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Abstract

The purpose of this work is to propose and analyze a new fractional-order two-stage
species model with recruitment to discover memory effects on population dynamics.
This fractional-order model is constructed by incorporating a well-known integer-order
two-stage species model with the Caputo fractional derivative. Firstly, the positivity
and boundedness of solutions of the proposed model are investigated by using some
standard comparison results for fractional differential equations. Next, a simple ap-
proach is utilized to study stability properties of the fractional-order model. This
approach is based on the Lyapunov stability theory and Barbalat’s lemma in com-
bination with some nonstandard techniques for fractional dynamical systems. More
clearly, we use general quadratic Lyapunov candidate functions and combine them with
characteristics of quadratic forms associated with real matrices to establish the stabil-
ity properties. As an important consequence, global asymptotic stability, uniform and
Mittag-Leffler stability and therefore, population dynamics of the proposed fractional-
order model are analyzed rigorously. Finally, we extend the Mickens’ methodology to
construct a dynamically consistent nonstandard finite difference (NSFD) scheme for
the purpose of numerical simulation of the fractional-order model. It is proved that the
NSFD scheme preserves the positivity and boundedness of the fractional-order model
regardless of the values of the step size; moreover, it is also simple and efficient. The
theoretical results and advantages of the NSFD scheme are supported by illustrative
numerical experiments. The experiments provide strong evidence, which shows that
the numerical results are consistent with the theoretical ones.

Keywords: Two-stage species; Caputo fractional derivative; Dynamical analysis;
Lyapunov functions; NSFD schemes; Dynamic consistency

1. Introduction

It is well-known that the fractional calculus (FC), which generalizes inte-

grals and derivatives of integer-order, has a long history. The FC has many
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useful applications in not only theory but also practice. In particular, fractional
differential equations (FDEs) have been strongly developed in recent decades
for the purpose of mathematical modeling and analysis of real-life problems
[12, 13}, 18} 27), 52, [70]. It was proved in many recognized works that fractional-
order models can describe phenomena and processes arising in real-world appli-
cations more accurately than integer-order models due to the effective memory
function of fractional derivatives [4] 5l 6] [7, 37, 39} [49] 511 [72] [73], (74 [79], [80]. Re-
cently, we have considered some fractional-order systems that mathematically
model phenomena and processes arising in biology and ecology, in which the
stability problem was mainly focused [41], 42].

Population dynamics of the harvesting and fisheries has an important role
in ecology and environment and this topic has been widely studied by many
mathematicians as well as biologists and ecologists (see, for example, [14. [16] 17,
67] and references therein). In a previous work [53], Ladino and Valverde applied
basic ideas and technical hypotheses, which are motivated by biological and
ecological reasons, to propose a mathematical model for examining population
dynamics of a two-stage (migratory) fish population. This model is represented

by a pair of nonlinear ordinary differential equations of the form:

de(t) ~ o ax(t) o
dy(t) _ ax(t) - =

where

x(t) is the pre-recruit population (eggs, larvae, and juvenile one) at the

time ¢;

e y(t) is the exploitable population (adult fishes) at the time ¢;

du/dt denotes the first derivative with respect to the time variable ¢ of a

given function u(t);

all the parameters are positive because of biological reasons.



We refer the readers to the benchmark work [53] for details of the derivation and
qualitative study of the model . To the best of our knowledge, the system
was investigated and developed at some levels (see, for instance, [54]) but
their extended versions in the context of fractional derivatives have not been
considered.

Motivated and inspired by the important applications of population dynam-
ics of the harvesting and fisheries and advantages of fractional-order derivatives
over integer-order ones, we will study the integer-order system in the context
of the Caputo fractional-order derivative [I§]. More precisely, we will consider

the following system of fractional differential equations

§ DEat) = du(t) = 55 — el )
6 Diy(t) = m = (u+ Fly(t),

where § D{z(t) with t > 0 and ¢ € (0,1) is the right-sided Caputo fractional
derivative of order g of the function z(t) (see, [18, 27, 52| [70]). Here, the di-
mension of the parameters in the fractional-order model has been adjusted
to ensure that both sides have the same dimension (see [19] 29] 311 [40]). More

clearly,
5:5717‘1, a:&Tlfq, ETlfq, u:ﬁTlfq, F:ﬁTliq; ﬂ:Ba

where 7 is a parameter that has the dimension of time (see [19, 311 [40]).
Formally, the fractional-order system is obtained from the integer-order
one by replacing the first classical derivative in by the Caputo fractional
one. However, the derivation of the proposed fractional-order model will be
explained in terms of memory effects on population dynamics in Section
moreover, effects of order ¢ on population dynamics of the model will be
examined in numerical examples conducted in Section It will be seen that
the fractional-order model is more flexible than the integer-order one. This is
completely consistent with analysis in [I9] [29]. Besides, it is important to note
that the stability analysis of the fractional-order model is now posed. This

is an important but not simple problem.



Firstly, we investigate the positivity and boundedness of solutions of the
model based on some standard comparison results for fractional differential
equations. The result is that we obtain the positivity and boundedness of solu-
tions. This is useful and plays an important role in analyzing stability properties
of the model .

Secondly, we analyze stability properties of the fractional-order model, in-

cluding local, global, uniform and Mittag-Leffler stability. Similarly to dynami-
cal systems governed by integer-order differential equations, the stability analy-
sis of fractional-order systems is very important but not a simple task in general.
In recent years, Lyapunov stability theory for fractional-order dynamical sys-
tems has been widely studied [3| 4} [15], [32] 55, 56] [74]. This can be considered as
one of the most powerful and successful approaches to the stability problem of
fractional dynamical systems. However, the main challenge when using the Lya-
punov stability theory is that we must construct suitable Lyapunov functions
but there is no universal method for constructing them. Although some classes
of Lyapunov candidate functions such as quadratic and Volterra-type Lyapunov
functions can be suitable with a broad range of fractional-order systems [32, [74],
finding Lyapunov functions is not easy in general.
In order to examine the stability properties of the model 7 we use a simple
approach that is based on the fractional Lyapunov stability theory and Bar-
balat’s lemma in combination with some nonstandard techniques for fractional
dynamical systems. More clearly, we use suitable quadratic Lyapunov functions
and characteristics of quadratic forms associated with real matrices to estab-
lish the stability properties. As an important consequence, local and global,
uniform and Mittag-LefHler stability and therefore, population dynamics of the
proposed fractional-order model are analyzed rigorously. It is worth noting that
the used approach can be extended for general dynamical systems described by
fractional-order differential equations.

After performing the dynamical analysis, we extend the Mickens’ methodol-
ogy [611 62} [63] [64, [65] to construct a dynamically consistent nonstandard finite
difference (NSFD) scheme for the model (2) for the purpose of numerical simu-



lation. By rigorous mathematical analysis and numerical experiments, we show
that the NSFD scheme can provide reliable numerical approximations, which
preserve essential dynamical properties of the fractional-order model for all
the finite step sizes. It should be emphasized that NSFD schemes, which were
first introduced by Mickens, are a powerful and efficient approach for solving
differential equations [61], 62 [63] [64], 65]. It was proved that NSFD schemes have
the ability to preserve essential mathematical features of differential equation
models; therefore, they can compensate for drawbacks of standard finite differ-
ences [61], [62], [63] 64, 65] [68], [69]. On the other hand, NSFD schemes are simple,
effective and can be applied to solve a broad class of differential equations. For
these reasons, NSFD schemes have been widely used in solving differential equa-
tion models arising in real-world applications nowadays [T}, 2| 8, @ 10, 20] 211
22, 30, B3], 34, [35] 66 [75l [77, [78]. In [23| [24] (25 26| 43| [44, [45, 406, [47, [48],
we have constructed NSFD schemes for some classes of differential equations
of both integer and fractional orders, in which the positivity, boundedness and
stability of the NSFD schemes were mainly studied.

Lastly, a set of numerical experiments is conducted to support the theo-
retical results and to show advantages of the NSFD scheme over the standard
Grunwald-Letnikov (G-L) method. It is proved that the numerical results are
consistent with the theoretical ones. In particular, the NSFD scheme pre-
serves not only the positivity and boundedness of solutions but also the sta-
bility properties of the model for all the values of the step size, meanwhile,
the Grunwald-Letnikov scheme can generate numerical approximations that are
negative and unstable for some specific step sizes.

The plan of this work is as follows:

Some concepts and preliminaries are presented in Section[2} Dynamical analysis
is performed in Section The NSFD scheme is constructed and analyzed in
Section ] A set of numerical experiments is reported in Section [5} Some

conclusions and open problems are discussed in the last section.



2. Preliminaries

In this section, we provide preliminaries and auxiliary results that will be

used in the next sections.

2.1. Caputo fractional derivative and fractional dynamical systems

We recall from [I8] 27, [52), [70] the definition of Caputo fractional derivatives
and some of its basic properties.

Let AC[a,b] (a < b) be the space of absolutely continuous functions on the
interval [a, b]. Caputo fractional derivatives of order & € C of a function f(¢) be-
longing to ACa, b] are defined via the Riemann-Liouville fractional derivatives.
In particular, the right-sided Caputo fractional derivative of order o € (0,1)
can be given by (see [52, Theorem 2.1 in Section 2.4], or also [I8, 27, [70])

@ B 1 b f(r)dr
thf(t)_F(l—a)/a (t—T)O" t>a

Theorem 1. ([28, Theorem 2.2]) Assume that f € C'[a,b] is such that C D f(t)

0 for allt € [a,b] and all & € (ag, 1) with some ag € (0,1). Then, f is monotone
increasing. Similarly, if €D f(t) <0 for all t and o mentioned above, then f

18 monotone decreasing.

Consider a general dynamical system governed by the Caputo fractional

differential equations of the form

LDy = f(ty), ylto) =wo, a€(0,1). (3)
Definition 1. ([56]). A point y* is called an equilibrium point of the Caputo
fractional dynamical system if and only if f(t,y*) =0.
Definition 2. (Class-KC functions [50]) A continuous function o : [0,t) —
[0,00) is said to belong to class-K if it is strictly increasing and a(0) = 0.

Theorem 2. (Lyapunov stability and uniform stability of fractional order sys-
tems [32]) Let x = 0 be an equilibrium point for the non-autonomous fractional-
order system . Let us assume that there exists a continuous Lyapunov func-

tion V(y(t),t) and a scalar class-IC function ~v1(.) such that, Vy # 0

n(ly@) < V(y(t),t)



and

Dly(t) <0, with Be(0,1]

then the origin of the system is Lyapunov stable (stable).

If, furthermore, there is a scalar class-KC function vo(.) satisfying

V(y(t),t) < v2(lyl)

then the origin of the system is Lyapunov uniformly stable (uniformly sta-
ble).

Theorem 3. (Fractional order Barbalat’s lemma [76, Theorem 3]) If a scalar
function V (t,y(t)) is positive semi-definite and the Caputo fractional derivative
of V(t,y(t)) along the solution y(t) of the system satisfies { DYV (t,y(t)) <
—p(ly@)), where p(.) belongs to class-K, then y(t) — 0 as t — +oo if y;(¢)

1=1,2,...,n are uniformly continuous.

Corollary 1. ([76, Corollary 3]) If a scalar function V (t,y(t)) is positive semi-
definite and the Caputo fractional derivative of V (t,y(t)) along the solution y(t)
of the system satisfies { DV (t,y(t)) is negative semi-define, then y(t) — 0
ast — +oo if fi(t,y(t)) i =1,2,...,n for the system are bounded.

Definition 3 (Mittag—Leffler Stability [56]). The solution of is said to be
Mittag-Leffler stable if

lyI < {mly(to)] Ba(=A(t — t0)*)}’

where to is the initial time, « € (0,1), A >0, b > 0, m(0) = 0, m(x) > 0, and

m(z) is locally Lipschitz on x € B € R™ with Lipschitz constant my.

Theorem 4 (Theorem 5.1 in [56]). Let y = 0 be an equilibrium point for the
system and D C R™ be a domain containing the origin. Let V(t,y(t)) :
[0,00) x D — R be a continuously differentiable function and locally Lipschitz

with respect to y such that

aillyll* < V(ty(t) < azlly]®,

§D]V(t,y(t) < —as|yl|*®,



wheret > 0, z € D, B € (0,1), a1, a2,a3,a and b are arbitrary positive con-
stants. Then x = 0 is Mittag-Leffler stable. If the assumptions hold globally on
R™, then y = 0 is globally Mittag-Leffler stable.

Lemma 1. (A fractional comparison principle [56, Lemma 6.1]) Let x(0) =
y(0) and thﬁx(t) > CDPy(t), where B € (0,1). Then z(t) > y(t).

7t0

Lemma 2. ([4, Lemma 1]). Let z(t) € R be a continuous and derivable func-
tion. Then, for any time instant t > ty

1

3 CDfa?(t) < z(t) DYx(t), Vo€ (0,1).

2.2. The Grunwald-Letnikov definition and Grunwald-Letnikov numerical method

Assume that the function Diz(7) satisfies necessary conditions of smooth-

ness in every finite interval (0,t). We partition the interval [0, ¢] by
0= <7 <...<Tpt1 =t = (n+1)At, Tnt1 — Tn = At.

Using the classical notation of finite differences

n+1
EAthZ(t) = Ait‘l <Z(Tn+1) - ;CgZ(Tn+l—u)>a
et — (_pya-1(4 7\ _ala—1)(@—-2)...(¢—v+1)
=), ()

v vl
Then, the Grunwald-Letnikov definition reads [70]

(4)

1
Ca, (s — 1 q
o Diz(t) = A1715r_r)10 i AL ,2(1).

Based on the Grunwald-Letnikov definition, we obtain the explicit Grunwald-
Letnikov (GL) method for the equation (1)

n+1
Yn+1 — Z C?/y’nJrl*V - Tg+1y0 = Atqf(tnu yn)a
v=1

where
a [(pg+1)

q _ A1 q
= 1 =
Pt = 010 DY = FE o)



is a correction term, which tends to 0 as n — oo. Note that the binomial

coeflicients ¢ can be recursively defined by

1 _
cu_q7

1
cﬂ:(l—qj; >cz_1, v>1.

Properties of the explicit G-L can be found in [71].

2.8. Real quadratic forms

A quadratic form is a homogeneous polynomial of the second degree in n
variables x1, o, ..., 2, and it always can be represented in the form (see [36]

Chapter X])

n
ik TiThy,  Qik = Qi) Lk=1,2,...,n,
ik=1

where A = (a;k)nxn is a symmetric matrix.

If we denote by z the column matrix (1, x2, . .., x,) and denote the quadratic
form by
n
Az, z) = Z @il Ti Tk,
ik=1
then, we have
Az, z) = 27 Ax.

Definition 4 (Definitions 3 and 4, Chapter X in [36]). (i) A real quadratic
form A(z,x) = szzl aikx;xy 18 called positive (negative) semidefinite if for

arbitrary of the variables:
Awx) 20, (<0).

(i1) A quadratic form A(x,x) is called positive (negative) definite if for arbitrary
of the variables, not all zero, (x #0)

Az, z) >0 (< 0).



For the sake of convenience, we now only focus on necessary and sufficient
conditions for 2 x 2 matrices to be negative semidefinite/definite.
Let A(z, x) be a quadratic form associated with a 2 x 2 real matrix A = (a;;)

(1 <4i,j<2). From Theorems 5 and 6 in Chapter X in [36] we obtain:

Theorem 5. (i) A quadratic form A(z,x) is negative definite if and only if the

following inequalities hold:
a1 <0, det(A) > 0.
(ii) A quadratic form A(z,x) is negative semidefinite if and only if
a;n <0, azs <0, det(A) > 0.

2.4. Nonstandard finite difference schemes
Let
Dat(yx) = Fae(f;yr), (5)

be a general finite difference scheme using a step size At, which numerically
solves the initial value problem

dy

2~ W), 0<t<T, y(0) =yo €R™ (6)
Here, Da:(yr) = dy/dt, Fa:(f;yr) =~ f(y) and t, = kAt. We recall from
[60, 6T [62], 63, 64 [65] that an NSFD scheme for the equation @ is a discrete
model constructed based on a set of six rules, which is originally proposed by

Mickens. In particular, NSFD schemes for (6) can be defined as follows [8] 9].

Definition 5. The finite difference scheme is called an NSFD scheme if at

least one of the following conditions is satisfied:

Ye+1 — Yk

P(At)

function and is called a nonstandard denominator function;

o Das(yr) = , where ¢(At) = At + O(At?) is a non-negative

o Fae(fsyr) = 9(Yks Yrt1, At), where g(yk, yr+1, At) is a non-local approzi-
mation of the right-hand side of the system (@

10



The main advantage of NSFD schemes is that they can correctly preserve
important mathematical features of differential equations for all the values of

the step size. This advantage is shown in the following definitions.

Definition 6 ([9, [10]). Assume that the solutions of the equation @ satisfy
some property P. The numerical scheme is called (qualitatively) stable with
respect to property P (or P-stable), if for every value of At > 0 the set of
solutions of satisfies property P.

Definition 7 ([8 @, 60]). Consider the differential equation dy/dt = f(y).
Let a finite difference scheme for the equation be yry1 = F(yk; At). Let the
differential equation and/or its solutions have property P. The discrete model
equation is dynamically consistent with the differential equation if it and/or its

solutions also have property P.

Similarly NSFD schemes for first-order integer-order systems, NSFD schemes
for fractional-order systems are also constructed based on the methodology in
Definition [5] namely using nonstandard denominator functions or non-local ap-

proximations for right-hand side functions (see, for example, [I1]).

3. Qualitative dynamical study

8.1. Positivity and boundedness of solutions and equilibrium points and its local
asymptotic stability

In this subsection, we analyze positivity, boundedness and possible equilib-
rium points of the model . Note that the existence and uniqueness of solutions
can be obtained by directly applying [58, Theorem 3.1] and [58, Remark 3.2].

First, we explain the derivation of the model in terms of memory effects
on population dynamics and point out the difference between the fractional-
order model and the original integer-order one. A simple approach for doing
this is the use of finite difference formulas to discretize the model .
Consider the models and on a finite time interval [0,T]. We partition

11



this interval by a uniform mesh given by
O=to<tiL <...<tny=T,

where At = T'/N is the step size and t,,+1 = t,, + At for n > 0. It follows from
the system that

g B B azx(t,) .
DLy, = 00lta) — 5ol (), ;
€Dty (1)| owltn) (4 Py,

=t = Bt altn)
By using the Grunwald-Letnikov definition for the Caputo fractional derivative,

we obtain
1
C na q
o Diz(t) = lrltmO thAtx( ), .

1
§ Diy(t) = hm EAZty(t)a

Combining with we deduce that

1 jass ax(ty)
A( Tn—i—l ZC X 7-n+1 v > ~ 5y(tn) - m - /Ll‘(tn),

1 asy az(t,)
A( Y(Tns1) ch,y Tn+1—v ) ~ Bt altn) (1 + F)y(tn),

for At small enough. Consequently,

(9)

s ax(ty,
x(TnJrl) ~ Z Cg‘r(TnJrlfu) + At? ((Sy(tn) - 5+<I(t)n) - Mx<tn))7

v=1

(10)

n+1 . J](tn)
y(Tn+1 ; ny Tn+1— l/) + At (5 Ty ( ) (l’L + F)y(t’ﬂ)>’

which implies that the values of z(7,,41) and y(7,,+1) are determined by all the
past values of x(t;) and y(¢;) for 0 < i < n. Meanwhile, for the integer-order
we have

ax(ty,)
B+x(tn) —pl‘(tn)>,

ax(ty)
Bralty) (1 + F)y(tn)>7

(Tnt1) = x(Ts) + At (&y(tn) -
(11)
Y(Tnt1) = y(T0) + At(

12



which indicates that the values x(7,+1) and y(7,,41) only depend on z(7,) and
y(Tn). So, the difference between the models and is pointed out by finite
difference formulas.
Let us denote by
R2 = {(a.y) € R2la,y > 0}.

Lemma 3 (Positivity and boundedness of solutions). The fractional-order model
admits the set Rf_ as a positively invariant set, that is, (z(t),y(t)) € Rf_
for all t > 0 whenever (x(O),y(O)) € R%. Furthermore, the following estimate
holds

limsup y(t) < —— lim sup z(t) < —%
11m su — msup x SN .

Proof. First, it follows from the system that

(12)

§ Dizlo—o =0y, §Diyly—0 = %-

It follows from Theorem|]that if 2(0) > 0 and y(0) > 0 then 2(¢) and y(t) cannot
escape from the hyperplanes of x = 0 and y = 0, and on each hyperplane the
vector field is tangent to that hyperplane or points toward the interior of Ri.

So, x(t),y(t) > 0 for ¢ > 0.
Next, from the second quation of we have

ax
6 Dly = Tag Wt Fysa—(u+Fy.
Consider the auxiliary linear differential equation
§Diz=a—(u+F)z,  2(0) =y(0). (13)

Then, it follows from Lemma [1] that y(t) < z(t) for ¢ > 0. On the other
hand, the equation has a unique equilibrium point 2* = o/(n + F). By
using representation formula of linear Caputo differential equations [70], we

obtain that z* is globally asymptotically stable. Hence, lim;,o 2(t) = z*.
Consequently, due to the fact that y(t) < z(t) we have

lims t) < .
lgogpy()_(MJrF)

13



Lastly, we deduce from the first equation of that

0. ax(t)
thm—éy(t) - m — pa(t) < ,UJriF -

for t large enough. The second estimate of is established by repeating the

wx

above arguments for its first estimate. O

From Definition [1| of equilibrium points of fractional-order dynamical sys-
tems, we see that the sets of equilibrium points of the models and are

identical. The analysis in [53] leads to the following result.

Lemma 4. The fractional-order always has a trivial equilibrium point Ey =

(z0,y0) = (0,0) for all the values of the parameters. In the case when TF
i
pup

— > 1 the model has a non-trivial (positive) equilibrium point E, = (T, Ys),
«

where . and y, are given by

_af 6 _wuB_ ___ @ 0 _uB_
x*_u<u+F a 1)’ y*_5—(u+F)(u+F a 1>' 14

Similar to [53], let us denote

g s,
_ _Hb 1
Ro TP o (15)

As will be seen later, R plays not only as a threshold of the existence of the
equilibrium points but also a stability threshold of the model .

We now examine the local asymptotic stability of the possible equilibrium
points of the model . From the linearization theorem for fractional dynamical
systems [57], it is sufficient to consider linearized equations around equilibria
of the system . Then, by the stability results of linear systems [59], we will
obtain the local asymptotic stability of the equlibria. As a consequence, the
following result is obtained thanks to the local stability analysis for the integer-

order (1)) presented in [53].

Lemma 5 (Local stability analysis). (i) The trivial equilibrium point is locally
asymptotically stable if Ro < 1 and is unstable if Rg > 1.

(i1) The positive equilibrium point E, of the fractional-order model 1s locally
asymptotically stable provided that it exists.

14



8.2. Global stability analysis

Our main investigation in this subsection is focused on the global stability of
the model . As a consequence of Lemma (3] it is sufficient to study dynamics
of the model ([2)) on a feasible set defined by

Q:{(x,y):ogxgéa, ogyga}. (16)
p(p+ F) p+F
Theorem 6. If Ry < 1, then the trivial equilibrium point Eqy is not only locally

asymptotically stable but also globally asymptotically stable.

Proof. Consider a Lyapunov function candidate defined by
1 2, 1 5
Vo(z,y) = §L1(3«" +y)” + §L2y ) (17)

where L; and Ly are undetermined positive real numbers that will be chosen

later. Then by Lemma the derivative of V| along solutions of satisfies

§DIVy < Li(z +y)[§ D (x + )] + Lay(§ Diy)

axr

=Li(x+y)[(6 — F)y — p(z +y)] + Lay Btz (n+F)y

axr
=Li(0— F)(z+y)y— Lip(z+y)* + L267+yx — Ly(p+ F)y?

< Li(6— F)(x +y)y — Lip(z +y)* + LQ% — Lo(p + F)y?
_ 9 oz +y)y ay? 9
=L1(0 - F)(x+y)y— Lip(zr+y) +L2T - Lz7 — Ly(p+ Fy

=T Aw,

where v and A are given by

T4y —Lip 5

Ly(6— F)+ Lyo

B —Lz(M-l—F)—Lz%

2

We will show that there always exist Li and Lo for which the quadratic form

vT Av associated with the matrix A is negative definite. Indeed, it is clear that

15



Dy =—Lyp <0 for all L; > 0. On the other hand,

(0—F)
4

L?— (O‘/f) L3— [u(u+F)+/§é—Q_W]L1L2'

Consider Dy as a function of L;. Then, its discrimination is given by

D2 = det(A) = —

8o, = |+ F) + 22 e+ )+ B - 6 - )5 | 23

It is important to note that Ap, > 0 for all Ly > 0 if and only if Ry < 1.
Consequently, if R < 1 there always exist L; and Ly for which v” Av is negative
define. Using Theorem [2] and Barbalat’s lemma (Corollary [I) we obtain the
global asymptotic stability of Ey. The proof is complete. O

Assume that Rg > 1. Then, x, > 0. For z > 0, we define

52
A=-7,
B af(p+F) 1 dafp
B@) =u Bt v ey 2B B (19)
1 (ap)?

C(z) =

4B+ 2)2(B+ w2
A(z) = B*(z) — 4AC ().

It it clear that A < 0 and C(x) < 0 for > 0.

Lemma 6. Let A, B(z) and C(z) be defined in (19). If Ro > 1, then the
following estimates hold:

A(0) =0,

A(z) >0 for x>0,

B(z)>0 for z>0.

Proof. First, it is easy to verify that

Alz) — af(p+ F) H af(p+F) dafs .
)= e Gy an ) T BT e) BB
On the other hand, by simple algebraic manipulations
i+ F) + af(p+F) dafs _ Hlp+ Fle (20)

B+a)(B+a.)  (B+z)(B+2) Btz
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Consequently, we obtain the first two estimates.
Note that we deduce from that B(xz) > 0 for > 0. The proof is
complete. O

For each x > 0, we consider a quadratic polynomial of z given by
Py(z) = A2* + B(z)z + C(x), (21)

where A, B(z) and C(z) are defined in (I9). As a consequence of Lemma [6]
P,(z) has two distinct positive roots 71 (z) < ro(x), where

_ —B(z) - VB? —1AC

ro(z) 24
af(p+ F) 1 daf
) 7#(#+F)+ B+2)(B+z.) 2(B+2)(B+a)
62
2
o) e -
\/[“(“F) RCEE ] | AR Ex s EE AR EE Ry
_ 52
—B(x) + VB2 —4AC
ri(z) = 24
aBut+F) 1 bap
:_M(N+F)+(6+x)(ﬁ+x*) 2(B+2)(B+ )
52
2
aB(p+F) flp+ F) s
+ \/[’““”) - (5+m></3+x>] [“(“F) TG aBra) BraBra)
62
2

(22)
In order to investigate the global asymptotic stability of the positive equilibrium

point E,, we introduce the following technical hypothesis

0
ri= %%}f’f‘](.’lf)SR:Il’IEllﬂanQ(l'), QIZ{.I'OSI‘S‘LL(/;YM} (23)

Theorem 7. If Rg > 1 and the condition is satisfied, then the positive
equilibrium point E, is not only locally asymptotically stable but also globally
asymptotically stable.
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Proof. Consider a Lyapunov function candidate V(z,y) : 2 — R defined by

Viey) = -2+ (- 9.0 (24)

where 7 is a positive real number, which will be determined later. Since (z., y.)

is a equilibrium point of the system , we have

[0 %1 % 0 AT 4
_ — uz. = 0,
B+ x. a B+ .

Hence, the system can be rewritten in the form

DIy =5y — - o T —x) — plx —zx
. ap o )

Then, by Lemma [2] and the derivative of the function V' along solutions of
satisfies

6 DIV (2,y) < 7(z — .)(§ Dix) + (y — 9.)(§ Diy)

— —x — ——aﬁ r — X — r—x
=72 80~ ) - gy (- ) o = )
of
+(y—y*){(ﬁ_i_x)(ﬁ4_x*)($—m*)—(N‘FF)(?J—Z/*)}
S P T+ pr|(x—z)? — —y,)?
af
0 Gt e )
= 2T Pz,
(26)
where z and P are given by
o
T+ ——
— —(u+ F) (6 —‘1-23;‘)(54—.13*)
z = , P =
o
T — T 75+(5+x)(5+x*) B af -
2 (B+2)(B+ )
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We now show that there always exists a constant 7 > 0 for which P(z, z) = 27 Pz

is negative semidefinite. Indeed, D1(P) = —(p+ F) < 0 and
det(P) = At? + B(x)T + C(z),

where A, B(z) and C(z) are given in (19). Hence, for each z > 0 there is a
positive real number 7(x) depending on x for which det(P) < 0. Here, r1(z) <
7(z) < ro(x), where r1(x) and ro(z) are defined in (22). The condition
implies that there always exists a constant 7* € [r, R] for which 27 Pz is negative

semidefinite. Consequently, it follows from the Barbalat’s lemma that

lim (2(t), y(t)) = (2, 3).

t—o0

Combining this with the stability of E, established in Lemma [5[ we conclude

that E, is globally asymptotically stable. The proof is complete. O
We now reduce the condition to a simple one that is easily to be verified.

Lemma 7. Assume that Ro > 1. Then, the condition is satisfied if

1
w+F

> 2. (27)

Proof. First, we have

o TaBu+F) 1 a8 ] -1
So, the condition implies that B'(xz) > 0 for > 0.
Next, the derivative of ro(z) is given by
/ _ i — B'(z) — B(x)B’(ac) —QAC/(Z‘)
r2(¥) =537 ( Blx) VB2(z) — 4AC (z) )
B'(z)(=B(x) — /B?(z) — 4AC(z)) n C'(x)
24/B2(z) — 4AC(x) B2(x) — 4AC
= B @)+ O
C R B 0) — 4AC @) | /B(2) _ 4AC(@)’

which implies that r5(x) > 0 for > 0. Similarly, we have that

1 C' ()

ri(z) = —B'(z)ri(z) JBZ _1AC(z) - VB2 —4AC(z)

19



Consequently, 7} (z) < 0 for x > 0.
We deduce from r}(x) < 0 and r5(z) > 0 for z > 0 that

1;15,8(7“1(53) =71(0) <12(0) = gnzigm(x)'

This is the desired conclusion. The proof is complete. O

Lemma [7] and Theorem [7]lead to the following result.

Theorem 8. If Ry > 1 and the condition is satisfied, then the positive
equilibrium point E, is not only locally asymptotically stable but also globally
asymptotically stable.

Remark 1. The condition Ro > 1 can be written in the form

J 0]
14+ —. 28
w+F > «a (28)
Therefore, the assumption of Theorem[8 is equivalent to
J u3
2,1+ — ). 29
Wt F > Inax{ , 1+ o } (29)

This condition is easy to be verified.
In numerical examples performed in Section [5, we will show that the condition

is mot in conflict with the condition Rg > 1.

8.8. Uniform stability and Mittag-Leffler stability
By combining the quadratic Lyapunov functions and proposed in
the proofs of Theorems [f] and [7] with Theorems 2 and 3, we obtain the uniform

stability and Mittag-Leffler stability of the fractional-order model as follows.

Theorem 9 (Uniform stability and Mittag-Leffler stability). (i) If Ro < 1,
then the trivial equilibrium point Ey of the model is uniform stability and
Mittag-Leffler stability.

(ii) If Ro > 1 and the condition is satisfied, then the positive equilibrium
point E, is uniformly stable and Mittag-Leffler stable.

Theorem 10 (A simple condition for uniform stability and Mittag-Leffler sta-
bility of E,). If the condition holds, then the positive equilibrium point E,

s uniform stability and Mittag-Leffler stability.
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4. Construction of positivity-preserving NSFD scheme

In this section, we utilize the Mickens’ methodology to construct a NSFD
scheme preserving the positivity of the model and compare it with the G-L
method.

First, in order to obtain a positivity-preserving NSFD scheme, we modify the

system @D by replacing its right-hand side function by a nonlocal approximation

given by
ax(ty,) ATy
(4 Fy(tn) ~ — (+ F)yns1,
Bt altn) (1 + F)y(ts) o, (1 + F)ynt1 )
ax(ty,) QLpi1
Sy(ty) — ———— — tn) ~ 0Ypi1 — — ULyt
y(tn) Gt (i) pa(tn) ~ 0ynt1 81, Mot

Note that the order of variables x and y was changed in . Then, we obtain
an NSFD scheme

n+1
AT
(ynJrl Zcuy’ﬂ+1 V> = Btz - (N+F)yn+17
n

n+1 o (31)
Tn cl v Tn v | = 0 n - UARS Tn+41,
<+1 Z +1> Yn+1 3+, MTr41
The NSFD scheme can be transformed to the explicit form
n+1
Eynt1—v + ALY
2 chmiy + Mt
Ynt1 = 1+ Ata(u+ F) ’
n+1 (32)
Z i1y + At10Yn
Tny1 = le A o A .
+ Ata + Ata
Bra, N

In the NSFD scheme , Yn+1 is calculated first by the first equation and then,
it is immediately used in the second equation to evaluate ;1.

By using mathematical induction, we obtain from that 2,11 > 0 and
Yn+1 > 0 whenever xg > 0 and yo > 0. In other words, the NSFD scheme
preserves the positivity of the solutions of the model for all the values of the

step size. On the other hand, it follows from the first equation of the system
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that

n+1
T,
(yn+1 Zcuynﬂ u> = 15~ B+ Py Sa— (0t F)yasa,

or equivalently
n+1

Z Aynp1-, + At

v=1

1+ At(p+F)

Yn+1 <

which implies that

lim su < .

Furthermore, from the second equation of we obtain

1 o ax da
Tn+1 — Czl'n—i-l—l/ = 6yn+1 - ntl — BT 'IL+1 >~ — UTp41
At szl B+ an P,

for n large enough. This implies that

li <@
imsupx, < ———.
n—><>op plp+ F)

Then, we obtain the following theorem.

Theorem 11. The NSFD scheme preserves the positivity and boundedness
of the solutions of the model (2)) for all the values of the step size. In other words,

it is dynamically consistent with respect to the positivity and boundedness of the
model ,

Remark 2. (i) Note that the convergence of the NSFD scheme can be
established similarly to the analysis in [21)].

(ii) Following the Mickens” methodology on non-local approximations, we can

obtain the following NSFD schemes for the model

+1
% q o 6 Oé.’L'nJrl
Tn4+1 — § C -TnJrl v = 0Yn — B‘FZE — UTp+41,
n

n+1
Qp41
(ynJrl Zcuy’ﬂ+1 V) = Bta - (N+F)yn+1v
n
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and

+1
s ATt
Tng1 — E clTnt1— =5yn—6+x — ULy,
n

(34)

n+1
AT
(ynJrl Zcuy’ﬂ+1 V) = Btz - (N+F)yn+1v
n

It is easy to verify that the NSFD schemes and are all dynamically
consistent with the positivity of solutions. Similarly to the NSFD scheme ,
the value of xpy1 determined by the first equation of is immediately used in
the second equation to calculate the value of yiy1. However, it is not easy to
establish the boundedness of this NSFD scheme comparing with . The NSFD
scheme also preserves the boundedness of solutions as the NSFD scheme

(134), but xxy1 or yr+1 is not immediately utilized to compute the remaining

component.

We now apply the G-L method for the fractional-order model . Then, we

obtain
n+1 az
Uni1 = Y yni1y + 70 y0 + At {5 +; —(n+ F)yn] ,
=1 n
:-&-1 (35)
N q q q ATy,
Tnt+1 = Z CyTntl—v + TpyTo + At?| oy, — - HTn |-
v=1 B T n

Lemma 8. Let (zg,y0) with xo,yo > 0 be any initial data for the initial
value problem and {(zn, Yn) tn>1 be the approzimation generated by the G-L
scheme (35). Then, x,,yn > 0 for n > 1 provided that

cf cf
At < {/mi , . 36
mm{a+u M+F} (36)

Proof. The lemma is provided thanks to the following estimates

ALy
B+ xy

and due to the fact that if holds then

<a, 2,20

— At (a+p) >0, cf — Atl(p+ F) > 0.
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Remark 3. The condition means that the G-L scheme only preserves the
positivity of the solutions of if the step size is small enough. This leads to
large volumes of computations when investigate the model over long time
periods. Meanwhile, the NSF'D scheme has the ability to preserves the positivity

and boundedness of solutions for all the values of the step size.

5. Numerical experiments

In this section, we report some illustrative numerical examples to support

the theoretical results and advantages of the NSFD scheme.

5.1. Numerical dynamics of the NSFD and G-L schemes

In this section, we observe approximations generated by the NSFD and G-L
schemes to show advantages of the NSFD scheme. For this purpose, consider

the model with the following set of the parameters:
a=25 pf=70, p=08 F=075, §=16, ¢=0.5 (37)
associated with the initial data
z(0) = 25, y(0) = 10. (38)

In this case, Rg = —1.2077 < 1. Therefore, the trivial equilibrium point Ey =
(0,0) is globally asymptotically stable and also uniformly and Mittag-Leffler
stable.

We first use the G-L scheme using the step size At = 1.0 to solve the model
(2). The numerical approximations are depicted in Figures It is clear
that these numerical approximations are negative and unstable, and oscillate
around the equilibrium position with increasing amplitude. Hence, the essential
mathematical features of the fractional-order model are not preserved. However,
we see from Figures[d and [5]that the numerical approximations generated by the
NSFD scheme preserve the dynamical properties of the fractional-order model

even when using large values of the step size; furthermore, the dynamics of the
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NSFD scheme does not depend on the step size. So, the advantages of the NSFD

scheme are confirmed.

1200

—6— G-L scheme, At= 1.0
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-200
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Figure 1: The z-component generated by the G-L method scheme for At = 1.0 after 30

iterations.
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Figure 2: The y-component generated by the G-L method for At = 1.0 after 30 iterations.

200 .
* —+— G-L scheme, At = 1.0

100

50

—%

-100

-150 - ‘ .

_200 I I I I I I I I
-600 -400 —-200 0 200 400 600 800 1000 1200

Figure 3: The phase plane generated by the G-L method for At = 1.0 after 30 iterations.
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—©—NSFD, At =2.0
—&—NSFD, At = 1.0
——NSFD, At=0.1

Figure 4: The z-component generated by the NSFD scheme.

103
—6—NSFD, At =2.0
9 —H8—NSFD, At=1.0
——NSFD, At =0.1

Figure 5: The y-component generated by the NSFD scheme.
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5.2. Dynamics of the fractional-order model when Ry < 1

In this subsection, we observe the dynamics of the model in the case
Ro < 1. For this reason, we consider the model with the parameters given
in . We use the NSFD scheme with a small step size, namely At = 1073
for numerical simulation. The obtained phase planes corresponding to several
initial values are sketched in Figures In these figures, each blue curve
represents a phase plane corresponding to an initial data while the red arrows
show the evolution of the solutions. Clearly, the numerical solutions provide
strong evidence for the dynamical analysis of the model ([2)) performed in Section
It is important to note that the dynamics of the model depend on the

values of the order p.

Figure 6: Dynamics of the fractional-order model with a = 0.5.
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X
Figure 7: Dynamics of the fractional-order model with a = 0.6.
i <
L L L L
0 5 10 15 20 25

Figure 8: Dynamics of the fractional-order model with a = 0.75.
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Figure 9: Dynamics of the fractional-order model with a = 0.90.

25

Figure 10: Dynamics of the fractional-order model with a = 0.99.
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5.8. Dynamics of the fractional-order model when Ry > 1

This subsection provides some numerical examples to investigate the dy-
namics of the model when Rg > 1. First, consider the model with the

following values of the parameters
a=20, =80, pu=08 F=06, 6d=09.

In this case, we have Ry = 3.2286 > 1 and the model has a unique positive
equilibrium point E, = (55.7143,5.8647). It is clear that the condition is
satisfied. Hence, F, is globally asymptotically stable and also is uniformly and
Mittag-Leffler stable. It is easy to determine the functions r1(z) and ro(z) by
simple calculations. Their graphs are depicted in Figures[I1} Moreover, we have

I;lzaécrl(w) =r1(0) = 0.0164 = 15121101 ro(z) = r2(0) = 0.0164.

So, we can choose T = 71(0) = r2(0) for the Lyapunov function V given in ([24).

0.06

—_ 2(x)

0.0

0.04

= 0.03

0.02

0.01 : . bl

. . . . . I
0 50 100 150 200 250 300 350 400 450 500
X

Figure 11: The graphs of the functions ri(x) and ra(z).
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Some phase planes with ¢ € [0,100] provided by the NSFD schemes are
given in Figures It is clear that the unique positive equilibrium point F,
is stable. On the other hand, the long time behaviour of the fractional-order

model depends on the values of «.

Figure 12: Long time behaviour of the fractional-order model with a = 0.80.
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Figure 13: Long time behaviour of the fractional-order model with o = 0.85.

Figure 14: Long time behaviour of the fractional-order model with a = 0.90.
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6

S0

Figure 15: Long time behaviour of the fractional-order model with o = 0.99.

6. Conclusions and discussions

As the main conclusion of this work, we have proposed a new fractional-order
two-stage species model with recruitment, which is derived from the well-known
integer-order model and the Caputo fractional derivative, and have studied
dynamical analysis and numerical simulation of this model. The theoretical
results and advantages of the NSFD scheme are supported by illustrative nu-
merical experiments.

In the first part of this work, we have performed a rigorous mathemati-
cal analysis of qualitative dynamical properties of the proposed fractional-order
model. The main result is that we obtained the positivity, boundedness and
stability properties of solutions of the model. It is worth noting that the sta-
bility properties, including the global, uniform and Mittaf-Leffler stability were
established by using a simple approach, which is based on the Lyapunov stabil-
ity theory and Barbalat’s lemma in combination with some nonstandard tech-

niques for fractional dynamical systems. More clearly, we use general quadratic
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Lyapunov functions and combine them with characteristics of quadratic forms
associated with real matrices to establish the stability properties. The present
approach is simple and can be applied for a board range of fractional-order
dynamical systems.

In the second part of this work, we have extended the Mickens’ methodol-
ogy to construct a dynamically consistent nonstandard finite difference (NSFD)
scheme for the model for the purpose of numerical simulation. By rigor-
ous mathematical analysis and numerical experiments, we show that the NSFD
scheme can provide reliable numerical approximations preserving all the essen-
tial dynamical properties of the fractional-order model for all the finite step
sizes. Meanwhile, the Grunwald-Letnikov scheme can generate numerical ap-
proximations that are negative and unstable for some specific step sizes.

In the third part of this work, a set of illustrative numerical examples is re-
ported to support the theoretical results and advantages of the NSFD scheme.
The experiments provide strong evidence, which shows that the numerical re-
sults are consistent with the theoretical ones. It is important to note that the
numerical examples suggested that the behaviour of the fractional-order model
depends on the values of the order p. This is a main difference between the
fractional-order model and integer-order one and also means that the fractional-
order model is more flexible. This is very useful in the parameter estimation
problem.

In the near future, we will extend the present approach to study dynamical
analysis and numerical simulation of fractional-order systems that mathemat-
ically model important real-life problems. The combination of the Lyapunov
stability theory with real quadratic forms for studying stability problems of
fractional-order dynamical systems will be mainly focused. High-order NSFD
schemes for the model in particular and for fractional-order systems in gen-
eral will be also considered.
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study are available within the article [and/or] its supplementary materials.

35



Conflicts of Interest: We have no conflicts of interest to disclose.

Funding information: Not available.

Authors’ contributions: Manh Tuan Hoang: Conceptualization, Methodol-

ogy, Software, Formal analysis, Writing- Original draft preparation, Methodol-

ogy, Writing - Review & Editing, Supervision.

Acknowledgments: Not applicable.

References

1]

E. M. Adamu, K. C. Patidar, A. Ramanantoanina, An unconditionally sta-
ble nonstandard finite difference method to solve a mathematical model
describing Visceral Leishmaniasis, Mathematics and Computers in Simula-

tion 187 (2021) 171-190.

O. Adekanye, T. Washington, Nonstandard finite difference scheme for a
Tacoma Narrows Bridge model, Applied Mathematical Modelling 62(2018)
223-236.

R. P. Agarwal, D. O’Regan, S. Hristova, Stability of Caputo fractional
differential equations by Lyapunov functions, Applications of Mathematics

60 (2015) 653-676.

N. Aguila-Camacho, A. M. Duarte-Mermoud, J. A. Gallegos, Lyapunov
functions for fractional order systems, Communications in Nonlinear Sci-

ence and Numerical Simulation 19 (2014) 2951-2957.

E. Ahmed, A. M. A. El-Sayed, H. A. A. El-Saka, Equilibrium points, sta-
bility and numerical solutions of fractional-order predator-prey and rabies
models, Journal of Mathematical Analysis and Applications 325(2007) 542-
553.

Z. Ali, F. Rabiei, K. Hosseini, A fractal-fractional-order modified Predator-
Prey mathematical model with immigrations, Mathematics and Computers

in Simulation 207(2023) 466-481.

36



[7]

[10]

[12]

[13]

[14]

[15]

[16]

R. Almeida, Analysis of a fractional SEIR model with treatment, Applied
Mathematics Letters 84 (2018) 56-62.

R. Anguelov, J. M. -S. Lubuma, Nonstandard finite difference method by
nonlocal approximation, Mathematics and Computers in Simulation 61

(2003) 465-475.

R. Anguelov, J. M.-S. Lubuma, Contributions to the mathematics of the
nonstandard finite difference method and applications, Numerical Methods

for Partial Differential Equations 17 (2001) 518-543.

R. Anguelov, Y. Dumont, J. M. -S. Lubuma, M. Shillor, Dynamically con-
sistent nonstandard finite difference schemes for epidemiological models,

Journal of Computational and Applied Mathematics 255 (2014) 161-182.

A. J. Arenas, G. Gonzalez-Parra, B. M. Chen-Charpentier, Construction of
nonstandard finite difference schemes for the SI and SIR epidemic models
of fractional order, Mathematics and Computers in Simulation121(2016)

48-63.

D. Baleanu, J. A. T. Machado, A. C. J. Luo, Fractional Dynamics and
Control, Springer, New York, 2012.

D. Baleanu, K. Diethelm, E. Scalas, J. J. Trujillo, Fractional Calculus:
Models and Numerical Methods, World Scientific, Singapore, 2021.

R. J. H. Beverton, S. J. Holt, On the Dynamics of Exploited Fish Popula-
tions, Chapman and Hall, London, 1993

A. Boukhouima, K. Hattaf, E. M. Lotfi, M. Mahrouf, D. F.M. Torres, N.
Yousfi, Lyapunov functions for fractional-order systems in biology: Meth-

ods and applications, Chaos, Solitons & Fractals 140(2020) 110224.

F. Brauer, C. Castillo-Chavez, Mathematical Models in Population Biology
and Epidemiology, in: Texts in Applied Mathematics, vol. 40, Springer,
New York, 2001.

37



[17]

[21]

[23]

[24]

[25]

[26]

N. F. Britton, Essential Mathematical Biology, in: Springer Undergraduate
Mathematics Series, Springer-Verlag, United States of America, 2003.

M. Caputo, Linear models of dissipation whose Q is almost frequency

independent-II. Geophysical Journal International 13 (1967) 529-539.

L. C. Cardoso,- F. L. P. Dos Santos, - R. F. Camargo, Analysis of fractional-
order models for hepatitis B, Comp. Appl. Math. (2018) 37:4570-4586.

D. Conte, G. Pagano, B. Paternoster, Nonstandard finite differences numer-
ical methods for a vegetation reaction-diffusion model, Journal of Compu-

tational and Applied Mathematics 419(2023) 114790.

J. Cresson, F. Pierret, Non standard finite difference scheme preserving
dynamical properties, Journal of Computational and Applied Mathemat-

ics303 (2016) 15-30.

J. Cresson and A. Szafranska, Discrete and continuous fractional persis-
tence problems — the positivity property and applications, Communications

in Nonlinear Science and Numerical Simulation 44 (2017) 424-448.

Q. A. Dang, M. T. Hoang, Positivity and global stability preserving NSFD
schemes for a mixing propagation model of computer viruses, Journal of

Computational and Applied Mathematics 374 (2020) 112753.

Q. A. Dang, M. T. Hoang, Nonstandard finite difference schemes for a
general predator-prey system, Journal of Computational Science 36 (2019)

101015.

Q. A. Dang, M. T. Hoang, Complete Global Stability of a Metapopulation
Model and Its Dynamically Consistent Discrete Models, Qualitative Theory
of Dynamical Systems 18 (2019) 461-475.

Q. A. Dang, M. T. Hoang, Positive and elementary stable explicit nonstan-
dard Runge-Kutta methods for a class of autonomous dynamical systems,

International Journal of Computer Mathematics 97 (2020) 2036-2054.

38



[27]

[32]

[33]

[34]

K. Diethelm, The Analysis of Fractional Differential Equations: An
Application-Oriented Exposition Using Differential Operators of Caputo
Type, Springer-Verlag, Berlin, 2010.

K. Diethelm, Monotonicity of functions and sign changes of their Caputo
derivatives, Fractional Calculus and Applied Analysis, Fractional Calculus

and Applied Analysis 19(2016) 561-566.

K. Diethelm, A fractional calculus based model for the simulation of an

outbreak of dengue fever, Nonlinear Dyn (2013) 71:613-619.

D. T. Dimitrov, H. V. Kojouharov, Nonstandard finite-difference schemes
for general two-dimensional autonomous dynamical systems, Applied

Mathematics Letters 18 (2005) 769-774.

A. Dokoumetzidis, R. Magin, P. Macheras, A commentary on fraction-
alization of multi-compartmental models, J Pharmacokinet Pharmacodyn

(2010) 37:203-207.

M. A. Duarte-Mermoud, N. Aguila-Camacho, J. A. Gallegos, R. Castro-
Linares, Using general quadratic Lyapunov functions to prove Lyapunov
uniform stability for fractional order systems, Communications in Nonlin-

ear Science and Numerical Simulation 22(2015) 650-659.

M. Ehrhardt, R. E.Mickens, A nonstandard finite difference scheme for
convection-diffusion equations having constant coefficients, Applied Math-

ematics and Computation219 (2013) 6591-6604.

I. Faragd, R. Mosleh, Some qualitative properties of the discrete models
for malaria propagation, Applied Mathematics and Computation 439(2023)
127628.

H. Fatoorehchi, M. Ehrhardt, Numerical and semi-numerical solutions of a
modified Thévenin model for calculating terminal voltage of battery cells,

Journal of Energy Storage 145(2022) 103746.

39



[36]

[41]

[42]

[43]

F. R. Gantmacher, The Theory of Matrices. Vol I. New York: Chelsea
Publishing Company, 1977.

F. Gao, X. Li, W. Li, X. Zhou, Stability analysis of a fractional-order
novel hepatitis B virus model with immune delay based on Caputo-Fabrizio

derivative, Chaos, Solitons & Fractals 142(2021) 110436.

R. K. Ghaziani, J. Alidousti, A. B. Eshkaftaki, Stability and dynamics of a
fractional order Leslie-Gower prey-predator model, Applied Mathematical

Modelling 40(2016) 2075-2086.

U. Ghosh, S. Pal, M. Banerjee, Memory effect on Bazykin’s prey-predator
model: Stability and bifurcation analysis, Chaos, Solitons & Fractals

143(2021) 110531.

J. F. Gomez, J. J. Rosales, J. J. Berna, mathematical modelling of the mass-
spring-damper system-a fractional calculus approach. Acta Universitaria

5(2012)5-11.

M. T. Hoang, Lyapunov Functions for Investigating Stability Properties of a
Fractional-Order Computer Virus Propagation Model, Qualitative Theory
of Dynamical Systems 20, Article number: 74(2021).

M. T. Hoang, A. M. Nagy, Uniform asymptotic stability of a Logistic model
with feedback control of fractional order and nonstandard finite difference

schemes, Chaos, Solitons & Fractals 123 (2019) 24-34.

M. T. Hoang, A novel second-order nonstandard finite difference method for
solving one-dimensional autonomous dynamical systems, Communications

in Nonlinear Science and Numerical Simulation 114 (2022) 106654.

M. T. Hoang, Positivity and boundedness preserving nonstandard finite
difference schemes for solving Volterra’s population growth model, Mathe-

matics and Computers in Simulation 199 (2022) 359-373.

40



[45]

[47]

[48]

[52]

M. T. Hoang, Dynamically consistent nonstandard finite difference schemes
for a virus-patch dynamic model, Journal of Applied Mathematics and

Computing 68 (2022) 3397-3423.

M. T. Hoang, Reliable approximations for a hepatitis B virus model by
nonstandard numerical schemes, Mathematics and Computers in Simula-

tion 193(2022) 32-56.

M. T. Hoang, Dynamical analysis of a generalized hepatitis B epidemic
model and its dynamically consistent discrete model, Mathematics and

Computers in Simulation205(2023) 291-314.

M. T. Hoang, A class of second-order and dynamically consistent nonstan-
dard finite difference schemes for nonlinear Volterra’s population growth
model, Computational and Applied Mathematics 42, Article number: 85
(2023).

J. Huo, H. Zhao, L. Zhu, The effect of vaccines on backward bifurcation in a
fractional order HIV model, Nonlinear Analysis: Real World Applications
26(2015) 289-305.

H. K. Khalil, Nonlinear Systems, third edition, Prentice Hall, 2002.

H. Kheiri, M. Jafari, Stability analysis of a fractional order model for the
HIV/AIDS epidemic in a patchy environment, Journal of Computational

and Applied Mathematics 346 (2019) 323-339.

A. A. Kilbas, H. M. Srivastava, J. J. Trujillo, Theory and Applications of
Fractional Differential Equations, Elsevier Science, Inc., Volume 204, 1st

Edition, 2006.

L. M. Ladino, J. C. Valverde, Population dynamics of a two-stage species
with recruitment, Mathematical Methods in the Applied Sciences 36(2013)
722-729.

41



[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

L. M. Ladino, C. Mammana, E. Michetti, J. C. Valverde, Discrete time
population dynamics of a two-stage species with recruitment and capture,

Chaos, Solitons & Fractals 85(2016) 143-150.

Y. Li, Y. Chen, I. Podlubny, Mittag-Leffler stability of fractional order
nonlinear dynamic systems, Automatica 45 (2009) 1965-1969

Y. Li, YQ. Chen, I. Podlubny, Stability of fractional-order nonlinear dy-
namic systems: Lyapunov direct method and generalized Mittag-Leffler
stability, Computers & Mathematics with Applications 59 (2010) 1810-
1821.

C. Li, Y. Ma, Fractional dynamical system and its linearization theorem,

Nonlinear Dynamics 71(2013) 621-633.

W. Lin, Global existence theory and chaos control of fractional dif-
ferential equations, Journal of Mathematical Analysis and Applications

332(2007)709-726.

D. Matignon, Stability result on fractional differential equations with ap-
plications to control processing, Computational Engineering in Systems

Applications 2(1996) 963-968.

R. E. Mickens, Dynamic consistency: a fundamental principle for construct-
ing nonstandard finite difference schemes for differential equations, Journal

of Difference Equations and Applications 11 (2005) 645-653.

R. E. Mickens, Nonstandard Finite Difference Models of Differential Equa-
tions, World Scientific, 1993.

R. E. Mickens, Applications of Nonstandard Finite Difference Schemes,
World Scientific, 2000.

R. E. Mickens, Advances in the Applications of Nonstandard Finite Differ-
ence Schemes, World Scientific, 2005.

42



[64]

[72]

R. E. Mickens, Nonstandard Finite Difference Schemes for Differential
Equations, Journal of Difference Equations and Applications 8(2002) 823-
847.

R. E. Mickens, Nonstandard Finite Difference Schemes: Methodology and
Applications, World Scientific, 2020.

R. E. Mickens, T. M. Washington, NSFD discretizations of interacting pop-
ulation models satisfying conservation laws, Computers and Mathematics

with Applications 66 (2013) 2307-231.

J. D. Murray, Mathematical Biology I. An Introduction, Springer, Berlin,
2002

K. C. Patidar, On the use of nonstandard finite difference methods, Journal

of Difference Equations and Applications 11(2005) 735-758.

K. C. Patidar, Nonstandard finite difference methods: recent trends and
further developments, Journal of Difference Equations and Applications

22(2016) 817-849.

I. Podlubny, Fractional Differential Equations, Academic Press, San Diego,

1999.

R Scherer, S Kalla, Y Tang, J Huang, The Grunwald-Letnikov method for
fractional differential equations, Computers and Mathematics with Appli-

cations 62(2011) 902-917.

J. Singh, D. Kumar, Z. Hammouch, A. Atangana, A fractional epidemio-
logical model for computer viruses pertaining to a new fractional derivative,

Applied Mathematics and Computation 316 (2018) 504-515.

H. G. Sun, Y. Zhang, D. Baleanu, W. Chen, Y. Q. Chen, A new collection
of real world applications of fractional calculus in science and engineering,
Communications in Nonlinear Science and Numerical Simulation 64 (2018)

213-231.

43



[74]

[77]

[80]

C. Vargas-De-Leon, Volterra-type Lyapunov functions for fractional-order
epidemic systems, Communications in Nonlinear Science and Numerical

Simulation 24 (2015) 75-85.

A. K. Verma, M. K. Rawani, C. Cattani, A numerical scheme for a class
of generalized Burgers’ equation based on Haar wavelet nonstandard finite

difference method, Applied Numerical Mathematics 168(2021) 41-54.

F. Wang, Y. Yang, Fractional order Barbalat’s lemma and its applications
in the stability of fractional order nonlinear systems, Mathematical Mod-

elling and Analysis 22 (2017) 503-513.

D. T. Wood, H. V. Kojouharov, A class of nonstandard numerical methods
for autonomous dynamical systems, Applied Mathematics Letters 50 (2015)
78-82.

D. T. Wood, H. V. Kojouharov, D. T. Dimitrov, Universal approaches to
approximate biological systems with nonstandard finite difference methods,

Mathematics and Computers in Simulation133 (2017) 337-350.

Z. Wu, Y. Cai, Z. Wang, W. Wang, Global stability of a fractional order
SIS epidemic model, Journal of Differential Equations 352(2023) 221-248.

Y. Yang, L. Xu, Stability of a fractional order SEIR model with general
incidence, Applied Mathematics Letters 105(2020) 106303.

44



	Introduction
	Preliminaries
	Caputo fractional derivative and fractional dynamical systems
	The Grunwald-Letnikov definition and Grunwald-Letnikov numerical method
	Real quadratic forms
	Nonstandard finite difference schemes

	Qualitative dynamical study
	Positivity and boundedness of solutions and equilibrium points and its local asymptotic stability
	Global stability analysis
	Uniform stability and Mittag-Leffler stability

	Construction of positivity-preserving NSFD scheme
	Numerical experiments
	Numerical dynamics of the NSFD and G-L schemes
	Dynamics of the fractional-order model when R0 < 1
	Dynamics of the fractional-order model when R0 > 1

	Conclusions and discussions

