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Abstract

In this paper, we investigate a class of anisotropic initial-boundary value problems, involving the Finsler-Laplacian. Firstly, by
using a first-order differential inequality technique, we provide some appropriate conditions on the data which guarantee the
blow-up of the solution at some explicit finite time. Next, under different appropriate conditions on the data, we will make
use of a comparison principle to prove the global boundedness of the solution. Finally, by using a maximum principle for an
appropriate P-function, in the sense of L.E. Payne, we derive some explicit exponential time decay bounds for the solution and

its derivatives..
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1 | INTRODUCTION

In this article, we investigate a class of anisotropic initial-value problems representing the mathematical model for the thermal
conductivity in a material which conducts heat at different rates, depending on its crystallographic structure or composition.
In most of the applications intensively studied so far, the heat diffusion is typically modeled as isotropic, which means that it
is the same in all directions and the Laplace operator is the one which naturally appears into the corresponding heat diffusion
equation. The mathematical model of the anisotropic heat conductivity requires consideration of the properties of the materials
described above, so the Laplacian operator has to be replaced with a more complex operator and in this paper we consider the
Finsler-Laplacian, which better describes the relation between the heat flux and the temperature gradient in each direction.
Such problems are highly interesting for researchers from many fields of science and engineering, since they appear in many
applications, such as, for instance, the design of electronic devices (microchips), aircrafts etc., where high heat fluxes can occur
and the anisotropic diffusion of the heat can affect the performances of the devices, the failure or damage of the aircraft etc.
Surprisingly, despite the importance of these problems in applications, it seems the literature is still very poor in results on
this type of thermal conductivity. To our knowledge, at this moment there is only one paper in the literature discussing the
anisotropic heat diffusion, involving the Finsler-Laplacian, namely the recent paper by G. Akagi, K. Ishige and R. Sato'. This
paper is the first one dealing with some fundamental questions for the anisotropic parabolic problems described above, regarding
the blow-up, global boundedness and time decay estimates of the solution.
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Letn > 2and H : R" — [0, 00) be a convex function of class C* (R"\ {0}), which satisfies the following conditions
H¢) =11H(E) foranyr € R, £ € R”,
H > 0inR" and H (¢) = 0 if and only if & =0, (1.1)
Hess (H?) is positive definite in R"\ {0}.

We say that such a function is a norm on IR", since it has the properties of a norm. A typical example is the /,-norm, that is

" 1p
H@rﬂmu=<§j$) for p € (1,00). (1.2)
i=1
The anisotropic Laplacian (or Finsler-Laplacian) of a function u : R" — R, with respect to the above norm H, is defined by
Apgu(x) = Zn: ai (H(Vu)Hgi(Vu)) . (1.3)
= Ot
Where OH ou Ju
He = 96, (&) and Vu(x) = <5x1(x)’ 8x,,(x)> . (1.4)

For instance, when H is the standard Euclidean norm, then the Finsler-Laplacian coincides with the standard Laplacian, that
is Ay = A. Note also that here and in what follows we use ¢ € R” for the argument of H and x € R" for the argumend of a
function u.

The Finsler-Laplace operator has been intensively studied in the last few decades in various contexts, including both the
Finsler geometry (see, for instance, M-Amar - G. BelletiniZ, S.-I. Ohta’21® S 1. Ohta - K.-T. Sturm“Z 18 7 Schen and the
references therein) and the partial differential equations, mainly of elliptic type (see, for instance, A. Alvino et al.%, V. Ferone -
B. Kawohl®, A. Cianchi - P. Salani® and references therein).

This paper is concerned with the following class of initial-boundary value problems for the Finsler-Laplacian:

Agu—u, =f(u), x € Q, t>0,
u(x,t) =0, x € 99, t>0, (1.5)

u(x,0) = g(x), x € Q,

where 2 C R” is a bounded domain with a C*¢-boundary 052, while f and g are given functions assumed to satisfy the following
conditions:
fecl.  fO=0. f@=0, s>0, (1.6)

ge §=0, g(x) =0, x € 0N (1.7)

Under these assumptions on the data, the maximum principle implies that u (x, ) is nonnegative. Note also that since Hess (H2)
is positive definite in R\ {0} and H? is homogeneous of degree 2, then H? is strictly convex in R” and Ay is an uniformly
elliptic operator in any compact subset of Q\w, where w := {x € Q : Vu = 0}. Since H € C* (R"\ {0}), we have by the classical
regularity theory that the solution of (T.3)) is of class C* on Q\w (see O. A. Ladyzenskaja-V. A. Solonnikov-N. N. Uralceva'?).
Therefore, we will consider as solutions of equation from (I.3) the strong solutions for which the equality in the equation holds
almost everywhere.

It is well-known that the solutions of the initial-value problems may not exist for all time and that the only way that the
solution can fail to exist is by becoming unbounded at some finite time ¢ (see, for instance, the case H(£) = I£lin J.M. Ball* or H.
Kielhofer'). In Section 2 of this paper, we will establish conditions on the data of problem forcing the solution u(x, ) to
blow up at some finite time * and, under these conditions, we derive an upper bound for the blow up time #*. In Section 3, we
determine conditions on the data sufficient to guarantee global boundedness of the solution. Finally, in Section 4, under some
appropriate conditions on the data we will derive some explicit exponential decay estimates in time for the solution and its
derivatives.

The results of this paper extend those obtained by L.E. Payne and G.A. Philippin’®, G.A. Philippin and V. Proytcheva3, in the
particular case H(&) = I£l. In order to handle our general case, our approach will follow naturally the techniques developed in these
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papers. Other similar investigations for various classes of parabolic problems have also been published in the last decade (see, for
instance, L.E. Payne and G.A. Philippin“?,%l, L.E. Payne, G.A. Philippin and S. Vernier-Piro%? or C. Enache". For other results
concerning the local and global existence of solutions of some partiular cases of problem (I.3]) we refer the reader to the book of
A.A. Samarskii and al.** or to the survey papers of H.A. Levme 13'and V.A. Galaktionov and J.L. Vazquez'? and its references.

Finally, the notations u; := ax ujj = 6x 3x JH; = g? JHj = 85 65 will be used throughout this paper and summation from 1 to
n is understood on repeated indices. Us1ng these notations, for instance, we have
" PH  u
Hiju;j = ; /:Zl 0&,0¢; Ox;0x;” 19
2 | PRELIMINARIES. SOME USEFUL IDENTITIES AND INEQUALITIES

In this section, we remind some useful identities, inequalities and concepts that appear in the remaining part of this paper, when
we prove of our main results.

Lemma 1. (see Lemma 2.2 in L. Barbu - C. Enache” ) If H € C3(RN\ {0}) is a positive homogeneous function of degree 1, then
we have

H;(§)&=HE), Hi©&=0, Hu(§)§ =—-Hp(E), 2.1)
forany & € RM\ {0} andi,j ke {l,...,N}.

Lemma 2. (Kato inequality; see Lemma 2.2 in G. Wang - C. Xia®’) At a point where Vu # 0, we have
aganugtj > ai HiH g uy, (2.2)

where a;(Vu)(x) := ag 65 GH?)(Vu(x)).

Next, let us recall that there is another interesting function HO, related to H, which is defined to be the support function of
={x € R": H(x) < 1}, namely

H° (x) := sup (x,£). (2.3)
ek
We call Wy (xg) := {x eR": HO (x—xg) < r} a Wulff ball of radius r centered at xo. We say that v : [0, 1] — Q is a minimal
geodesic from x; to x, if
1 1
dy (x1,%2) 1= / H° (1 (t)) di = inf / H° (&(r)) dr, (2.4)
0 0

where the infimum is taken on all C! curves 7 (¢) in Q from x| to x,. In fact ~y is a straight line and dy (x1,x2) = HO (xy —x1). We
call dy the H-distance between x| and x,. Now we can define the diameter dy of {2 with respect to the norm H on R” as

dy = sup dy (x1,x2). 2.5)
X102 EQ
In the same spirit we define the inscribed inradius iy of ) with respect to the norm H on R" as the radius of the biggest Wulff
ball that can be enclosed in 2.
Finally, let us recall the definition of H-mean curvature of S, := {x eQ:u= t}. To this end let v be the outward normal of S;,
{eq }"’11 be a basis of the tangent space T, (S;), 8ap = & (ea, eg) be the first fundamental form, (go‘ﬂ ) be the inverse matrix of
(ga g) and V be the covariant derivative in R". Then the H-second fundamental form ha 5 and the H-mean curvature Ky are
defined by
Wiy =(He oV, v,ep), and  Ky=g* i, (2.6)
We then have:

Lemma 3. (see Lemma 2.4 in G. Wang - C. Xia“? ) Let u be a C? function with a regular level set S, := {x € Q: u=t}. Let
Ky (S;) be the H-mean curvature of the level set S;. We then have
2

Ayu(x) = -HKy(S,) + HiHu; = -HKy(S)) + g—'j, 2.3)
Vi
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Sor x with u(x) = t, where vy == H¢(v) = —H¢(Vu).

Finally, when Ky > 0, we say that 0X) is H-mean convex. In such a case we can also say that {2 is H-convex.

3 | SOME BLOW-UP CONDITIONS

In this section we will make use of a first order differential inequality technique, previously employed by G.A. Philippin and V.
Proyetcheva® in the case H (§) = ’5 ’ (see, also, C. Enache'’), to establish some sufficient conditions on the data of problem (T3)
to produce blow-up of the solution u(x, r) at some finite time #*. Moreover, under these conditions, we will show that the same
technique provides an explicit upper bound for ¢*.

To this end, let us introduce the following auxiliary functions:

A7) = / u?(x, H)dx, (3.1
Q
B(7) := / (F(u)—le(Vu)) dx, (3.2)
Q 2
where ;
F(u) :=/f(s)ds. 3.3)
0

The main result of this section is formulated in the following theorem:

Theorem 1. Ler u(x, t) be the solution of the parabolic problem (1.3) and assume that the data of problem (1.3)) satisfy the
following conditions:

1
sf(s) > 5(4 +)F(s), s>0, (3.4
where o is a positive parameter, and
1
B(0) = / (F(g)— 2H2(Vg)) dx > 0. (3.5)
Q
We then conclude that u(x, t) blows up at some finite time t* < T, with
4 I
=— 2 < 0. .
T a(a+4)A(O)B 0) <0 (3.6)

Proof. We first compute
At = 2/ uu; dx = 2/ u [AHu +f(u)} dx
Q Q

-2 / HX (Vi) dx +2 / uf (u)dx G.7)
Q Q

> (4+ o) B(1),
where we have successively used the differential equation (I.3)), the divergence theorem, the assumption (3.4) and the definition
of B(1).
Next, we also compute

B'(t) = / [fit, ~HH¢,u;| dx = / [fut, + (HH,)iu,] dx
Q Q

(3.8)
= / u; [f(u)+ Ayu} dx = / u,zdx >0
Q Q
where we have used again the divergence theorem. Therefore, B(¢) is a nondecreasing function in ¢, and we have
B(r) = B(0) > 0, (3.9

by (3:3).
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Next, using the Schwarz inequality and inequalities (3.7) and (3-8), we obtain the following chain of inequalities:
S o
AB' = / W2dx / Wdx > / udx | = ~(A)? > (1 + f) A'B. (3.10)
Q Q Q 4 4

d o
E(BA’(”T)) > 0. (3.11)

Therefore,

So BA-1+%) is a nondecreasing function of ¢ and we have
BA™ %) > BO)A D0y =M >0 (3.12)

Next we integrate (3.11) and make use of (3.7) to obtain

"ﬁm‘%)’ = ﬁAw“%) > pA ) > M, (3.13)
aa «

Integrating now (3.13) from O to ¢, we obtain the inequality

A0y < Aoy - X Dy G.14)
which cannot hold for o da(a+4) 1)
= T A)B0) '
In conclusion, the solution u(x, ) of problem fails to exist by blowing up at some finite time t* < T, with 7 > 0 given in
(3.15). O
4 | SOME GLOBAL BOUNDEDNESS CONDITIONS

In this section, we will establish conditions on the data of problem (I.5)) which prevent the blow up of u(x, ) in finite time and
guarantee the global boundedness of the solution. As in the particular case H (§) = ’5 , investigated by G.A. Philippin and L.E.
Payne in"”, we assume that the data of problem satisfy the following condition

£(0) =0, sf/(s) > f(s) >0, s>0. 4.1

We note that (4.1)) implies that f(s)/s is a non-decreasing function in s. The solution u(x, 7) of problem (I.3)) can blow-up in a
finite time ¢*. In this case, the solution exists in an interval (0, 7), with 7 < *. We thus denote

Uy = max u(x,t) < oo. “4.2)
Qx(0,7)

Our aim is to determine some conditions on initial data g(x) sufficient to guarantee that the blow-up does not occur. To this end,
we make use of the first eigenvalue A; of the Finsler-Laplacian and the corresponding function ¢; for a region 2 2O

Apd1(x) + M1 (x) = 0, ¢1(x) >0, x € Q,

_ 4.3)
¢1(x) =0, on Of.
Moreover, since ¢;(x) is determined up to an arbitrary multiplicative constant, we normalize ¢;(x) by the condition
max;(x) = 1. 4.4
Q

The reason for replacing by QD Qinour investigation is merely to allow an explicit computation of ¢; and A, if possible, by
considering some particular shapes for €.
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Lemma 4. Let u(x, t) be a solution of problem (L.3)), where f satisfies @1). If T is any time prior to blow-up time, then u(x, r)
satisfies the following estimate

0 < u(x,7) < Tyexp (— (Al —f(”’")) t> . te[o,7], (4.5)
where )
. WX

I = max ( ¢1(x)) . (4.6)

Proof. First inequality in (&.3)) follows from the maximum principle. To obtain the second inequality, we consider the following
auxiliary function

v(x, t) = u(x, t)exp <_f(um) t) s 4.7
m
and compute
(Apv—v,) exp (—%t) = Agu—u; + %u
" (4.8)
> Agu—u, + f(u) =0.
We then have
Agv—v, >0, x€Q, t€(0,7),
v(x,0) = gx), x € 0, 4.9)
vix,t) =0, x € 99, t € (0, 7).
The comparison principle then implies that
v(x, ) < wix, 1) == Tipre ™, (4.10)
because we have
Agw—-w; =0, x€ Q, r € (0,7).
w(x,0) =T 1¢91(x) > glx), x € £, “4.11)
w(x, 1) >0, x € 09, t € (0, 7).
Now, the combination of (#.7) and (#.10) implies the desired inequality (#.3). O
Theorem 2. Under the assumptions of the previous lemma, if Iy also satisfies the condition
r
&)y, (4.12)
I
then t* = co and we have
S ux, 1)
max <A, 0<t< 0. 4.13)
Q  u(x, 1)

Proof. We suppose that #.13)) is not true and establish a contradiction. By continuity, there exists a first time 7 for which f(u)/u
reaches the value )\, that is

flu(x, 1)
= = Al 4.14
! (4.14)
Since f(s)/s is a nondecreasing function of s > 0, Lemmad]implies
ux,n) <T'y, 0<r <1, (4.15)
which leads to the following chain of inequalities
) t F ~
fuen) ST oy ea o<t (4.16)
u(x, t) 1_‘l
in view of {@.12). In particular, we have ~
Jlux,0)
= Al 4.17
T ey “.17)

which is in contradiction with the definition of z. We then conclude that 7 = oo and the proof of the theorem is complete. O
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5 | SOME EXPLICIT TIME DECAY ESTIMATES

In this section, we will establish sufficient conditions on the data to derive some exponential time decay bounds for u(x, ), the
solution of problem (T.3)). For this aim, we shall derive some maximum principle for an appropriate combination of u, H and
data of problem (T.3)). The combination that we consider will be of the following form (see G. Wang - C. Xia“® or L. Barbu - C.
Enache® for the stationary case):

P(x,1) = {Hz(Vu) dx+2 / f(s)ds + ozuz} e (5.1
0
where « is a real positive parameter to be appropriately chosen.
The main result of this section is formulated in the following theorem:

Theorem 3. Let u(x, t) be the solution of problem (1.5). Assume that Q) is H-convex and condition (4.1)) holds. Assume also that
Q and g(x) > 0 are small enough in the following sense

foy _
I, ~ 42

—a. 5.2)
Then the auxiliary function P(x, t), defined in (5.1), takes its maximum value at t = 0, so that we have
H*(Vu) +2 / f(s)ds + o < M*e*, (5.3)
0

where ¢
M? = max {Hz(Vg) + a/ F(s)ds + agz} . 5.4
0
Proof. The proof of the theorem is given in several steps.

Step 1. First of all, let us remind that the solution of (T.3)) is of class C* on Q\w, so that we can differentiating (5.1)), to obtain
successively in \w that

P; = 2 {HHuy + fu; + oa; ) >, (5.5)
P,’j =2 {Hlulekuki + HHkluljuki + HHkukij
(5.6)
+f wiu; + futyy + quu; + auug b €27,
respectively
P, =2 {HHkukt + fu, + auu, + aH? + 2a/ f(s)ds + ozzuz} 2, 5.7
0
Moreover, from (5.5) we can derive the following useful identities :
P2t f u
Hyuyi = - U — QU 5.8
kU T e (5.8)
and HiPe 2 Hf u  HPe
Hl‘HkI/lki = T—ﬁui—alﬂﬁui = T—f—au. (59)
Let us now remind that 2 1
a;(Vu)(x) = (=H»(Vu(x)) = (H;Hj + HHj)(Vu(x)). (5.10)
0§;0&; "2
Then, we can rewrite the equation (1.3)) as
a;ju; = (H,['IJ + HHU)MU = U —f. (51 l)
Moreover, making use of in (3.11)), we get
HiPi —2at
HH,]M,] = —78 + iI{il/l,’ + OZZH,'M,' + u; —f
2H H H
(5.12)
H,»P[e‘z‘”

=————tau+u.
2H !
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On the other hand, differentiating (3.11)) we have
H;Hl-julku,vj + HHijlulku,-j- + 2H,~1Hjulku,-j + QiU = Uk —f/l/tk

But by Lemma 2.1 we have
Hjju; = 0 for all i.

Then by taking derivative of (5.14) with respect to x; and summing over i, we get
H,-ju,-j + H,-ﬂuliuj =0.

Next, we compute
a;Pij— P = 2a;; {Hlulekai + HHyujuy + HHygugg; + f g + fug;
+auu; + ozuu,j} > — 2 (HHyuy, + fu; + aut
+aH? + 2aF(u) + o + uz} > in Q\w.
Making now use of (5.10) and (5.11)) in (5.16), after some simplifications we get

a;P;—P; =2 {H,ijHluUHkuki + HzHinkluljuki — HH H Hjuyu;
~H*H Hyuyuy; + f'H* + f'(HH; + H:H))uu; - f2
+o(HH;j + HiHj)u;uj — oouf — HHguy,

—aH? - 2aF - o*u*} > in Q\w.
Next, we compute separately some of the above terms. First, using (5.9) we get

HPie >

2
H:H;H Hujuy = ( 20 —f- au) =+ au)Z +...

where here and in what follows the dots stand for terms in P.
On the other hand, using (5.10) we have
H*HHyujug = (ay — HiHp)wj(ay — HoH)ug
= a;ujaniuy; + HiHju;Hi Hjuy — 2HHiagguuy;
= ajujauy + HiHjuyH Hyug; — 2HHjaggujug,

HP; 2
= agupagi + [ e2 — (f + o))

+2 |: 2o f+;“ul:| {%e—Zat —%Mk] [HH; + HHy] .

Now using Kato inequality (see Lemma[2) and (5.8), we get

_ P, 2ot f+au e 2o _ frou
agupape > agHHugy = ag(55e° l)(zj et 71))

= q; (f+13‘,”) it + . . . = (HiHuu; + HHjjuu) 5 +°‘”) +.
H/—’ ——
=H? =0
=(f +au)’ +

Replacing (5.20) into (5.19) and opening up the parentheses, we get

H? H,,Hlkuljuk, > 2(f+au)2 2(f+au) Hou Hyu, 2(f o’ HHyuu; + . .
—— S——
=H? =0
>0+...

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)
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Next, we use again (3.9) to compute

HP - HP; -
HHkH[H,jquu,-j = [#8 2at _ (f + Oélzi)] [—ﬁe 200 4oy + u,]

(5.22)
=—(f+aouw)au+u)+....
Finally, using again (3.8) and (5.12)), we get
HZHkH,ﬂulkuij = HZH,']] [%eizm — %} ujj = HzHijl (f*';u)uluij +...
= HHjju;(f + au) + . .. (5.23)
= [%e‘zo" + (au + u,)] F+au)+...
=(au+u){f +ou)+...
Substituting now (3.13)), (3.21), (3.22)) and (5.23) into (5.17)), after simplifications we obtain
aiPyj—Pi+... > 20 [uf —2F| & > 0, in Qw. (5.24)

It then follows from Nirenberg’s type maximum principle® that P takes its maximum value either:

(i) ata point P on 0X for some ¢ > 0; or
(i) at a critical point of u(x, r) for some ¢ > 0; or

(iii) atapoint Pin 2 at time 7 = 0.

In the next two steps, we will show that under our assumptions (i) and (ii) can not hold.

Step 2. In what follows we’ll use Friedman’s type maximum principle® to show that P(x, f) cannot take its maximum value on
0f2, so possibiity (i) is eliminated.

Indeed, suppose that P(x, 7) takes its maximum value at P = (%, 7) on 2. Then by Friedman’s type maximum principle, we have

oP OP ; 0
— =2 {HH,M,;I/H +f +au—t | 2ot
aUH aVH 15) 'H 8V1—1 (525)
=2 |:HH,M,]V,H:| eZod > 0.
On the other hand, from differential equation (T.3) evaluated on 9Q € C*¢, we have Au = 0, or equivalently
0%u
-HKy + — =0. 5.26
Moreover, since
HE 0, = 00 (5.27)
iUijVy = =375 .
y*H 81/1_1
we get '
HHiuijV]H = —HKH, (528)
so that (5.23) implies the following
-HKpy > 0, (5.29)

which contradicts the fact that K > 0. Note that Vu % 0 on 052 in view of Friedman’s maximum principle, so H(Vu) # 0 on 02.
Step 3. We suppose that the second possibility (ii) holds, i.e. P(x, t) takes its maximum at a critical point Q = (%, 7). Then we
have
P(x,t) < P(x,1), x € Q, t>0. (5.30)
Evaluating (5.30) at z = 7, we get

H*(Vu) <2 / f($)ds + @2, — u?), (5.31)
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where u,, = maxu(x, 7). Using now Cauchy’s mean value theorem we can write
Q

Z/mf<S>ds=2{ [ ras- [ )d} 195

f (um)

m

(5.32)

(U, — P (x, D),

where £ is an intermediate value between u and u,, and in the last step we used the fact that f(«)/u is monotone increasing. The
insertion of (3.32) into (5:31)) leads to the following inequality

H*(Vu) < [a + f(”’”)} U2 —u?). (5.33)
uﬂl
We are now choosing a point x € 92 with
dH(X’ )AC) = dH(Xs a(2) S iH’ (534)

and y(?) : [0, 1] — © the minimal geodesic connecting x with %. Using the estimate (5.33) and integrating along the geodesic
connecting x and x we obtain

T_ ("1 [ ) 11

2 0 \/ugﬂ—uzduS ar Up, /0 H(Vu)du
_ o ) [T (Ve @), 50) [ ) [, 535
=]a+ Sy HVUG0)) dt < /a+ . /0 HO(3(t))dt (5.35)

+f(um)l.H’

Umn

<

where the Cauchy-Schwarz inequality was used in the last step. Therefore,

)

.2 —
4iy, Uy,

(5.36)

The inequality (5.36)) is a necessary condition in order that P(x, r) takes its maximum at a critical point of u(x, 7). On the other
hand using (5.2) and the fact that f(s)/s is a nondecreasing function we obtain the following chain of inequalities,

fGun) f@)
) 5.37
un, ~— I 41 o - (37
which is in contradiction with (5.33)). This completes the proof of the theorem. O
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