H

5
4
||ut||

Ha− 5
2
||bt||

Ha− 5
4

+ C||b||
Ha− 5

2
||ut||

H
5
4
||bt||

Ha− 5
4

+ C||u||
Ha− 5

2
||bt||

H
5
4
||bt||

Ha− 5
4

+ C||u||
H

5
4
||bt||

Ha− 5
2
||bt||

Ha− 5
4

+ C||θ||
H

5
4
||ut||

Ha− 5
2
||θt||

Ha− 5
4

+ C||θ||
Ha− 5

2
||ut||

H
5
4
||θt||

Ha− 5
4

+ C||u||
Ha− 5

2
||θt||

H
5
4
||θt||

Ha− 5
4

+ C||u||
H

5
4
||θt||

Ha− 5
2
||θt||

Ha− 5
4

+ C||θt||
Ha− 5

2
||ut||

Ha− 5
2

≤ 1

2
(||ut||2

Ha− 5
4

+ ||bt||2
Ha− 5

4
+ ||θt||2

Ha− 5
4
) + C(||ut||2

Ha− 5
2

+ ||θt||2
Ha− 5

2
+ ||θt||2)
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+ C(||u||2
H

5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4
)(||ut||2

Ha− 5
2

+ ||bt||2
Ha− 5

2
+ ||θt||2

Ha− 5
2
)

+ C(||u||2
Ha− 5

2
+ ||b||2

Ha− 5
2

+ ||θ||2
Ha− 5

2
)(||ut||2

H
5
4

+ ||bt||2
H

5
4

+ ||θt||2
H

5
4
)

≤ 1

2
(||ut||2

Ha− 5
4

+ ||bt||2
Ha− 5

4
+ ||θt||2

Ha− 5
4
) + C(||ut||2

Ha− 5
2

+ ||θt||2
Ha− 5

2
+ ||θt||2)

+ C(||u||2
H

5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4

+ ||u||2
Ha− 5

2
+ ||b||2

Ha− 5
2

+ ||θ||2
Ha− 5

2
)

(||ut||2
Ha− 5

2
+ ||bt||2

Ha− 5
2

+ ||θt||2
Ha− 5

2
). (5.18)

Moreover, we have

d

dt
(||ut||2

Ha− 5
2

+ ||bt||2
Ha− 5

2
+ ||θt||2

Ha− 5
2
) + ||ut||2

Ha− 5
4

+ ||bt||2
Ha− 5

4
+ ||θt||2

Ha− 5
4

≤ C(||ut||2
Ha− 5

2
+ ||bt||2

Ha− 5
2

+ ||θt||2
Ha− 5

2
)

(1 + ||u||2
H

5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4

+ ||u||2
Ha− 5

2
+ ||b||2

Ha− 5
2

+ ||θ||2
Ha− 5

2
). (5.19)

We integrate (4.26) on [t, t+ 1] to get∫ t+1

t
(||ut||2

H
13
4

+ ||bt||2
H

13
4

+ ||θt||2
H

13
4

)ds ≤ C. (5.20)

Let a = 23
4 , we have

d

dt
(||ut||2

H
13
4

+ ||bt||2
H

13
4

+ ||θt||2
H

13
4

) + ||ut||2
H

9
2

+ ||bt||2
H

9
2

+ ||θt||2
H

9
2

≤ C(||ut||2
H

13
4

+ ||bt||2
H

13
4

+ ||θt||2
H

13
4

)

(1 + ||u||2
H

5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4

+ ||u||2
H

13
4

+ ||b||2
H

13
4

+ ||θ||2
H

13
4

). (5.21)

By using (4.3) and (5.4), we have∫ t+1

t
(1 + ||u||2

H
5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4

+ ||u||2
H

13
4

+ ||b||2
H

13
4

+ ||θ||2
H

13
4

)ds ≤ C. (5.22)

Applying the uniform Gronwall lemma and (5.20) and (5.22), we have

||ut||2
H

13
4

+ ||bt||2
H

13
4

+ ||θt||2
H

13
4
≤ C, t ≥ t0 + 1. (5.23)

Integrating (5.21) on [t, t+ 1] to get∫ t+1

t
(||ut||2

H
9
2

+ ||bt||2
H

9
2

+ ||θt||2
H

9
2
)ds ≤ C. (5.24)

Let a = 23
4 + 5

4 = 7, we have

d

dt
(||ut||2

H
9
2

+ ||bt||2
H

9
2

+ ||θt||2
H

9
2
) + ||ut||2

H
23
4

+ ||bt||2
H

23
4

+ ||θt||2
H

23
4

18



≤ C(||ut||2
H

9
2

+ ||bt||2
H

9
2

+ ||θt||2
H

9
2
)

(1 + ||u||2
H

5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4

+ ||u||2
H

9
2

+ ||b||2
H

9
2

+ ||θ||2
H

9
2
). (5.25)

By using (4.3) and (5.7), we have∫ t+1

t
(1 + ||u||2

H
5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4

+ ||u||2
H

9
2

+ ||b||2
H

9
2

+ ||θ||2
H

9
2
)ds ≤ C. (5.26)

Applying the uniform Gronwall lemma and (5.24) and (5.26), we have

||ut||2
H

9
2

+ ||bt||2
H

9
2

+ ||θt||2
H

9
2
≤ C, t ≥ t0 + 2. (5.27)

Integrating (5.25) on [t, t+ 1] to get∫ t+1

t
(||ut||2

H
23
4

+ ||bt||2
H

23
4

+ ||θt||2
H

23
4

)ds ≤ C. (5.28)

Let a = 23
4 + 2× 5

4 = 33
4 , we have

d

dt
(||ut||2

H
23
4

+ ||bt||2
H

23
4

+ ||θt||2
H

23
4

) + ||ut||2H7 + ||bt||2H7 + ||θt||2H7

≤ C(||ut||2
H

23
4

+ ||bt||2
H

23
4

+ ||θt||2
H

23
4

)

(1 + ||u||2
H

5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4

+ ||u||2
H

23
4

+ ||b||2
H

23
4

+ ||θ||2
H

23
4

). (5.29)

By using (4.3) and (5.10), we have∫ t+1

t
(1 + ||u||2

H
5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4

+ ||u||2
H

23
4

+ ||b||2
H

23
4

+ ||θ||2
H

23
4

)ds ≤ C. (5.30)

Applying the uniform Gronwall lemma and (5.28) and (5.30), we have

||ut||2
H

23
4

+ ||bt||2
H

23
4

+ ||θt||2
H

23
4
≤ C, t ≥ t0 + 3. (5.31)

If a = 23
4 + k × 5

4 , k ∈ N, (5.19) holds. Then we get

||ut||2
H

13
4 +k× 5

4
+ ||bt||2

H
13
4 +k× 5

4
+ ||θt||2

H
13
4 +k× 5

4
≤ C, t ≥ t0 + k + 1 (5.32)

and ∫ t+1

t
(||ut||2

H
9
2+k× 5

4
+ ||bt||2

H
9
2+k× 5

4
+ ||θt||2

H
9
2+k× 5

4
)ds ≤ C. (5.33)

Let a = 23
4 + (k + 1)× 5

4 , k ∈ N, we have

d

dt
(||ut||2

H
9
2+k× 5

4
+ ||bt||2

H
9
2+k× 5

4
+ ||θt||2

H
9
2+k× 5

4
) + ||ut||2

H
23
4 +k× 5

4
+ ||bt||2

H
23
4 +k× 5

4
+ ||θt||2

H
23
4 +k× 5

4
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≤ C(||ut||2
H

9
2+k× 5

4
+ ||bt||2

H
9
2+k× 5

4
+ ||θt||2

H
9
2+k× 5

4
)

(1 + ||u||2
H

5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4

+ ||u||2
H

9
2+k× 5

4
+ ||b||2

H
9
2+k× 5

4
+ ||θ||2

H
9
2+k× 5

4
). (5.34)

By using (4.3) and (5.14), we have∫ t+1

t
(1 + ||u||2

H
5
4

+ ||b||2
H

5
4

+ ||θ||2
H

5
4

+ ||u||2
H

9
2+k× 5

4
+ ||b||2

H
9
2+k× 5

4
+ ||θ||2

H
9
2+k× 5

4
)ds ≤ C.

(5.35)

Applying the uniform Gronwall lemma and (5.33) and (5.35), we have

||ut||2
H

9
2+k× 5

4
+ ||bt||2

H
9
2+k× 5

4
+ ||θt||2

H
9
2+k× 5

4
≤ C, t ≥ t0 + k + 2. (5.36)

Since k ∈ N is arbitrarily, there exists a t′0 > t0 such that

||ut||2
Ha− 5

2
+ ||bt||2

Ha− 5
2

+ ||θt||2
Ha− 5

2
≤ C, t ≥ t′0. (5.37)

Step 11. Proof of the Theorem 2.3. We will prove that the system (2.1) has an

absorbing ball in Ha ×Ha ×Ha for a ≥ 9
2 .

||u||Ha + ||b||Ha + ||θ||Ha = ||A
a
2 u||+ ||A

a
2 b||+ ||A

a
2 θ||

≤ ||ut||
Ha− 5

2
+ ||bt||

Ha− 5
2

+ ||θt||
Ha− 5

2
+ ||B(u, u)||

Ha− 5
2

+ ||B(b, b)||
Ha− 5

2
+ ||B(u, b)||

Ha− 5
2

+ ||B(b, u)||
Ha− 5

2
+ ||B(u, θ)||

Ha− 5
2

+ ||θe3||
Ha− 5

2
+ ||f ||

Ha− 5
2

+ ||g||
Ha− 5

2

≤ ||ut||
Ha− 5

2
+ ||bt||

Ha− 5
2

+ ||θt||
Ha− 5

2
+ ||θ||

Ha− 5
2

+ ||f ||
Ha− 5

2
+ ||g||

Ha− 5
2

+ C(||u||
Ha− 5

2
||∇u||

Ha− 5
2

+ ||b||
Ha− 5

2
||∇b||

Ha− 5
2

+ ||u||
Ha− 5

2
||∇b||

Ha− 5
2

+ ||b||
Ha− 5

2
||∇u||

Ha− 5
2

+ ||u||
Ha− 5

2
||∇θ||

Ha− 5
2
)

≤ ||ut||
Ha− 5

2
+ ||bt||

Ha− 5
2

+ ||θt||
Ha− 5

2
+ ||θ||

Ha− 5
2

+ ||f ||
Ha− 5

2
+ ||g||

Ha− 5
2

+ C(||u||
8
5

Ha− 5
2
||u||

2
5
Ha + ||b||

8
5

Ha− 5
2
||b||

2
5
Ha + ||u||

Ha− 5
2
||b||

3
5

Ha− 5
2
||b||

2
5
Ha

+ ||b||
Ha− 5

2
||u||

3
5

Ha− 5
2
||u||

2
5
Ha + ||u||

Ha− 5
2
||θ||

3
5

Ha− 5
2
||θ||

2
5
Ha)

≤ 1

2
(||u||Ha + ||b||Ha + ||θ||Ha)

+ ||ut||
Ha− 5

2
+ ||bt||

Ha− 5
2

+ ||θt||
Ha− 5

2
+ ||θ||

Ha− 5
2

+ ||f ||
Ha− 5

2
+ ||g||

Ha− 5
2

+ C(||u||
8
3

Ha− 5
2

+ ||b||
8
3

Ha− 5
2

+ ||θ||
8
3

Ha− 5
2
). (5.38)

Moreover,

||u||Ha + ||b||Ha + ||θ||Ha

≤ 2(||ut||
Ha− 5

2
+ ||bt||

Ha− 5
2

+ ||θt||
Ha− 5

2
+ ||θ||

Ha− 5
2

+ ||f ||
Ha− 5

2
+ ||g||

Ha− 5
2
)
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+ C(||u||
8
3

Ha− 5
2

+ ||b||
8
3

Ha− 5
2

+ ||θ||
8
3

Ha− 5
2
). (5.39)

By using the (5.17) and (5.37), we get

||u||Ha + ||b||Ha + ||θ||Ha ≤ C, t ≥ t′0. (5.40)
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