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1 Introduction

In this paper, we consider the following generalized MHD-Boussinesq equations:

O+ v(—=A)u+ (u-V)u+Vp=(b-V)b+0es+ f(z), €T3 t>0,

b+ n(—=A)b+ (u-V)b=(b-V)u—+ g(x),

00 + k(—A)*0 + (u- V)0 =0, (1.1)
V-u=0, V-b=0,

u(x,0) = up(z), b(x,0)=bo(x), 6(x,0)=60y(x).

Here, T3 = [~m,7]? is endowed with the periodic boundary condition and a = g. u is
the solenoidal velocity field, b is the magnetic filed, 0 is the temperature and p is the
pressure. ez = (0,0,1) is the unit vector in the direction of gravity. v is the kinematic
viscosity, 1 is the magnetic diffusivity and « is the thermal diffusivity. For simplicity, we
set v=n =4k =1. C is a positive constant which may be different from line to line.

*The first author is supported by the Natural Science Foundation of Shandong Province under Grant
No. ZR2018QAO002, the National Natural Science Foundation of China No. 11901342 and China Post-
doctoral Science Foundation No. 2019M652350. The second author is supported in part by the Jiangsu
Center for Collaborative Innovation in Geographical Information Resource and Applications, and the
fundamental Research Funds for the Central Universities No. 2242022R10013.

fCorresponding author, hjgao@seu.edu.cn, gaohj@hotmail.com



The MHD-Boussinesq equations are related with the Boussinesq equations of fluid
and Maxwell’s equations of electromagnetism. The system (1.1) has been investigated
in [1,13,14]. Recently, the Prodi-Serrin-type global regularity for the 3D MHD-Boussinesq
equations was proved without thermal diffusion in [8]. By using the Fourier local-
ization technique, the well-posedness for the 3D MHD-Boussinesq equations with the
temperature-dependent viscosity was proved in [17]. The existence and uniqueness of
strong solutions and smooth solutions for the 3D modified MHD-Boussinesq equations
without heat diffusion were proved in [12]. Li in [10] has proved the global weak solutions
for the 3D inviscid Boussinesq equations with the magnetic field by using the convex
integration method.

When the term 6 absent, the 3D generalized MHD-Boussinesq equations reduce to
the 3D generalized magnetohydrodynamic equations. Some regularity criteria for the 3D
magnetohydrodynamic equations were obtained in [2,5,6,15,16]. When the term b absent,
the 3D generalized MHD-Boussinesq equations reduce to the 3D generalized Boussinesq
equations. Global well-posedness for the 3D generalized Navier-Stokes-Boussinesq equa-
tions was proved by using the Fourier localization technique in [7]. When the terms u and
0 absent, the 3D generalized MHD-Boussinesq equations reduce to the 3D generalized
Navier-Stokes equations. The existence of inertial manifolds for the hyperviscous Navier-
Stokes equations for o > % by using the spatial averaging method in [3]. Meanwhile,
Li and Sun in [9] proved the existence of inertial manifolds for the hyperviscous Navier-
Stokes equations for o > % by using the extend slightly the spatial averaging method.
The well-posedness of strong solutions for the hyperviscous magneto-micropolar equation
was proved in [11].

In order to get the well-posedness and regularity for the generalized MHD-Boussinesq
equations, we should overcome the main difficult for the estimations of the nonlinear
terms (u - V)u, (u- V)b, (b-V)u, (b- V)b and (u-V)f. Based on [3,9], by using the
delicate estimates, we improve their results and get the better estimations. Moreover, we
will prove the regularity of the system (1.1) in H? x H x H? and H® x H® x H®.

The paper is divided into sections as follows. In section 2, we give some prepared
works and the main results. In section 3, the existence and uniqueness of the strong
solutions for the generalized MHD-Boussinesq equations are proved. In section 4, the
regularity for the generalized MHD-Boussinesq equations is proved in H SxH?xH2. In
section 5, the higher regularity for the generalized MHD-Boussinesq equations is proved
in H* x H* x H®.



2 Preliminaries

First, we give the following abstract model:

Ou+ A% + B(u,u) — B(b,b) — fes = f,
O,b + A%+ B(u,b) — B(b,u) = g,

9,0 + A0 + B(u,0) = 0,

uli=0 = uo, bli=o = bo, Oli=0 = bo.

(2.1)

Here, || - || is the norm of L*(T?), || - ||z» is the norm of LP(T?),
H*(T3), here H*(T3) = W$2(T3). Let

| - [|g= is the norm of

Hy = {u € (L*(T?))3: /TS udr =0,V -u = 0},

Hy = {be (L*(T%)*: /

bdz =0,V -b =0},
T3

Hs = {0 € L*(T3): / Odx = 0},
T3

here, (ug,bo,00) € Hy x Hy x Hy = H. Let P : (L*(T®))3 x (L?(T3))? x L?(T3) —
H := P((L*(T3))3 x (L?*(T?))? x L?(T?)) be the Helmholtz-Leray orthogonal projection
operator. We have Av = —PAv = —Aw for any v € D(A). The Sobolev space and norm
are defined by H® = D(A2),s € R, and || - ||z = ||A2 - ||. By virtue of the Parseval
equality [4], we have

lullfe = > ilPlag, we B,
JEZ0}

For any w1, ws € H', the bilinear form is defined by
B(wl,wg) = P((w1 : V)’LUQ).

Nextly, we give the following main results.

Theorem 2.1. Assume that f € Hi,g € Hs, ug € H%, by € Hi and Oy € H%, the
system (2.1) has a unique strong solution such that v € L*(0, T} H%) N L%0,T; Hg),
be Lo(0,T; H1) N L2(0,T; H3) and 6 € L>®(0,T; H1) N L2(0,T; H?) for T > 0.
Theorem 2.2. Assume that f € H? g € H?, the dynamics of system (2.1) has an
absorbing ball in H3 x H3 x H3.

Theorem 2.3. Assume that f € H“‘g,g € H3 for a > %, the dynamics of system
(2.1) has an absorbing ball in H* x H* x H®.



3 Well-posedness

In this section, we will prove the existence and uniqueness for the strong solutions of
system (2.1). Meanwhile, we will give the proof of Theorem 2.1.
Proof of the Theorem 2.1. Multiplying the third equation for system (2.1) by 6,
integrating the result on T3, then we get

S SNl + 112 5 = (3.1)

Moreover,
16117 < [16o]I*. (32)

Multiplying the first equation for system (2.1) by u, the second equation for system (2.1)
by b, respectively. Integrating their results on T3 and adding up their results, then we get

1d 2 2 2

2dt(IIUH I + Hlall? g +11BI1 5 = (f,0) + (g, b) + (Pes, u)
1(HU|I2 +BII% 5) + CUIAE 5 +lgll? _5) + Cllull,, 5 16]]
1
< Sl g + 0I5+ CA AL 5 +lall7 _5)- (3.3)

Adding up (3.1) and (3.3), it yields
d 2 2 2 2 2 2
2 Ul 10l +116117) + Hul[7 5 + 1101 5 + 11011, 5
2 2
<CO+IIR 5 +1lol ). (3.4)
Then there exists a positive constant v such that
d
a(llﬂl!2 {101+ [1611%) + v (Ulul [ + [[ol* + 16]1%)
<CO+IAIP g +llgll ). (35)
Then we get for any ¢t > 0

[l + 1B + 11611 < e ([fsol I + [bol[? + [160] )
FCUHIIIR 5 +1lglP )1 =), (3.6)

5
1

and

t
g B2, 1612 3)ds < ol + 1ol + 160l

ot IIE g+l ) B



Multiplying the first equation for system (2.1) by Agu, the second equation for system
(2.1) by Ab and the third equation for system (2.1) by Afo, respectively. Integrating
their results on T? and adding up their results, then we get

ld 2 2 2 2 2 2

3 g lulls s + 18I 5 11011 5) + Hully s + 1B 5 + 116117 5

< / (u-V)uAZudl‘ + / (b-V)bAludw + fes Atudz| +
T3 T3

f(m)A%uda?
T3 T3

/ (u- V)bA bda| + / (b- V)udibdz| + / o(z)ASbdz| + / (u-V)9A 0de
T3 T3 T3 T3

5 5 5 5
< Mlullpel[Vul] s [|A%ul] + [[6]| 2] [VO]] sz [|A%ul] + [10][[| A% ul| + [ F][[| A% ull

—+

+ [[ull 2| VOl iz [[AT0] + (bl 1= [Vl sz [[AT0| + [l [[| ATt + [[ul [ 12| VO] 12| AT 6]
< Cllull? 5 lull ;3 + CIBI2 5 lhull 5 + Cllélull 5 + ClLENll,,g
+Cllull 5 11bl] 3116115 + Cllgllllbl] 5 + Cllull, 5 11611511611, 3
1<uu\|2 +1BIP 5 + 11812 5) + CUIBIZ + 1711 + Ilg11%)
+ cuwugg +1IBIE )l 5 + 1IBIE 5 + 116112 5). (3.8)

Then we have

d 2 2 2 2 2 2
2 lll? 5 11001 5 + 11011 5) + [l 5 +11BI1% 5 + 116117 5
< C(lleff” + !|f||2+ lg11*)

+C(lull g+ 012 el g + 11 5 + 1101 5). (3.9)

Since fOt(HuHZé + HleQLIi + H@HZé)dS < C(t), applying the Gronwall inequality, we get
4 4 4

t
Il IR, 012, + [l g + 1012, + 1612 )ds < €. (@10)

Applying the Galerkin method and compactness argument, we get the existence of strong
solution for the system (2.1). Nextly, we will prove the uniqueness of the system (2.1).
Assume (u1,b1,601) and (ug, bg, f2) are two solutions of the system (2.1). Let u = u; — ug,
b=1"b; — by and = 6; — 6. Then we get the following equality:

/

o+ (—A)*a u+ (u1 - V)u+ (- V)uz + V(p1 — p2)
+ (b-

= (b1-V)b+ (b- V)ba + (61 — O2)es,
Otb + (=2)b+ (u1 - V)b + (@~ V)by = (b1 - V)i + (b- V)ug, (3.11)
00+ (—A)0 + (w1 - V)0 + (7 - V)02 = 0,




Here, a = %. Testing the first equation of system (3.11) by u, the second equation of

system (3.11) by b and the third equation of system (3.11) by 6, respectively. Summing
up their results, we deduce

all? + 1|62 e =112 7012 112
5 gzl 1ol + [1011%) + [lall” 5 +lIoll% 5 + 1161l 5

/11‘3( /Tg (b V)botidz /m (601 — 6y)uda

/11‘3 (@ - V)babdx /TS(E - V)ugbdx /11‘3 (u-V)0a0dx
< lallpzl[Vuall sz 1all + |16l 2| Vel sz [al] + [10]]]]l]
1l 12| [Vbo] | 12 |1 + [0l 2] Vuzl| sz |[6]] + ||l 12 ][ VO] 12 [16]]
< Ollall g lluall 5 l1all + Clbll 5 11b21l 5 @l + [16]]] |l

<

+ +

- V)ugudzx

+

+ +

+Clfall 5 1bell 5 1+ CUBIL 5 Il 11611+ Cllall 5116211 51161
1 —112 7112 N2 1 N2 1 —112
< - ; )+ = Z
< Sl g +1BIE 5 + 1017 ) + 1181 + 5l
+ Ol g + 102112 4 + 1182112 )l + 1B + 11811, (3.12)

It yields

d _12 7112 N2 —112 7112 0112

o U1l + 10117+ 11611%) + [l 5 +1IbI7 5 + 11011 5

< CI0I1* + Nall®) + C(lfual [} 5 + o2l 5 + 11620 ) (Nlall* + [ol* +1101).  (3.13)
Applying the Gronwall inequality and (3.7), then we deduce for ¢ > 0

a1 + I + o)1

C Joy (tlluall? 5 +1b2]|? 5 +1021* 5)dr
H4 H4 H1Z .

< ([[a(0)[[* + [[b(0)][* + [1(0)[*)e (3.14)

If %(0) = u1(0) — uz(0) = 0, b(0) = b1(0) — ba(0) = 0 and H(0) = 61(0) — #2(0) = 0, then

we get @(t) = b(t) = O(t) = 0. This completes the proof of Theorem 2.1.

4 Asymptotic regularity

In this subsection, we will prove that the system (2.1) has an absorbing ball in H 7 x
H? x H. Nextly, we give the following some priori estimates.
Step 1. By (3.6), it is easy to get

lim sup(||u(®)[|* + [[B@)][* + [10OI) < CA+IIAF 5 + 9l _5). (4.1)
t—+00



There exists a positive constant ty such that
lu(@)[[> + [[o@)|* + [|6@)]|* < C, for t > to. (4.2)

By virtue of the (3.4) and (4.2), we have
t+1 ) ) )
[ g + 1B + 01 s < €.t 2 1o (43)

Step 2. Testing the first equation of system (2.1) by Au, the second equation of system
(2.1) by Ab and the third equation of system (2.1) by A6, respectively. Summing up their

results, we get
Ld
2dt
/ (u-V)uAudx
T3

[l 3+ 10l + 116173) + lull? g + 1B o + 101 o

/ (b- V)bAudx / 0 Audzx

T3 T3

/ (u-V)bAbdx / (b- V)uAbdx / gAbdx / (u-V)0A0dz
T3 T3 T3 T3

< Mull [ Vull[[Aul] 2+ [[6]] L2 [VO[[[[Aul[ 2 + 01|l Aul] + [[f]][|Aul] + [g]]]| Ab]]

+ [l L2l [VOI[[AB]] sz + (1Bl L2 [[Vul[[[Ab]] sz + [Jul| 2] [ VO[] || AG]], 12

<

+ + +

fAudz
T3

- + - +

< Cllull gl lledl g + 1L g Iellallal, g + Cllall, g 6l 1]
1 8
+ Il gl g + Cll 1111615 + ANl

8
9

1,8 1
+ Cllgllliol[= l1ol]? o + ClONlull5{]ull

3

1
< S(Uall? g + U011 g + 1012 4 ) + CQlull 5 + 1Bl )l + 1Bl +116113)
+ CUFIP + Cllgll? + C(ul® + 116112 + [61]%) (4.4

Then we get

d

Ul B+ 10130+ 11611302) + Il g + b1 o + 161

< C(full? 5 + 012 )l + 10113+ 116113:)

+ CUUIE +11gl?) + Clul 2 + DI+ 1161]%) (45)

By (4.3) and (4.2), we get
t+1
[ (Il 21 + b1 + 110112 )ds
t+1 8 2 8 2 8 2
s[ (hlt Il -+ 1011 < 111 + 611 1611

7



t+1
< C/ (lull? 5+ lull* + 18112 5 + 181> + [16]1% 5 + [16]*)ds < C.
t H% H1 HZ

Applying the uniform Gronwall lemma, it yields

[lu(t + Dl + [6(t + D7 + 110 + 1)[70

t+1
I;

C(lJull? 5 +[b]|? 5)ds [tt+1
<o wt H%<[ (lullZs -+ 162 + 116112 )ds

t+1
+C(IfIP + lall) + C/t ([ull* + [[bl* + ll6]]*)ds) < C.
Moreover, it yields
@Il + 6Ol +10@)][7p < C, t>to +1.
Step 3. By (4.3) and (3.9) and uniform Gronwall lemma, we get
[u@If 5 +1OIP s + 10O 5 <C, t=to+1,

and

t+1
2 2 2
[ QIR + IR, + 012 )ds <

(4.6)

(4.10)

Step 4. Testing the first equation of system (2.1) by A%u, the second equation of system
(2.1) by A%b and the third equation of system (2.1) by A%0, respectively. Summing up

their results, we get

1d
(ullFrz + 1Bl + 11011F2) + [l 5 + 1101 15 + 116117 15

2dt

< /(u-V)uAZde + / (b- V)bA*udz| + O A%udz| + fA%udx
T3 T3 T3 T3

+ / (u- V)bA%bdz| + / (b- V)uA?bdzx| + / gA%bdzx| + / (u-V)0A*0dzx
T3 T3 T3 T3

3 13 7 13 3 13
< Cl|Asul|Ls][Vul[s]| A5 ul| + Cllul| e[| ASul| 12 [|AS ul| + C[|A5b]| 3] [ V]| o[ As ul]

+ Clbl[ 12l [AFD]| 12 || AS ul[ + CI|ARG][[|AS | + C|| A5 f][| A S u]]

3 13 7 13 3 13
+ CllAsul[13][ V0| s |[AS0]| + Cllul[1=2|[ABD]| 12 [[AS ]| + Cl[Ab]| s [[Vul| || A5 0]

7 13 3 13
+ Cl[bl[ 2] [ Asul] 12 [[AS0]| + C||Asg|[[[As 0]
3 13 T 13
+ Cl|Asul[15][VO]| || A 0[] + Cllul[12][A50]] 12 || A5 6]

< Offull, g fulla=lul] 3+ ClBlL 5 0l 2l ll s+ Cllull g 1Bl 18], 35

3
+Clfoll 5 llalla 18] 1+ Cllal |5 1101121161135 + CIIAZ ] sg

8



3
+ Cll AR gl[bI| 1z + ClIOl el 22
1

< Sl sp + 11612 33 + 110112 33) + C Ul 5 + D12 5)(ful e + 1101 2 +116]172)
+ C||A5 f|)2 + C||ASg||? + C||0] %2 (4.11)
We get

d

7l o -+ 1161152 4 1161 3r2) + [l 2 33+ D12 s + 110112 5

< Ol 5 + 1Bl 5 ) lullfz + 10l + 116]1%2)

+ C|| A5 f|12 + C|| A3 g||? + C|10][%2 (4.12)

By (4.3) and (4.10), we get
t+1 ) ) 9
/t (Ul + 1Bl 252 -+ 1161122 ds

t+1
<
< [ (gl

t+1
<C [ R+l g + BRI 5 + 11612, 5 + 1161, ds < €. (4.13)
t

(SIS

6 6 )
5 5 5

4 4
s TIPS 116l 5 + 116112 5 16]]° 5 )ds
H?2 H2 H?2 H1 H?2

By (4.3) and (4.13), applying the uniform Gronwall lemma, it yields

lullzr + (1Bl 7 + 10172 < C, ¢ >t + 1. (4.14)

Step 5. Applying J; to the first equation of system (2.1), testing by w;. Applying 9; to
the second equation of system (2.1), testing by b;. Applying 0; to the third equation of
system (2.1), testing by ;. Summing up their results, then we have

1d

Sl 1l + 1812 + Nl + 1l + 16002 5

< /(utVu)ut(m + / (b Vb)uydx| + / Opudx | + / (usVb)bydx
T3 T3 T3 T3
T3 T3

1
< fuell eI Fall g el | + 11l |22 11, g el ]+ 5 118 + e )
el 2 1011 sz 1ol |+ 1[Bell o [Vl sz [Bel] + el 121961 32 164]
1
< Cllal| g 1ull g el |+ Cllbell g 161l + 5 18 + e )
+Clluel s 1Bl 5 l1bell + Cllbel | lull, 5 11bell + Clluel |5 11611, 51164

1 2 2 2 1 9 2
< §(||Ut\|Hg + ||bt||Hg + ||9t||Hg) + 5(”@” + [|ue||7)

9



+ O([ull® 5+ IBI 5+ 11611 5) el 2+ bl + 11621, (4.15)
Moreover,

d
a(\lﬂt\l2 + 1Bl 4 1160:]12) + el 2 5 + 1Ibell? 5 + 1164117 5
< 16l + Tluel P + C(Ulall? 5 + 1012 5 + 11012 ) (el 2 + 118l + [16:]7)- - (4.16)
Nextly, we get the following estimates
[ae|| =+ [be]] +[164]]
5 5 5
< |[A3ul[ + |[A3b][ + |[A26]| + [|B(u, w)[| + [ B(b, b)[| + || B(u, b)|| + || B(b, w)||
+[[B(w, O[] + 11011 + [[£1] + llg]]
<lul, g + 118l g + 16115 +lullzizl[Vll 1z + Blloiz 19511 + [fullzi2 193]z
+ bl [Vull 2 + lullp2[VO] | 2 + 1611+ |f]] + 9]l
< |lull ;5 + 10l 5 + 110115 + 1101+ 111+ llgll
+Cllull? 5 + IR 5 +lull 3118115 + llull 5 1101],5)
< |lull ;5 +10ll 5 + 11011 5 + (101 + 111 + llgll
2 2 2
F Ol g + B2 5 + 11912 ). (417
By (4.9) and (4.10), we get
el I + [1bel |7 + 1104117
L2(tt+1;H) tHL2(tt+1;H) LHL2(tt+1;H)
t+1
2 2 2 2 2 2
<0 [ Ul g + IR, + IR, + 1R + 1A1° + L]
4 4 4
Fllull g+ 1Bl 5 + 161 4)ds < C. (1.18)
For (4.16), applying the uniform Gronwall lemma and (4.3) and (4.9) and (4.18), we get
el [+ 1Bl + 16:][* < €, 2>t +1. (4.19)

Step 6. Applying 0, to the first equation of system (2.1), testing by Au;. Meanwhile,
applying 0 to the second equation of system (2.1), testing by Ab;. Applying 0; to the
third equation of system (2.1), testing by Af;. Summing up their results, then we deduce

1d
/ (uVu) Aupdx
T3

/ 91‘, Aut dx
T3

Juel [+ ol + [19ll7) + el o + 1Bl o + 1612

T3

/3 (bet)Autdl'
T

/3 (uVuy) Aupdx
T

+ + + + / (b Vu)Abydz
’]1‘3

T3

/3 (UtVb)Abtdl'
T

10



+ - -

T3 T3 T3

< luel[psl[Vull sz [[Aud|] 12+ [Jull 2 [V |[[Au|| 2 + 1106l |6 [[VOI] 12 || Aue]] | 22
1Bl 12l Vel Auel | 12 + 1182] | Al + [fuel o] [VB]] sz [|Abl] 32
+ [ull L2l [VOe|[[|Abe]] 12 + [bel | Lo |[[Vull 12 [|Abe]| a2 + [[bl] 12 ][V ][] Abe]

| 12 | 1
L5 L5

+ [l |6V 12 [|AO:]] 12 + [[ulL1=] [V O[] AGe]] 22

< COllul g [lull 5 [Juell 9 + ClOIL g [1bel [ [luel] g + Cl16:1* + CHUtH%HUtHI%;%
Gl L5 1l + Clll, g el Il 3
+ Clluel | 10115 110211 g + Cllull g [10c] L [16:]] 9
< 1(HUtHZg + ||bt||12qg + H@Hilg) + C116:]” + Clfue|[*
WLC(HUHZ;I + Hb||2§ + ||9||Zg)(||ut||§11 + {10l 71+ 116e]771)- (4.20)
We have
L Ul + 10+ 10 )+ Ll g + Nl g+ 601
< O([16el1* + el *)
+C(|’U||i[g + Hb||23 + ||9||ilg)(||ut||§{1 + 1ol [0+ 1166 770)- (4.21)
We integrate (4.16) on [t,t + 1] to get
t+1
|l g + 2+ 02, s < . (422)

Moreover,
t+1 ) ) )
| Qs + s+ 0 s
t+1 8 2 8 2 8 2
< C/ (el 5 luel |5 + 110l 5 [[bel |5 + 116> 5 [164]]5)ds
t H4 H1 H4
t+1
<C [l + el g + 0P+ I, g+ 1600R + I s < €. (429
By (4.3), (4.19) and (4.23), applying the uniform Gronwall lemma, we have

(el 7 + [10el |72 + 16el 170 < €, 280 + 1. (4.24)

Step 7. Taking 0; to the first equation of system (2.1) and the scalar product with A2u;.
Similarly, taking 0 to the second equation of system (2.1) and the scalar product with

11



A2%b;. Taking 0; to the third equation of system (2.1) and the scalar product with A26;.
Summing up their results, then we have

1a,

2dt

/ (us Vu) A%upda
T3

/ GtA2 Ut dx
T3

/ (bVuy) A%byda / (s V) A%0,da / (uV6;) A0, dx
T3 T3 T3

3 13 7 13
< OllAsug|[pra|[Vull 2 [[AS ]| + Cllug| | 2] Asul] 1o || A ]

el 72 + o[z + [19:172) + el w5 + 1106l 15 + 19217 15

< + + +

/3(uVut)A2utdx
-

/ 3(tib)A2utdx
=

/ 3(bet)A2utdx
-

+ - + +

/ B(UtVb)Athdx
T

/ B(qut)Athdx
T

/ B(tiu)Athdx
T

+ + -

+ || ASul| 15[V | o || A% el | + Cllul| o || AT w22 [ AT |

+ C||ASby| |2 [VB]] 12 | AT wel [+ Cllbell 12| AZB]| g || AS |

+ Cl| AR 3l [Vbr] [ 6] [ AT wel| + Cl[b|pra | [A5bel| 12 [|AS wr]| + CI| AR O] [[| A |
+ || ASwi] | 22] [VBI] 12 | AT bol| + Clleue]| o] | ASBI] 12 [ AT by |

+ O | A%l 2 || Voul | o || AR bil | + Clfull 2| Ay 1z || A5 b

+ Cl|ASby||pra | [Vul| 12 [[ AR bil| + Cllbel| pr=]| AR ul| 12 || A5 |

+ C||AZD ||| Vel | o || AR bal | + bl pr2| A ]| 1z || A5 |

+ Cl| AR w12 |VO]| 12 [|AS 0| + Clluel|p12]| A50]| 12 || AT 64|

+ Ol | A%l 3| VO| o || AT 0| + Cllullra][AF64]| 12 ]| A 6]

< Cllull gl gzl sp + Cllullgeuell g ]z

+ CIBIL g bl a2 el g+ OBz [bell g ]| 1

+ 1104l | g Ml g + ClBL g el a2 1Bel] 1+ ClIbl el | g 1] g

+ Cllull g 110l lzz21bel] g + Clluallza bl g 11bel] 1z

+ CNO g el 1611 s + ClHOl el full 3 1061 33 + Cllull g 1160l =1160]] 2z
< gl sg + 1B g + 11812 19 + CCUBeI + 160])

+ C([ull? 5 + 10112 5 + 1611 5)luel T2 + [l lFz2 + 160372)

+ ([l e+ 1811372 + 11612 lael? 5+ 112 5)

< gmumg% - 11eal 2 1 + 1612 12) + CA+ [l 5 + B2 5 + 1161 5

+ [[ull3ze + 11l + 16172 (el 72 + 1152l [ Fr2 + 1102 72)- (4.25)
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Then we get

4

d

— (el rz + ([0l 7g2 + 10l 72) + el 2 1 + 10l 1o+ [16:1? 1a
dt HT H4 H
<CQA+ull? 5 +1bIR 5 + 11017 5 + iz + [1bl1Z: + 116]172)

(el 772 =+ 10l [ 772 + 116¢] 1 2)- (4.26)

We integrate (4.21) on [t,t + 1] to get
t+1
| Ry + 2, + 1002, g )ds < €. (427)
Moreover,
t+1
| Qe + s + 10 )
<0 [ty i+ 001 o s
t HZ H2 HZ
t+1
<C [l + ol + R, + P + 1602, + 0dP)s < €. 428

Applying the uniform Gronwall lemma and (4.3), (4.13), (4.14) and (4.28), we get
(el [Fr2 + [[bellF2 + 116el B2 < C, t 2> t0 + 1. (4.29)

Step 8. Proof of the Theorem 2.2. Finally, we will get that the system (2.1) has an
absorbing ball in H S x H3 x H3.
[lull g + 11Bl] + 11611 g = [[ATul| + || A%b]| + || A%
< luell gz + 1bel Lz + 1102 g2 + || B(w, w)|[ g2 + (| B0, 0) |12 + (| B(u, b)|| 2
+ 1B, u)llarz + [|1B(u, )| 2 + [|0esl[ g2 + (| f]ar2 + llgl| 12
< luell gz + Noel Lz + 110 52 + Cllul| g2 |[Vul[g2 + ClIbl[ g2 VO] |52 + Cllul [ 2][ V]| g2
+ ClIbll g2l [Vull g2 + Cllull g2V O] g2 + 1012 + [[ ]2 + 9] 2

< lurlliz + loell s + 18ellz + 11112 + gz + C116]
8 2 8 2 3 2 3 2
+ Ol llull? g + 1B 1817 o + 1ol gl + Il el Bl o 1117
3 2
+lulle 61 N0
< lurlliz + oell s + 10ellz + 111122 + gz + C116]
1
+ 5 lull g + 1,y +1161],5)

g 8 5 5 5
+ Clull 2 + 1bll7r2 + 10l g2 llull a2 + [lull 2|16l 22 + [[ull g2l 10]] 22)- (4.30)
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We get

lull g + 116l + 1161l
< 2lfuel = + 1oelli2 + 10ellaz + 1Nl + llgllar) + €116
8 8 5 5 5
+ Cfull + 110113 + 1ol lullae + lall b= + Nl a6l 2).— (431)

By virtue of (4.14) and (4.29), then we have

lull g + 118l g + 116115 < C0 t2t0 41 (4.32)

5 Higher regularity

In this subsection, we will prove that the system (2.1) has an absorbing ball in H* x
H®* x H*. We get the following some priori estimates.
Step 9 Testing the first equation of system (2.1) by A“_gu, the second equation of system
(2.1) by A®3b and the third equation of system (2.1) by A“_%G, respectively. Summing
up their results, we get

1d

S Ul g+ 1012,y 1612+ Il + I, + 61,
/ (u-V)uAa_guda: + / (b-V)bAa_gudx + / 0A Sudz| +
T3 T3 T3

g AT 3bdz| +
T3

< fAY™ Sudr

']I‘3

/ (u- V)bA“ 3bdx| + / (b V)uA*"3bde| + / (u- V)9A™ 3 0dx
T T3 T3

< CHA%_%UHLIQHVUHL% ||A%_gu|| + CH“HL”HA%_%UHL% ||A%_%UH

+

+ A0 2 VO] g 1AE ™R + Clpllrel| A2 58] g 14T S
+C|| A5~ 0]]|| A%~ su|r+cuAﬁf|\|rAf% I

+ CINAT ¥ ull ool |V g 4558+ Cllullel| A3 5B 32 [| 4550
+ || A5 b |12V 32| A5~ 50]] + b |12 ]| A3~ 5 wl| 12 || A3 38|
+ C||AZ=F g[|| AZ=3b]| + C[| A~ S u|p1a][VO]|i2]|AF 0]

+ O fullpi=||A3=5 0| _y2]|AZ 30|

< Clfull s lfull g lull, o5 +CUBIL 5 1o gllull o s
+Clfull, 3 11bll .5 1Bl .5+ Cllo] 5||u||Ha_§r|b||Ha_,
+Clull, 5116, 160l 5 +ClI6I 3 llull . 561l

+eloll sl g+ CUAL ] g+ CHgHHa_ls 1011, s
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—_

1 2 2
< Sl g+ 05 +

+CO+ull? 5 + 1017 5 + 16117 ) (1l

Moreover,

[ul |

[

i

< 2 2

< CUIAIN, oz + 19l

+ O+ [ull? 5 + 0] 5
H4 H4

By virtue of (4.2), we have

t+1 9
| e

a_,

161 )+ CUIFIR g+ llgll? g+ 1101F)
2 2
2 g IR g IR ).
I R [ L [ P [/
5 1161
2 2 2 2
11012 )l g +1BIE g + 16012, _):

s + 1ol

We integrate (4.12) on [t,t + 1] to get

t+1 ) 9
[ QI s + I + 1166

Let a = 243, we have

(Ilull2 i +BI as + 11117 2

S C(II£1[72 + llgll7= + 11611%)

+ O+ [[ull? 5+l 5
H2 Ha

2 2 2 2
1161 el 15+ D12, 35 + 11611

i) +ull? o + Bl o

HT

15 + HQH )dS < C

a— 4 a— 4

12 15)ds < C.

g + 1012

Applying the uniform Gronwall lemma and (4.3) and (5.4), we get

I 15 + BN 13 + 0@ g <C, > t0+1.

Integrating (5.5) on [¢,t + 1], we get

t+1
/t (lu(IP g + BB o +10(s)I 5 )ds < C.

Leta:%—I—%:?,wehave

2

[ul? o +110]I%

< C(Ilflliﬁa + Hglliﬁa +11611%)

+ O+ [Julf 5
H4

1Bl 5

15

2 2
6, 3 (lull g

1Bl

612 o)+ 1lull? 25 + 1B 25 + 116112 2

)

1161 ).

(5.1)

(5.2)

(5.3)

(5.5)

(5.7)



Applying the uniform Gronwall lemma and (4.3) and (5.7), we have

[lu(?)

Integrating (5.8) on [¢,t + 1], we get

g+ B2 g +6@IE, <C, t2t0+2. (5.9)

2 )ds < C. (5.10)

t+1
2 2 2
| I 5 + G2 5 + 102,

Leta:%+2x§:%,wehave

LRl 20+ 1112 2+ 101, 20) + e+ 117 + 1161y
<C(IFIR 5 + gl 5 +1101)
F Ol g + [P g+ 161 )l g + (1P 2o +10IP 20). (5.10)
Applying the uniform Gronwall lemma and (4.3) and (5.10), we have
Wa(OI 2p + B2 2 + 0D 3 < C. > 1043, (512
Ifa=2+kx 3 keN, (52) holds. Then we get

Il s g + U2 g + 1012 s SOt to+ k41 (5.13)

and

t+1
/t (1l g g I g s 112 54, 5)ds < C. (5.14)

Let a = 2 + (k+1) x 2, k € N, we have
d

dt(HuHi{%*’”% + ||b|’2g+kxg + ||9|’Zg+kxg) =+ ||U||i{zg+kxg + ||b||§{;g+kxg + ||9||12ng+ng
< CUAIP 13 + 1912 33105+ 1161P)
F OO [l g + P 5 + 1012 Ul g g + 1P g + 1OIP g g)- (5:15)
Applying the uniform Gronwall lemma and (4.3) and (5.14), we have
a5 1nes + DI g g + 0D 9105 SO t2to+k+2. (5.16)
Since k € N is arbitrarily, there exists a t; > t¢ such that

a2, g +1BIE, g +N6IE, 5 <C, t 2t (5.17)

Step 10 Taking 0; to the first equation of system (2.1) and the scalar product with
A“_gut. Similarly, taking 9; to the second equation of system (2.1) and the scalar product
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with A9~ 3b,. Taking 0; to the third equation of system (2.1) and the scalar product with
Aa_%ﬁt. Summing up their results, then we have

sl g+l 10 g) + Il g+ 0l 2 + 116,

He 2 2 He 1

4

+ +

/ (utVu)Aa_%utdx

/3 (uVup) A%~ Suda
T

/ HtA“_ g utdx
T3

/ B(tiu)Aa’gbtdx
T

/ (b Vb) A" 3 uyd
T3

+ / (bVby) A S uydz| +

’]1‘3

+ ' / (u Vb) A"~ 3 bydw
T3

+ / (uVb) A% 3 bydz| + +
T3

/ 3(qut)A“’%btd:1;
T

_|_

+ / (4 VO)A“30,dx
T3

/ B(uVHt)A“_%thx
T

< O] A5~ Syl ol [Vl 12 145 S wel] + Ol el a2 | AF = F ] g2 || A3 R |

+ C| AR~ R ul | [Vaell sz || AF S]] + Cllul| r2]| A3 75 wel] gp || AF R |
+ C|| AT % by| 12| VD] 12 [|AF R || + Clbr] | 12] [AF TR D] g2 || AT S

+ C| AR~ bl 2| Vbel| 12 1|42~ Reug] | + CJb|pra] [ AT~ by| 12 || AZ =R au |

+ C| AR~ ][ 12| V0|12 [|AZ7Rby[| + Ol || pra] [AF =5 b|| 12 || A3 30|

+ C|| AT S |12 |Vb| 12 [|AF30y]| + Cllul| e [AF by g2 ]| AZ S0y

+ Cl| AR~ byl [z | Vul| 12 [|AZ =Ry + bl pre| [ AT S ]| 12 || A3 =30

+ C|AZ =Rl || Vel | 12 [ A3 7R by[| + C[[b|pra ][ AT | 12 || A3 =30y

+ Ol AT S |12 |V6]| 12 |AZ 73604 + O fua| 1o | AB 50| s2]|AZ 30|
+ C| AR~ ul 2] VO] 12 [|AZ 730, + Cllul |2 |AZ 75 04 sz ]| AF 56|

+ C|[AZ 70, ||| A3 T

< Cllull g lluell yog lluell yog + Cllull o llull g luell g
+ Bl g 1bel| og lluell o + CHOI o g l1bell g lluell ag
+ Ol g Tl o g 106l yag + CHOI o glluell 5 1106l o g
+ Cllull ya-g 10l g 1102]] ag + Cllull g 10e]] amg 10]] o g
+ OO g lluell g 1106l oz + CUON g lluel] 5 10 g
+ Cllull o g 1061, 5 10l yamg + Cllull g [1606l] a5 1162]] 05

+ ClO g el g
1 2 2 2 2 2 2
< Sl g + B g+ 18012 )+ Ol g + 1812,y + 1161%)

5
4
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+ Ol 5 +1BI7 5 + 1012 ) uel? s + 1Bl 5 + 11661 ,_5)

H*" 2
+c<uuuiﬂ,g + Hbui,a,g + 11012 o g ) el 5 + Hbtufﬁ + 11812 )

H 2
1
< Ul g 101 g 16 5) + Ol g + 116617 g + 116:])

+ Ol 5 +1BI17 5 + 11017 5 +1lull® s +1IBI17 s +1101 . _5)
2 2 2
1
(el [ amg 110l o g + 116l g )- (5.18)

Moreover, we have

bl g By 411002, + Nl + T2 g 110
sc<||ut||;_g+||bt||2 IRy
(4 Tl g B2 + 1012 + Il g B2y + 1617 y). (5.19)
We integrate (4.26) on [t,t + 1] to get
t+1
| Ul g+ 0 sy + 101, )5 < €. (5.20)

Let a = 243, we have

(HUtH2 g 10l s+ 1017 15) + el g + 1Bl o + 1617
S C(||Ut||12q% + ||bt|\2% + ||9t||§{%)
L+l 5 + 118112 5 + 116112 5 +[[ull? 1 +[1B]1% 1 + 1101 1) (5.21)
Hi Hi Hi H H7 HT
By using (4.3) and (5.4), we have
t+1
/ (LTl g + 1B 5 + 11012 5 +1ull® 5 + I 5 + 1161 5)ds < C. - (5.22)
t
Applying the uniform Gronwall lemma and (5.20) and (5.22), we have
el 2 13+ 110212 13 + 1162 15 < C, £ >0+ 1. (5.23)
Integrating (5.21) on [¢,t + 1] to get

t+1
/t (el 2 g + 12, + 18 5 )ds < C. (5.24)

Leta:%—k

| ot

=7, we have

d
%(HUtHZg + ||bt||12qg + |’9t||12qg) + ||Ut|\2% + ||bt||12ng + ||9t’|il%g
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< C(||Ut\|i1g + Hthi{g + ||9t’|§{%)
(L el g+ 1012 g + 181 5 + [l g + B + 01 5. (5.25)
By using (4.3) and (5.7), we have
t+1
/ (L[l 5 + 118112 5 + 116112 5 +lull? o +[[]2 o +10]2 9)ds < C. (5.26)
¢ HA4 H4 H4 H2 H2 H?2
Applying the uniform Gronwall lemma and (5.24) and (5.26), we have
HUtHZ% +Hbt|’]2q% +H'9t|’2% <C, t>ty+2. (5.27)

Integrating (5.25) on [¢,t + 1] to get
i 2 2 2
| R+ 12 g+ 101 s < €. (5.29)
Leta:%—I—Qx%:%,wehave

d
Ul g+ 111 55+ 110112 ) + [l B + 1] 37 + 1180 3

23
4

< C(H“t”;% + ||bt||2% + H@HZ%)

(Ll 5 + 118112 5 + 110112 5+ [[ull? 2 +11BI1% 2 + 101 23)- (5.29)
H1 H1 H1 H4 H4 H7

By using (4.3) and (5.10), we have

t+1
/ (L[l 5 + 118112 5 + 1017 5 +[ull? 22 + (B[ 22 +[10]]% 22)ds < C. (5.30)
¢ Hi Hi Hi Hi H H
Applying the uniform Gronwall lemma and (5.28) and (5.30), we have
el |2 25 + 11bell” 25 + 1164l 25 < C, >80+ 3. (5.31)
Ifa=2+kx 3 keN, (519) holds. Then we get
el 1?2 iy T 10T a5 g 10 15405 <C t>to+E+1 (5.32)
and

t+1
/t (el g g T 1B g pig + 0P o105 )ds < C. (5.33)

Leta:%—i—(k—i—l)x%,keN,wehave

d
Sl g 1B g g+ 10 g ) el g+ I 33y ORI 53 g
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< Ol g g + 10012 g g 1601 i)
2 2 2 2 2 2
(U 1ull? g+ IBI o+ 1018 g + [l g + 1B g g + 1612 g00g) (5.34)

By using (4.3) and (5.14), we have

t+1
| R, g IR, g+ 10125 + 1l g + T8I, g + 01 g0} < C:
(5.35)
Applying the uniform Gronwall lemma and (5.33) and (5.35), we have
el g ssg 1000 g g + 110 90z SC t=to+k+2, (5.36)
Since k € N is arbitrarily, there exists a t, > to such that
HUtHi{a_g + ||bt||§{a_g + ||9t’|2a_g <O, t>t. (5.37)

Step 11. Proof of the Theorem 2.3. We will prove that the system (2.1) has an
absorbing ball in H* x H* x H® for a > %.

[l + 11l 2o + 16110 = 1A% ul] + 1A%B] + | A%

< lfurll g + 1ol g + 1601 o + 1B )] o + BB, g+ 1Bdl,. s
+IBO,ull 0z +11Bw,0)] o5 +l0es]] o g +f]| g +lgll,

<l oy L g + 1015 + 1+ g + el

Ol o g Il g+ 1001 o g IV g+ Il o g1V g+ g 90l
] 51IV0]

+ 116]]

et

< g5 + Wl 10 g 4 10 g 151 +

8 2 2
+C(Hu\|;a,g\lum5{a + HbH;a,gHbH%a + ||l gHbH;a,gHbH%a

H*™

3
+110l] g [l

2 3 2
5 5 5
¢ el el g 1617 5 1611720)
1
< S(ullme +11blle + 116l
ol fuell o g D0 g 16 g 4 101 g 4 1L+ Dl g
8 8 8
3 3 3
+Cllall? Ly By 101 y). (5.39)

Moreover,

[lullgra + [bl] e + [16]] e

< 20fuell o g A+ 110l g + 000 g + 1011 g 1A ag + gl )
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8 8 8
3 3 3
+ Ol g+ + 1611 ). (59)

By using the (5.17) and (5.37), we get

llullzza + [l e + [10]| e < C, ¢ > 1. (5.40)
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