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Abstract

We consider a non-linear wave equation with an internal fractional damping, a polynomial source and an infinite memory. Using
the semi-group theory, we get the existence of a local weak solution. Moreover, we show under some conditions, local solutions

may blow up a in finite time; this is achieved by constructing a suitable Lyapunov functional.
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1 | INTRODUCTION
We investigate the following problem:
(
+o0
Yu— Ay + / g@Ay(t — 1) dt + 0" y(1) = |y 7y, in QX (0, c0),
0
(P)1
y=0, on 9Q x (0, 00),
y(x’ O) = y(](x)3 yt(-xs 0) = y](x)’ in Q
S

where p > 2, Q is a bounded domain in R" with a smooth boundary 0Q and g is a function which will be specified later. The
notation 9 7 stands for the modified Caputo’s fractional derivative (see %) defined by:

o u(r) 1=

t
‘ml ) / (=9 u(s)ds, 0<a<1,p>0.
-
0

Partial differential equations with fractional derivatives arise in biology, physics, electronics and vibrations, etc. In the last
years, the control of PDEs with fractional derivatives has been studied in 3456

It is well known that in the absence of an internal fractional damping, the polynomial source causes finite time blow up of
solutions with negative initial energy (see*%!%). Whereas, in the presence of non-linear damping, Georgiev and Todorova !,
proved under the assumption p < m, that the solution is global. However, for the opposite case, solutions may blows up in a
finite time.

In the presence of fractional damping, The linear wave equation with the Riemann-Liouville fractional derivatives has been

considered by Matignon et al. in'2. The authors proved well-posedness and asymptotic stability. Later on, Kirane and Tatar ',
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proved an exponential growth result. By using a new argument, Tatar '*, extended Kirane and TatardAZs result to a larger class
of initial data. The same author'®, proved a finite time blow up result. Recently, by writing the wave equation with a dynamic
boundary dissipation of fractional derivative type as an augmented system, Aounallah et al. '®*!” proved the existence and decay
properties of the sought solutions. For infinite memory problems, Appleby et al.'®, established an exponential decay of a linear
integro-differential equation. Later on, Guesmia'® investigated a class of hyperbolic problems and established a more general
decay result. In?, by describing the fractional damping by means of a suitable diffusion equation, the problem (P) was put into
an augmented model which can be easily tackled. To the best of our knowledge, a non-linear wave equation with an internal
fractional damping and infinite memory has not been studied yet. In addition, the finite time blow-up of the solution for this
problems has not been addressed. The paper is organized as follows: In Sec. 2, we present some assumptions and tools needed
to demonstrate the main results. In Sec. 3, we use the semi-group theory*>** to prove the existence of a local weak solution. In
Sec. 4, we use a judicious Lyapunov functional to prove the finite time blow-up of a certain solution.

2 | PRELIMINARIES

In this section, we provide some material needed for the proof of our results. We need the following assumptions:
(Gl)g : R, - R, isa C' function such that

o0

g(0) >0, g0=/g(r)df=1—/1>0;
0
(G2) there exists a positive constant 6 such that:

g'(t < —0g(®), 1>0.
We state without proof the following claims:

Lemma 1. The following inequality holds:

+o00 2 +o0
/ /g(r)Vw(T) dr] dx<(1-24) / g(r)||Vw(T)||§dT.
Q 0 0
Lemma 2. % Let ,
sin(ax
b:=
7

and let # be the function: .
Qa-1)

n@ =g, £eR, O<a<l
Then the relationship between the ”input” U and the “output” O of the system

0P 1)+ (& + PP 1) = U(x, (&) =0, EER, 1> 0,4 >0,

#(.0)=0,

+oco
0@ = b/d)(é, () dg

is given by
0 :=1""y,

where

I%Pu(t) 1= ﬁ /(t — ) LeP=y(s) dss.
0
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Lemma 3. *' Forall A€ Dyj={A€C: Red+p>0}U{1€C : Imi#0},

+o0

. 7[2(6) _ T a—1
A"_/,1+ﬁ+52d5_sin(an)(“ﬂ) ‘

—00

Now, similarly to 425

, we introduce the following new variable:
H(x,7) = y0xe, 1) — y(x,1 = 7),
where ' is the relative history of y that satisfies
1) =y, +pul(x,7)=0, xeQ t,z>0.

Then, by using Lemma 2 and (2), system (P) takes the form :

+o0

y,t—/lAy(t)—/g(T)AM’(x, 7)dz
0

+oo
+b/ GE D& dE = |y|”y, x€Q, t>0,

0P 1)+ (&2 + P)pE.1) — y,(x, () =0, EER, t>0,8>0,

!
() H(x, ) + pl(x,7) = y,(x,1), x€Q, t,r>0,
y=u'(x,7)=0, x €0Q, t,7 >0,
¥(x,0) = yp(x),  y,(x,0) = y;(x), X EQ,

W (x,0=0, px,7)=yy(x)=yy(x,~17), x€EQ, t,7 >0,

[ $(£,0) =0, xeEQ EER.

Lemma 4. The energy

+oo
£0: = Hnoli+2 [ [ oeorazax+ 2 1vso:
i
Lo+t / 2@ |VE' @ dr
P P2 ?
0
satisfies

+oo
dE® 1 [,
L0 [eoivioll as

0

“+o0
- b/ /(:2 + AP, 1|* dédx < 0.

Q

2

(©))

“

®
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Proof. Multiplying the first equation in (P’) by y,, integrating over € and using integration by parts, we get

4 {1 Il + 5 195013 - ny(r)nz}

b / N / NEP(x. E.1) dEdx ©)

/ 9 / g (1) drdx =

We use (3) to transform the last term of (6) as follows.

+o0
—/yt/g(f)A/«tt(r)dfdx
Q 0

+00
—/g(f)/ (Wl + pb) Ap'(v) dxd
Q

0

+00
- / §(@) / WA () dxdz
0 Q
+o00
—/g(r)/ﬂiAM’(T) dxdr,
Q

0

and integrating by parts, we get
+oo +o0
: d|1 2
- [ v [sosi@ azax= 2411 [somvioiias
Q 0 L 0 %
1
z/g(T)HVM @3 dr.

0

By substituting (7) in (6), we have

+00
L@+ 1901 Lo+ 1 [ s Vi@l as
’ ®)
+00 +oo
-1 [e@lvioliar o [, [ nooenazan=o
Q -0

0
Now multiplying the second equation in (P’) by b¢ and integrating over Q X R, we obtain:

+o00
d|b 5
o 5//|¢(§,1)| dgdx

g —
+o0
+b / / (& + P)lp(E. D2 dedx ©)

—b/yt/ﬂ(§)¢(§,l)d§dx=0
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By combining (4), (8) and (9), we obtain (5). The lemma is proved. O]

3 | WELL-POSEDNESS

In this section, we establish the local existence result for problem (PAAZ). First, we define the vector function

U=y, u)"

and a new dependent variable
u=y,.

Consequently, problem (PAAZ) can be rewritten as follows:

U +AU@) =J U®),
(P")
U(©) = U,

where the operator A : D(A) — H is defined by
—u

+oo +oo

—ﬂAy—/g(T)AM’(x, T)df+b/¢(x, ¢ on)dé
AU = s

0

(&% + B — u(x)n(&)

Hi(T) —u
J(U) = (0,]y["2y,0,0)", (10)
and H is the energy space given by
H = H}(Q) x L*(Q) X L*(Q,R) x Lﬁ(qu, H,(Q))

such that
+00

LE(RJr,H(}(Q)) =qw:R, - Hg(gz),/g(r) IVw@) |3 dr < oo p;
0

the space L;(R 4 H(; (Q2)) is endowed with the inner product:

+00

<w1’w2>L§(R Q) =/g(r)/Vw1(r)Vw2(r)dxdr.
Q

+0
0

Forany U = (y,u, ¢, i)’ € Hand U = (7,4, $, u')" € H, we define the inner product

+o0
(U.0),, =/[/1Vy.V)7+uﬁ] dx+b//¢q/3d§dx
Q Q —o0
+00

+ / g(T)/ V' (0)Vu!(r) dxdr.
0 Q
The domain of A is given by
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U=©u¢.u) €Hiye H(Q)u € Hj(Q);
D(A) =4 (& + P —un(é) € LA(Q,R);

£lp € LX(Q,R); 4, € L (R, Hy (),

Now, we can present the following existence result

Theorem 1. Suppose that

P>2, ifn=1,2.
1D
2n .
2<p< ,ifn > 3.
n—2
Assume further that
Uy €EH, 12)
then the problem (P4AZ) has a unique local solution
UeC(0,T),H). (13)

Proof. The proof is based on??. First, we demonstrate that A is a monotone maximal operator on H. We start by showing that
the operator A is monotone. For, for any U € D(A), using (PaAl), we have

(AU.UY, =b / / & + Pl dedx

e (14)

+00
- % / g@ |V @5 dz 2 0.
0
So, A is a monotone operator. Next, we will show that the operator (I + A) is onto. For, given F = (f}, f5, f3, f4)T € H, we
dwill show that there exists U € D(A) such that
I+ AU =F,
that is,

-

y—u=f, € H(Q),

+0o0 +oo

u—AAy— / gAY ()dr +b / dEME) dé = f, € LX(Q),

K 0 (15)

b+ (& + B —un(é) = f5(6) € LA(Q,R),

| W+u —u=fi(r) € LE(R+; H ().

Using the third equation in (15), we obtain

b= S5 +un(@)
E4+p+1

On the other hand, the fourth equation in (15) has a unique solution

(16)

T

u o= /ez(f4(z)+y—fl)dz e’ (17
0
Inserting u = y — f,, (16) and (17) in the second equation in (15), we obtain

oy — AAy =G, (18)
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where

+o0
2
a=1+@/—ﬂi2—d§>a
E2+p+1

+o00 T

/_I=/1+/g(f)e_T /ezdz ds

0 0
+o0

=1 —/g(r)e_T dr >0,

0

+00

_ B n(&) f5(&)
G=/f,+of —b —§2+ﬁ+1d§

+o0 T

+ / g(r)e ™™ / eA(fy(z)— f)dz| dr.
0 0
To solve (18), we consider the following variational formulation:

B(y,w) = L(w), Yw € Hj(Q), (19)
where B is the bi-linear form defined by
B(y,w) = a/yw dx + Z/ VyVwdx, (20)
Q Q
and L is the linear functional given by
L(w) =/Gwdx. 21
Q

It is easy to verify that L is bounded and B is coercive and bounded. So, the Lax—Milgram theorem guarantees that for all
we H& (), the linear elliptic equation (18) has a unique solution y € Hé Q).
The substitution of y into the first equation in (15) yields u € H, (} (Q).

Inserting u in (15) and bearing in mind the third equation in (15), we obtain

¢ € LX(Q,R).

Similarly, we have
u'e L;(RJ,; H(Q)).

a/ywdx+Z/Vy.dex=/Gwdx. (22)

Q Q Q

Using (18), we get
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The elliptic regularity theory, then, implies that y € H*(Q). So, I+A is onto.
Now, we prove that the operator defined in (10) is locally Lipschitzian in 7. For U,U € H, we get

[~ 1@, = (0.t i),

S
=””|”|p — alal? ||L2(Q)

= “ |ul?” = |L_‘|p”L2(g>

= || =D (u" +uPa+ .+ @ .

=C ;| (- +ah || 2@

1
2

<c / (= aP)(Jul + a7 dx
Q

Using Holder’s inequality, we have

26

2
|y - 1@, <c / Ju— af* dx /(|u|"—1 x| s
Q Q
. n n
with y = and 6 = =. So we have
) 2
n2 1
2n n
_ 2n _ i1
|7 -I@||, <C /(|u—a|n—zy) /(Iul” Y JalPty dx
Q Q

n2 L
2n n

<c| fau-a=n| | [aured +aroen)ax

Q Q 23)
1 1
<Cllu—all 2 / lu|"PVdx| + / |a|"P=V dx
Ln=2(Q)
Q Q
— p—1 —qnp-1
SCllu—all 2 g [”””L"(P*“(m * ”””anm] '
The Sobolev embedding theorem gives
||u—L7||L%(Q)SC||u—L7||Lz(Q)SC“U—U”H. (24)

The necessity to estimate [lull,,_;, by the energy norm ||U ||, requires to consider different ranges of p. Namely, we need
2n
n(p—1) <

7 and this coincides with the cut in our assumption p < LZ Thus, the Sobolev embedding theorem
n— n—

L. (Q)c H'(Q)
, it holds

—1
lp

[T,

Therefore, by combining (24)5AS(25), we obtain
|u-0,, <caun® @.lal’ @) |v-0|,.

So, J is locally Lipschitzian. Therefore, the well-posedness result follows from the theorem of Sigal. O

< Clul” Q). (25)



35

4. BLOW UP RESULT

4 | BLOW UP RESULT

In this section, we use a judicious Lyapunov functional to prove that some solutions can experience blow-up in a finite time. To
achieve our goal, we need the following lemma.

Lemma 5. Suppose that p > 2. Then, there exists a positive constant C > 1 such that

Iyl < & (Iylz+ 1Vy13) (26)
for any y € H(;(Q) and2 <s <p.
Proof. 1f ||yll, > 1 then [[y[l} < ¥l
If lyll, < 1then [|y|l} < ll¥ll} < C, | Vyll3 by the Sobolev embedding theorem. O
Let
H(t) = —E@). 27

Theorem 2. Suppose that p > 4 satisfies (11). Assume further that (G1)
-4
g = /g(T) dr < pT 28)
0

and
E0) < 0. 29)

Then, the solution of system (PAAZ) blows-up in a finite time.

Proof. Using (5), we have

E(@t) < E0)<O0. 30)
Thus, we get
+o0
1
H'() = ~E'() =~ > / g@ ||[VH @3 dr
0
- (31
+ b/ /(:2 + P&, DI* dédx > 0.
Q —o0
Furthermore, we have |
O<HWO)<H(< ;llyllﬁ. (32)
Let
A =H"7(t) +e / uu, dx, (33)
Q
where € > 0 to be specified later and )
0<y<Z== (34)
2p

Differentiating (33) and using (PéAZ), we obtain
A =(1 =) H7(OH' () + €lly I3 — eAlIVyll5

+oo
—be [5 [ n@ox.cndeax-+ el

Q oo (35)
—e/Vy/g(r)V/,tt(r)drdx.
Q 0
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Using Young’s inequality and Lemma 1, we find

/Vy(t)/g(r)Vu’(r)dex
P (36)
<! / «@ | VE@ |2 de+ 1= 2 [ V¥ I3
0
Substituting (36) in (35), we get

A0 20— HTOH' @) + eyl — el VI3

—b€/y/n(§)¢(x,§,f)d§dx
0 “o 37

+o0
€ ¢ 2
velyly =< [ s 194l ar.
0
Using Young’s inequality and (31), we find

+o0
b/y/n(é)d)(x,é,f)dédx
Q -

<8CIvllZ + —//(§2+ﬁ)l¢(x E1)|* dédx

Q

<8C|Iyll5 + H ),

(38)

+o0

2
forC, :=b (&)
E+p

Substituting_%S) in (37), we have

d¢& and 6 > 0, which may depend on t.

A0 2 (1= H7 @) = 1= ) H'0)

+elly 3 = ellVyll; = e5C Iyl
+o0 (39

+ellylly - / (@) | Vi@ dr.
0

Next, we choose an appropriate 6 as follows:

| E—
25 = kH 7(1), (40)

where k is some positive constant to be determined later. Substituting (40) into (39), we get

A0 2[(1—y)— ekl HYOH'(t) + elly, I3

—ellVyll; - —Hy(t)llyllz
oo “D
€ 2
reyly =< [ s V4@l ar.
0
Using (32), we have
1
H' () < =1yl (42)
prr
Thus, we have
C H 0IIyII3 < GlIyller+2, (43)

10
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for some C, > 0. Combining (41) and (43), we obtain

A0 210 =) = ekl HTOH' @) +¢ (2 +1) 1113

€ Ap
+ —IIyII§ +e [7 - 1] IVyll3

eb"//|¢(x5t>|2d§dx

£ __2 pr+2
e<2H<t> Ol )

+o0

-1
+€<pT>/g(T) ||V/4’(T)||§ dr.

0
By Lemma 5 and (34), for s = py + 2 < p, we find

A0 2=y = HTOH' @)+ (2 +1) )2

C, G
+2 <1 _ _> Iylle+ = [(/lp 4) — —] IVl

L / / 19 &0 dédx + 5 H()

+oo

—1
+e€ <pT> /g(f) ||V/4’(r)||§ dr,
0

where C; = C C,. Using (28) and (G1), we get pA —4 > 0.
At this point, we choose k large enough such that
1—£>0 pl—4—g>0.
2k k
When k is fixed, we pick e small enough such that

(1-y)—€k>0, H(0)+€/y0y1dx>0.
Q
Therefore, there exists a positive constant C, such that

A0 2 C (HO+ 3+ 15+ 19513

Furthermore, we get
A(t) > A(0)>0,¢t>0.

By HolderaAZs inequality and the embedding inequalities, we have

R
Q
where d > 0 is the best embedding constant. Using Young’s inequality, we find

1

1—
r o
/yy,dx <d, <||y,||2’" + Hyll,l">,
Q

where d, is a constant and ; + % = 1. Using Lemma 5, for 8’ = 2(1 — y), we obtain

o6 2
l—y 1-2y

<p.

11

(44)

(45)

(46)

(47)

(48)
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Thus, for s = 1 2

, we obtain
-2y

1

1=y

[omax| < a (Inl+ 1o+ 19012). (49)
Q
where d, > 0 is a constant. Consequently, by (49), we have

I-y

1
AT (1) < H“y(t)+/yytdx
Q

(50)
<dy|HO+ / Yy, dx
Q

<dy (HO+ |33+ 19012+ 1502), 120,

where d; is a positive constant. Combining (46) and (50), we obtain

1
At > d,A= (1), 120, (51)
where d, is a positive constant. Integrating (51) over (0, t), we get
Ay > —— . (52)
T d,t
A -y O 7_4
I—y
So, A(t) blows up in a finite time .
T<r'=— 1
dyy AT (0)
0 O
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