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Abstract

The paper describes the method of symbolic evaluation that serves as a useful tool to extend the studies of certain special
functions including their properties and capabilities. In the paper, we exploit certain symbolic operators to introduce a new
family of special polynomials, which is called the Mittag-Leffler-Gould-Hopper polynomials. We obtain the generating function,
series definition and symbolic operational rule for these polynomials. This approach give a wide platform to explore the study
of classical and hybrid special polynomials. We establish summation formulae and certain identities for these polynomials.
Further, we derive the multiplicative and derivative operators to study the quasi-monomiality property of these polynomials.

Some concluding remarks are also given.
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1 Introduction

The multi-variable special polynomials provide the solutions of a wide class of partial differential equations
often encountered in the field of physical problems. The importance of multi-variable Hermite polynomials
has been recognized in dealing with quantum mechanical and optical beam transport problems [8,14,15].
It happens very often that the solution of a given problem in physics or applied mathematics requires the
evaluation of infinite sums involving special functions. Problems of this type arise, for example, in the
computation of the higher-order moments of a distribution or to evaluate transition matrix elements in
quantum mechanics. It has been shown that the summation formulae of certain special functions, often
encountered in applications ranging from electromagnetic processes to combinatorics, can be written in
terms of the multi-variable Hermite polynomials. [8].

Throughout this paper, we use the notations: N = {1,2,3...} and Ny := N U {0}.

Also, as usual R denotes the set of real numbers, RT denotes the set of positive real numbers and
Ry = Rt U {0}.

We recall that the Mittag-Leffler function is given by the following series definition [3,12]:

_ - z +
B 5(x) *;}F(awﬁ)’ Vo € R,Va, 8 € RY, (1.1)

which plays an important role in the solution of problems arising in fractional calculus.

The symbolic method provides powerful and efficient means to introduce and to study certain new and
known special functions, for instance, the symbolic method is used to obtain certain lacunary generating
functions for the Laguerre polynomials by Dattoli [3]. Dattoli and his co-workers [3,13] introduced a

symbolic operator ¢, which operates on a vacuum function ¢, = ﬁ as [3,13]:
. 1
o, = Tetatl) (1.2)
which obviously satisfies the properties
el =e*tP and (&%) =@ (1.3)



In view of equation (1.2), we have

o 1 _ 1
= e rar)|., Tita) (14)

In view of equations (1.1) and (1.4), the Mittag-Leffler function can symbolically be defined as [12]:
Eap(x) = ¢ ——do. (1.5)

Also, Dattoli et al. [12] introduced another symbolic operator a”gdA (a, B € RT), which operates on the

vacuum function g as:
I'k+1)

agd¥ehy = =2 T2 1.6
87 ho ok + 5) (1.6)
Evidently, for k = 0, equation (1.6) gives
1
= —. 1.7
Yo () (L.7)

In view of equations (1.1) and (1.6), the symbolic definition of Mittag-Leffler function in terms of o gd
can be given as [12]:

Eo,p(x) = e®=0 %y, (1.8)

The special polynomials of two variables are important from the point of view of applications. These
polynomials allow the derivation of a number of useful identities in a fairly straightforward way and
help in introducing new families of special polynomials. For example, Bretti et al. [5] introduced general
classes of the Appell polynomials of two variables by using properties of an iterated isomorphism related
to the Laguerre-type exponentials. To extend this new and significant approach, the hybrid class of the
g-Sheffer-Appell polynomials are introduced in [32]. The two variable forms of the Hermite, Laguerre
and truncated exponential polynomials as well as their generalizations are studied by several researchers
[2,6,9,16,20,24,29,30].

To solve the problems arising in many branches of mathematics, going from the theory of partial differ-
ential equations to abstract group theory, requirement of multi-index and multi-variable special functions
are realized. The theory of multi-index and multi-variable Hermite polynomials was initially developed
by Hermite [19]. The Hermite polynomials turn up in combinatorics, as an example of an Appell se-
quence, obeying the umbral calculus, in numerical analysis as Gaussian quadrature, in physics, where
they give rise to the eigen states of the quantum harmonic oscillator and also turn up in the solution of
the Schitodinger equation for the harmonic oscillator [33]. Recently Raza et al. studied the properties of
Hermite polynomials by using umbral method [27].

The Gould-Hopper polynomials can be realised as a generalization of 2-variable Hermite-Kampé de Fériet
polynomials. The Gould-Hopper polynomials (GHP) Hflm) (z,y) are defined by means of the following
generating function and series definition [18,22]:

S H () = et (1.9
o n!
and "
HO () = S 2y 1.10
) =y o (1.10)
respectively, where m is positive integer.
The Gould-Hopper polynomials are the solutions of the generalized heat equation [7]:
0 o™
— = — 1.11
ayf(ﬂc,y) oo (), (1.11)

with the initial condition f(x,0) = z™.



The Gould- Hopper polynomials are given by the following operational rule [7]:

Hflm) (z,y) =exp (yDI') {z"}, (1.12)
where
D, =2 (1.13)
G )

Gould and Hopper [18] used the notation g (z,y) for the Gould-Hopper polynomials, but due to their

direct link with the Hermite polynomials, in this paper, we use the notation Hr(Lm) (x,y) for these polyno-
mials like some other researcher.

In particular, for m = 2, we note that
HP (z,y) = Hu(2,y), (1.14)

where H,(z,y) denotes the 2-variable Hermite-Kampé de Fériet polynomials (2VHKAFP), defined by
the following generating function [2]:

e tn
> Hulw,y)— =", (1.15)

n=0

Also, we note from [1,2] that
H,(2z,—1) = H,(z), (1.16)

where H,,(z) denotes the ordinary Hermite polynomials.

Many properties of conventional and generalised special polynomials have been shown to be derived,
in a straightforward way from [1,2], within the operational framework which is a consequence of the
monomiality principle. The idea of the monomiality is based on the concept of poweroid suggested by
Steffensen [31]. It was reformulated and developed by Dattoli [6]. According to the monomiality principle,
a polynomial set {p, (x)}52, is called quasi-monomial, if there exist two operators, multiplicative operator
M and derivative operator P, respectively, such that [6]

M{pn(2)} = pnia(x) (1.17)

and
P{pn(2)} = npn_1(x). (1.18)

Thus, the operators M and P display a weyl group structure [6]. Several characteristics of polynomial
pn(x) can be obtained by using the operators M and P. If M and P have differential realizations, then
the polynomial p,,(z) satisfies the following differential equation:

MP{p,(z)} = np,(x). (1.19)

Assuming here and in the following po(z) = 1, then p,(x) can be explicitly constructed as:

pn(z) = M™{1}. (1.20)
In view of equation (1.20), we have R
Mp{1} = H™ (2, ). (1.21)

The multiplicative and derivative operators for the Gould-Hopper polynomials are as follows:
M, =z +myD™} (1.22)

and

P,:=D,. (1.23)
There is continuous use of operational methods in research fields like quantum and classical optics.
In this paper, we use symbolic method to introduce and to study the Mittag-Leffler-Gould-Hopper poly-
nomials. In Section 2, the Mittag-Leffler-Gould-Hopper polynomials are introduced and their certain



properties such as generating function, series definition and operational rule are derived. In Section 3,
an integral representation and certain summation formulae for Mittag-Leffler-Gould-Hopper polynomials
are obtained. In the Section 4, the monomiality property of these polynomials are investigated and their
multiplicative and derivative operators are obtained. Further, in Section 5, certain special cases of the
results established in this paper, are considered. In Section 6, the graphical interpretation of these poly-
nomials is presented. In the last Section, some concluding remarks are given.

2 Mittag-Leffler-Gould-Hopper Polynomials

In this section, we introduce and study the Mittag-Leffler-Gould-Hopper polynomials. In view of equation
(1.8), we define the Mittag-Leffler-Gould-Hopper polynomials (MLGHP) EH,(lm) (z,y;a, B) as:

EH7(1m)(x7y7avﬁ) = H,,(Lm)(l‘7ya7/36i)¢o (21)

Now, we proceed to obtain the generating function and series definition of the Mittag-Leffler-Gould-
Hopper polynomials.

The following result gives the generating function of Mittag-Leffler-Gould-Hopper polynomials:

Theorem 2.1. The following generating function for the Mittag-Leffler-Gould-Hopper polynomials holds
true:

Z ,EH(’” (z,y; @, B) = €™ Eq 5(y€™). (2:2)

Proof. Using equation (2.1), we have

" m o &
Z S (2,y: 0, 6) = Zn— (2, Yo, 500, (2:3)
which on using (1.9) in the right hand side, it becomes
> fn
S & LB (@, y:0,8) = ety (2.0
n=0

Since it is obvious that [z¢, yaﬁc%m] = 0. Therefore, using the Weyl decoupling identity [17]
eA+B = eAeBe%k, k=[A,B] (k € C), (2.5)

in the right hand side of equation (2.4) and then using equation (1.8) in the resultant equation, we get
assertion (2.2). O

The following result gives the series definition of Mittag-Leffler-Gould-Hopper polynomials:
Theorem 2.2. The following series definition of the Mittag-Leffler-Gould-Hopper polynomials holds true:
[

] n—mrmr

33

(m) ! il v +
sH ™ (x,y; ,B)—n ' (a, € R",m eN). (2.6)
— (n—mr)T'(ar + B)
Proof. In view of equations (1.10) and (2.1), we have
(m) [ n] e mTyT(aﬁCZ)T
el (z, y; 0, B) = n! Z me (2.7)
which on using equation (1.6), it gives assertion (2.6). O

Now, we establish the following result for higher order partial derivatives of the Mittag-Leffler-Gould-
Hopper polynomials:



Theorem 2.3. The higher order partial derivatives of the Mittag-Leffler-Gould-Hopper polynomials are

as follows:
n!

D; pHM @ yi0.8) = o sH @ yian ) (sENAs <) (2:8)
and |
n! o m
Dy gH{™ (z,y; 0, 8) = (n—sm)! 05d® pH"),, (2, y; 0, B) (s€NAs<n). (2.9)

Proof. Differentiating equation (2.4) partially with respect to z, we find

oo n ~
S D, pHI (@, s, B) = g e sty (210)
n.

n=0

Using equation (2.4) in the right hand side of above equation and then comparing the equal powers of &,
we have
Dy pH{™ (x,y;0,8) = n gH")(z,y; o, B). (2.11)

Thus, the result (2.8) holds true for s = 1. We assume that this result holds for s = k, i.e.

n!

(n—k)!

DY yH™ (2, y;0,8) = sH™ (2, y; 0, B). (2.12)

Differentiating equation (2.12) partially with respect to x, we have

n! m
Dkt1 EH»,(L”L)(:E>y;a7ﬂ) = m D, EHn—;C(xﬂy;a7ﬁ)7 (2.13)

which on using equation (2.11) in the right hand side, becomes

|
- H™, @y 0, 8), (2.14)

k m . — .
DM g HI™ (2, y; 0, B) = = k) Bt

which proves that the result (2.8) holds true for s = k 4+ 1. Thus, by the method of mathematical induc-
tion, result (2.8) holds for all values of s € N.

Similarly, differentiating equation (2.4) partially with respect to y, we find
i n Jem
> %Dy EH™ (z,y; 0, 8) = §Mapd "0y, (2.15)
n=0 "

Using equation (2.4) in the right hand side of above equation and then comparing the equal powers of &,

we have
n!

(n —m)! o
Thus, the result (2.9) holds true for s = 1. We assume that the result (2.9) holds for s =k, i.e.

Dy gH{™ (z,y;0,8) = d pH™), (z,y; 0, ). (2.16)

n! - m
DY pH(™ (2,y; 0, B) = s apd® gH™, (2,y;0,5). (2.17)

(n —km) km

Differentiating equation (2.17) partially with respect to y, we have

n! n m
| a,ﬂdey EHfngm(%y?aaﬂ)a (218)

Dk+l H(m) . —
y Eip (z,y;, B) (n — km)

which on using equation (2.16) in the right hand side, it becomes

|
n A
k+1 o m)

k+1 (m) . — . _ :
Dy e yion 8) = oy @0 By (@ 550 8),

(2.19)
which proves that the result (2.9) holds true for s = k+1. Thus by the method of mathematical induction,
result (2.9) holds for all values of s € N.

O



Next, we establish the following result for partial differential equation satisfied by the Mittag-Leffler-
Gould-Hopper:

Theorem 2.4. The Mittag-Leffler-Gould-Hopper polynomials satisfy the following m*-order partial dif-
ferential equation: R
w,5d DI g HS™ (2, y; 0, 8) = Dy g H™ (2,95 0, B) (2.20)

with initial condition
xTL

L(B)’

Proof. Taking s = m in equation (2.8) and then operating a’ch on both sides of resultant equation, we
have

EHT(Lm)(:E,O;a,B) = (2.21)

. ! .
ad DI pHO (2, y;0, ) = — capd gHY), (2,95 0, B). (2.22)

(n—m)
Using equation (2.16) in the right hand side of above equation, we get assertion (2.20). Also, taking y = 0

in equation (2.6), we get the initial condition (2.21).
O

Further, we obtain the following result for operational definition of the Mittag-Leffler-Gould-Hopper
polynomials:

Theorem 2.5. The Mittag-Leffler-Gould-Hopper polynomials satisfy the following operational rule:
pH{™ (2,50, ) = e'=2 10 {a" o). (2.23)

Proof. The formal solution of equation (2.20) subject to the initial condition (2.21) is given by

pH{™ (2,0, ) = ey‘**ﬁ‘mgl{lf(:;)}, (2.24)

which on using equation (1.7), gives assertion (2.23).
Now, we establish the following symbolic definition of the Mittag-Leffler-Gould-Hopper polynomials:

Theorem 2.6. The symbolic definition of the Mittag-Leffler-Gould-Hopper polynomials, is as follows:
sH™ (2,50, 8) = (2 + mya,sdD; ) . (2.25)

Proof. In view of Crofton identity [17]:

AP f(x)} = flo+mADT )P (2.26)
and equation (2.23), we have
eH™ (2,0, 8) = (¢ + mya,sdD2 1) poev=2 2P {1}, (2.27)

Since e“‘ﬁ‘ZD;n{l} = 1, therefore equation (2.27) gives assertion (2.25).

O

In the next section, we obtain an integral representation and certain summation formulae for the Mittag-
Leffler-Gould-Hopper polynomials.



3 Integral representation and Summation formulae

In this section, we obtain an integral representation and certain summation formulae for the Mittag-
Leffler-Gould-Hopper polynomials.

For suitable substitutions for § and y, we obtain the following integral representation of the Mittag-
Leffler-Gould-Hopper polynomials:

Theorem 3.1. For =1 and y = t%, the Mittag-Leffler-Gould-Hopper polynomials satisfy the following
identity

pHE e t%00) = [ (s O 0. 5)ds, (3.)
0

where ny(s,t) denotes the inverse one sided Lévy stable density and is given by

nalont) = (2 ). (32)

where go(x) is the one sided Lévy stable distribution, whose Laplace transform x — u is Jo(u) =
exp(—u®), recently obtained for « rational [4,25].

Proof. For y =t* and 8 = 1 equation (2.2) gives
Z E'EH( ™) (2,t% a,1) = " By 1 (t2€™), (3.3)

which on using equation (1.1) in the right hand side, becomes

g (m a :L’E toz'r mr
If ny(s,t) is given by equation (3.2), then [4] :
o0 tar
als,t d = Va € RY,Vt € RY). 3.5
/0 Na (s, ) s = Tlar 7 1) (Va e RT,Vt € R]) (3.5)

Using equation (3.5) in equation (3.4), we get
Z € (m) -'I/' tOZ Oé 1 — e%f Z/ na S t TYLTdS’
n=0 nl r=0

which can also be written as
Z 'EH (z,t%a,1) :/ N (s, 1)+ ds. (3.6)
n: 0

Using equation (1.9) in the right hand side and then comparing the equal powers of &, we get assertion
(3.1).
O

Now, we establish the following summation formulae for the Mittag-Leffler-Gould-Hopper polynomials:

Theorem 3.2. The following summation formula for the Mittag-Leffler-Gould-Hopper holds true:

pH (z+v,y;0,8) = ) (Z)UkE BENCRTN)) (8.7)

k=0



Proof. Replacing z by x + v in the equation (2.4), we have

S B (@ + 0,50, 8) S =exp((w -+ 0)E + e sdE™ W

(3.8)
:ew€+yaﬁd$mev€¢o.

Expanding the second exponential of right hand side of above equation and using equation (2.4), we have

> n k k
Z H(m)x—i—v THe! ,B ZZ (m)xy, ,B)i! f. (3.9)

= 'nOkO

Using series re-arrangement formula, it gives

ZEHng)(szvvy;a,ﬂ)% = Z (Z (Z)'Uk EHSiL ( ZT,Y; &, ﬂ)) ér: (310)

n=0 ’ n=0 \k=0

comparing the coefficients of like powers of £ in above equation, we get assertion (3.7).
O

Theorem 3.3. The following summation formula for the Mittag-Leffler-Gould-Hopper polynomials holds
true:

k,l
m SR (! .
pH (w,y;0.8) = (n> @(w )" EH (@, 6), (3.11)
n,r=0

k l
where En r=0 "7 Zn:O ZT:O .

Proof. Replacing € by u + £ in (2.4) and then using the formula [28]

(o9}

Zf e (Rl

n,m=0

(3.12)

in the resultant equation, we find the following generating function for the Mittag-Leffler-Gould-Hopper
polynomials EH,(Lm) (z,y; 0, B):

exp o€+ 1) + (€ + 0"y = 3 & i ST} (3.13)
k,1=0

which can be written as
exp(Ya,pd(€ +u)™)ho = exp(—z (£ + u)) Z il EH,ETI (z,y; 0, B). (3.14)

Multiply both sides of the above equation with expw(€ + u) and then using equation (3.12) in the left
hand side of the resultant equation, we find

(m) = gl
Z ]f'l' E' k41 ’LU y Y, & 76) :exp(( _‘T £+’U, Z kN E k+l iE y Y & 75) (315)
k,1=0 k,1=0
or equivalently
m > w— )" 5 4 u)n > é-kul
S w3 R S S 0, (30

] |
k,i=0 n=0 s k,1=0 kli!

which on using equation (3.12) in the first summation on the right hand side, it gives

(m) Sl (w_x)n+r€nur x gku (m)
Z k'l' E' k+1 w7yaa76) = Z Z L EHk+l(x7y;aaﬂ)' (317)

nlr!
n,r=0 k,l=0




Now, replacing k by k — n, [ by | — r and using the following identity [28]:

oo 00 oo k
SN A E) =)D A,k —n), (3.18)

k=0n=0 k=0n=0

in the right hand side of equation (3.17), we find

)n+r§k l

Z kIl EHIE—H) way;avﬂ Z Z TL'T' 7—77‘ l )|EHI£+Z) n— T(l’ Y a, B) (319)

k,1=0 k,l=0n,r=0

Finally, comparing the coefficients of like powers of £ and u in equation (3.19), we get assertion (3.11).
O

Remark 3.1. For [ =0 and w = x + v, equation (3.11) reduces to equation (3.7).

Theorem 3.4. The following symbolic operational identity for the Mittag-Leffler-Gould-Hopper polyno-
maals holds true:

" n m 2 m
pH™ (x4 v,y +w;a, B) = Z (k) ani(m,ya’gd) EH,& )(v,w;aﬁ). (3.20)
k=0
Proof. Replacing x by x + v and y by y + w in generating function (2.4), we have
z pH™ (2 + v,y + w; o 5)% = exp((z + v)€ + (y + ) pde™)o, (3.21)
n=0 ’

which on using Weyl decoupling identity (2.5), it gives
Z EHgm) (x4 v,y + w;q, ﬂ)% — 6I§+ya‘/idA§me’Ug‘F’U)a,[idA‘Em/lZ}O' (3.22)

Using equations (1.9) and (2.4) in the right hand side of above equation, we find

> m m fn gk
> wHM x+vy+wa,5 _ z;]zm (@, y0,5d) £H™ (0,050, 0) 25 5 (3.23)
= n k=0
which on using series re-arrangement gives
o0 n o0 n n / R / gn
Z (x+v,y+w; a,ﬂ)j = Z Z <k)H£L"_qL(x,ya75d) EH,E,m)(v,w; a, B)H'
ot n=0 k=0
Comparing equal powers of £ from both sides of above equation, we get assertion (3.20).
O

In the next section, we discuss the quasi-monomialtiy property of the Mittag-Leffler-Gould-Hopper poly-
nomials.

4 Monomiality property

In order to frame the Mittag-Leffler-Gould-Hopper polynomials within the context of monomiality prin-
ciple, we obtain the following result:



Theorem 4.1. The multiplicative and derivative operators for the Mittag-Leffler-Gould-Hopper polyno-
mials are as follows:

M = (:E + mya,B(ZD;"1> (4.1)

and .
P=D,. (4.2)

Proof. Differentiating equation (2.4) partially with respect to £, we have

> TLé_n_l Jem— T jem
> B pH (35, B) = (2 + mya pdg™ e g, (4.3)
n=0 ’
Since, A .
D, ("6 Hvesde™y = ¢(mEHvapde™), (4.4)
Therefore,
D;(exg-&-ya,gd{’") — €T(6$€+ya,ﬁ625""). (4.5)

In view of equations (4.3) and (4.5), we have

o0 1 A
Z %EHT(Lm)(x’y; o, B) = (z +m Yo pdDM 1) STV s
n=1 (TL - )

which on using equation (2.4) in the right hand side, gives

S & i w08 = (1 02 > & i 50,9

n=0 n=0

Comparing equal powers of ¢ from both sides of above equation, we have
pHY (2,95 0, 8) = (fc + myaﬁciD;”‘l) sH™ (2,95 0, B). (4.6)
In view of equation (1.17) and (4.6), we get assertion (4.1).

Now, differentiating equation (2.4) partially with respect to x, we have
e En N
Dy 2 rpH™ (3,y;0, ) = e T0m0 8T gy,
n=0

which on using equation (2.4) in the right hand side, gives

o n+1
ZD ,EH("')(w yiaB) =) S pH" (2,950, 5). (4.7)
n=0

Comparing equal powers of £ from both sides of the equation (4.7), we find

DapH™ (z,y; 0, ) = npHU™ (2,35 0, B), (4.8)

which in view of equation (1.18), gives assertion (4.2).

Remark 4.1. An alternative proof of assertion (4.1) of Theorem 4.1 is as follows:
Replacing n by n + 1 in equation (2.25) and then again using equation (2.25) in the right hand side of
the resultant equation, we get equation (4.6), which in view of equation (1.17), gives assertion (4.1).

10



Remark 4.2. (i) In view of equation (4.6) it can easily be verified that

(x +my apd DZ“) pH (2,50, 8) = pHYT) (2,55 ., ). (4.9)

(ii) Since from equation (2.6), we have

pH (2,530, 8) = ﬁ (4.10)

therefore, in view of equation (1.7), for £k = 0 and r = n equation (4.9), it gives equation (2.25).
Next, we establish the following recurrence relations for the Mittag-Leffler-Gould-Hopper polynomials.

Theorem 4.2. The Mittag-Leffler-Gould-Hopper polynomials satisfy the following symbolic and differ-
ential recurrence relations:

n!

sH (2,550, 8) = 2p HI™ (2, y; 0, B) + Y m 1) wsd BH") (2,50, ) (4.11)
and
(n+1)pH) (2, y:0,8) = (n+ DapH™ (2,550, ) + myDyp HY'D (2,45 0, B), (4.12)
respectively.

Proof. Using equation (2.8) for s = m—1 in the right hand side of equation (4.6), we get assertion (4.11).

Also, replacing n by n+ 1 in equation (2.16) and then using the resultant equation in the right hand side
of equation (4.11), we get assertion (4.12).
O

Since, the multiplicative and derivative operators of the Mittag-Leffler-Gould-Hopper polynomials have
symbolic-differential realization, therefore we obtain the following result for the symbolic differential
equation of the Mittag-Leffler-Gould-Hopper polynomials:

Theorem 4.3. The Mittag-Leffler-Gould-Hopper polynomials are the solutions of following m- order
symbolic-differential equation:

(mya,ng;” +azD, — n) eH™ (z,y;a,8) = 0. (4.13)
Proof. In view of equation (1.19), equations (4.1) and (4.2) gives the assertion (4.13). O

In the next section, we give some applications of the results obtained in this paper.

5 Special Cases
In this section, we consider certain special cases of the Mittag-LefHler-Gould-Hopper polynomials and
obtain some of their properties by substituting appropriate values for parameters m, «, 8 and variables

z, y in the results established in this paper.

I. Since, in view of equation (1.14) for m = 2, the Mittag-Leffler-Gould-Hopper polynomials EHT(Lm) (z,y;a, )
reduce to Mittag-Leffler-Hermite polynomials (MLHP) g H, (z,y; «, 8), i.e.

sH (x,y;0,8) = pHa(z,y; @, B). (5.1)

Therefore, in view of equation (2.1), gH,(x,y; «, 8) are defined as:

pH,(z,y;0,8) = Hy (2, Yo sd)to. (5.2)
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Thus, taking m = 2 in equations (2.2), (2.6), (2.23), (2.25), (3.1), (3.7), (3.11), (3.20), (4.1), (4.2), (4.11),
(4.12) and (4.13), we get the respective properties of the Mittag-Leffler-Hermite polynomials, which are
listed in Table 5.1.

Table 5.1 Properties of the Mittag-Leffler-Hermite polynomials g H, (x,y; «, 5):

S. No. Name of the properties Results
) ) z€ 2
1. Generating function e®SEq g (y€°)
"] Zn—2r,r
II. Series definition n! Zr 0 m
1I1. Symbolic operational identity Yo 4D {a™ g}
V. Symbolic definition (@ + 2yq,3dDaz)™ %o
V. Integral representation J§© na (s, t)Hp (x, s)ds
VI. Summation formulae EHn(z +v,y;a,8) = ( )v EHpy_ g (z, g5 o, B)
k
EHpp(w,y0,8) =200 (n)( ) w— )" T H (g e, B)
VII Symbolic operational identity EHn(z+ v,y +w;a,B) = ZZ‘=0 (7];) H,, _(z, Ya,B tf) gHi (v, w;a, B)
VIII. Multiplicative and derivative operator My = (z+2 yaﬁ&Dm) and P; = Dg.
IX. Symbolic and differential EHpp1(z,y50,8) = 2gHn(z,y50,8) + 2ny o gd pHy_1(z, 45, 8)
recurrence relation (n + VpHpyq (z,y;a,B8) = (n+ VzgHp(z,y; a, B) + 2yDypHy 1 (z, y; a, B8)
X. Symbolic differential equation <2yayﬁdf D2 4 2Dy — n) EHn(z,y;a,B8) =0

II. Since from equation (1.1), it is clear that Ey j(x) = €, therefore taking o = 1 and 8 = 1 in equation
(2.2), we get

Z & H (i1, 1) = 60" (53)

which in view of equation (1.9), gives

sH (2,y;1,1) = H{™ (x,y). (5-4)
Thus, keeping in view that 1 1d*yy = 1 (k € N) and taking a = 1, 8 = 1 in equations (2.2), (2.6), (2.23),
(2.25), (3.7), (3.11), (3.20), ( 1), (4.2), (4.11), (4.12), and (4.13), we get the respective properties of the
Gould-Hopper polynomials which are listed in Table 5.2.

Table 5.2 Properties of the Gould-Hopper polynomials HT(Lm) (z,9):

S. No. Name of the properties Results
1. Generating function eEFyE™ [18]
. o , [Z] gn—mryr

II. Series definition n! Er 0 tn=mryirl [18]
111 Operational identi YD n

. perational identity e z {z™} [7]
v. Operational definition (z + myDP~ 1) {1} [7]
v H(m) — n\ kg (m)

. @+vw) =57 (P)oF ™, (2, 9) [22]

. _ (m) Nkl kY (1\,, yn4r g (m) .
Summation formula Hk+l (w,y) =3, —0o ( )(r_)(w — x) Hk+lfn7r(m’ y) [22]

@+ oyt w) = SR_g (1) Hoe e ™ @ow) B (0, w) [22)

VI. Multiplicative and derivative operator Zflg = (z + 7n'yD;‘."’_1) and ﬁg = Dg [7]
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VII. Pure and differential H(m’) (z,y) = rHszm) (z,y) + "”y#i}l)Vng)mﬁ»l(r’ y) [11]

n+1
recurrence relation (n + 1)H7(1T_)1 (z,y) = (n + l)zHgb‘m) (z,y) + myDy Hf)yi)l(z, y) [11]
) . . m (m)
VIIL. Differential equation (myD" + 2Dy — n)Hy ™ (2, y) = 0 [7]

IIT. In view of equation (1.14), taking m = 2 in equation (5.4), we get

pHP (2,y:1,1) = Ha(x,y). (5:5)
Thus, keeping in view that 1 ;d*yy = 1 (k € N) and taking m = 2, o = 1, 8 = 1 in equations (2.2), (2.6),
(2.23), (2.25), (3.7), (3.11), (3.20), (4.1), (4.2), (4.11), (4.12) and (4.13), we get the respective properties
of the 2VHKAFP H,(x,y), which are listed in Table 5.3.

Table 5.3 Properties of the 2VHKJFP H, (z,y):

S. No. Name of the properties Results

ede2
1. Generating function e2ETUET g

(2] gn—2r,r -

1. Series definition 3020 (nmaryiel

P2
11I. Operational identity eV Pz (2™} [6]
v. Operational definition (z +2yDg)™ {1} [6]
k 1
V. Hy(w,y) =%k _g <n)(u) — )" Hyy_, (z,y) [22]
Summation formula Hypw,p) =5t 0 (B) (D) w — o) oy () (220

Hy(o+ v,y +w) =SP_g (F) Hpnop (@ v) Hy (v, w) [22]

VI. Multiplicative and derivative operator My = (z + 2yDg) and Pgy = Dy [6]
VII. Pure and differential Hy 4 (x,y) = aHp(z,y) + 2nyH, _q(z,y) [11]

recurrence relation (n+ 1DHpyq(z,y) = (n+ DazHp(z,y) + 2yDy Hy g (2, y) [11]
VIIL. Differential equation (2yD2 + 2Dy — n)Hp (z,y) = 0 [6]

IV. In view of equation (1.16), replacing « with 2z and y with —1 in equation (5.5), we get
pH® (22, -1;1,1) = H, (z). (5.6)
Thus, keeping in view that 17107/’“1/)0 =1 (k € N) and taking m = 2, « = 1, 8 = 1, and replacing z with

2z and y with = —1 in equations (2.2), (2.6), (2.25), (3.7), (3.11), (3.20), (4.1), (4.2), (4.11) and (4.13),
we get the respective properties of the Hermite polynomials H,,(z), which are listed in Table 5.4.

Table 5.4 Properties of the Hermite polynomials H,(z):

S. No. Name of the properties Results

; ; 2z¢—£2
1. Generating function [1,28]

) S [3] (=" (@z)n—2"
1L Series definition my, 20 S — .28
111, Operational definition (22 — Dg)™ {1} [28]
K .
v. Hyp(w) =xk_, (n> (2(w — @) Hy_, (2) [21]
Summation formula Hp ) =S80 () (D) e - )™ H (@) [21)
Hp (o +v) = S g (7)2Reb Hy (o) [21)
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V. Multiplicative and derivative operator My = (22 — Dg) and P = %Dw [10]
VI. Pure recurrence relation Hy (%) = 2eHp () — 2nHp,_1(2) (1]
VIIL Differential equation (D2 — 22Dy + 2n)Hy (x) = 0 [1]

V. In view of equations (1.16) and (5.2), the 1-variable Mittag-Leffler-Hermite polynomials (1IVMLHP)
pHy(x;a, B) are defined as:

EH, (x50, B) = Hy (22, —q,5d) 0. (5.7)
Thus, taking m = 2 and replacing = with 2z and y with —1 in equations (2.2), (2.6), (2.25), (3.7), (3.11),

(4.1), (4.2), (4.11) and (4.13), we get the respective properties of the 1-variable Mittag-LefHler-Hermite
polynomials g H, (z;a, 3), which are listed in Table 5.5.

Table 5.5 Properties of the 1-variable Mittag-Lefller-Hermite polynomials g H,(z;a, 5):

S. No. Name of the properties Results
I Generating function 28 Eq,p(—€2)
1L Series definition n! E[T’ZLE) %
II1. symbolic definition (2x — o, gd D)™ g
v. Summation formulae EHn(z + v, B) = SR_, (};)(zmkEHn_k(z; a, B)

pHppwia, 8 =28 (B)(Dew - o™ gH g (@5a,8)
V. Multiplicative and derivative operator My = (22 — o gdDg) and Py = %Dm
VI. Symbolic recurrence relation EHpq1(zia,B) =2zgHp (v, B) — 2ngy gdgHy_1 (v a, B)
VII. Symbolic differential equation (a,ﬁdA Dg —2xDg + 277,) gHn(z;a,8) =0

VL. In view of equations (5.1) and (5.7), the 1-variable Mittag-Leffler-Gould-Hopper polynomials (1VML-
GHP) pH{™ (z;, B) can be introduced as

pH{™ (2:0,8) = H{"™ (22, 0 d) vo. (5:8)
Since, in view of equation (2.1) and (5.8), it is clear that

eH™ (22, -1; 0, 8) =g H™ (z; 0, ). (5.9)

Therefore, the respective properties of the 1-variable Mittag-Leffler-Gould-Hopper polynomials (1VML-

GHP) EH,(Lm) (z; @, B) can be obtained by replacing « with 2z and y with —1 in equations (2.2), (2.6),
(2.25), (3.7), (3.11), (3.20), (4.1), (4.2), (4.11) and (4.13), which are listed in Table 5.6.

Table 5.6 Properties of the 1-variable Mittag-Leffler-Gould-Hopper polynomials EH,(Lm) (z; 0, B):

S. No. Name of the properties Results

1. Generating function e2w£En‘ﬁ(,5m)

n 1\ n—mmr
II. Series definition n! Z[T!()] %

III. symbolic definition (22 — mg, bmf D;’E"‘_l)"'wo
. Summation formulae gHY™ (@ 4 via, B) = k=0 (Z)(Qv)kEHf;f)k(z: a, B)
(m k,l K\ (1 9 m
pH e, ) =58 (B (D2t - en™ T palT L (e,
V. Multiplicative and derivative operator M1 = (2z —m Q_BJD;?I—l) and P = %Dr
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VI. Symbolic recurrence relation Eng_T_)l(z, a, B) = 2zEH§Lm) (z; o, B) — ma,ﬂé#ul)lEHizﬁ)wH.l(z? o, B)

VII. | Symbolic differential equation (ma gd D' — 22Dy + 2n) HY (210, 8) =0

In the next section, we give graphical representations of the polynomials discussed in this paper.

6 Graphical representations

In this section, we obtain the graphical representations of the Mittag-Leffler-Gould-Hopper polynomials
EHr(Lm) (z,y; «, 8), Mittag-Leffler-Hermite polynomials g H, (z,y; a, 8), 1-variable Mittag-Leffler-Hermite
polynomials g H,(x; o, 8) and 1-variable Mittag-Leffler-Gould-Hopper polynomials EH,(Lm) (z; a0, B) by us-
ing their series expansions for suitable choices of parameters in the software MATLAB.

We assign the appropriate values to n and other parameters in the respective series expansions of these
polynomials given by equation (2.6), Tables 5.1 (II), 5.5 (II) and 5.6(II) to obtain the expressions, which
are required to plot their graphs by MATLAB.

Figures 1 and 2; Figures 3 and 4; Figure 5; Figures 6,7 and 8 show the following graphical representa-
tions of the Mittag-Leffler-Gould-Hopper polynomials pH™ (z,y; o, B), Mittag-Leffler-Hermite polyno-
mials g H,(z,y; «, ), 1-variable Mittag-Leffler-Hermite polynomials g H,, (x; o, 8) and 1-variable Mittag-
Leffler-Gould-Hopper polynomials EH,(Lm)(:L’; a, B), respectively.

1) . 3) .
Surface plot of EH(3) (x,y;2,1) Surface plot of EH., (x,y;3/2,1/2)

el
QX0
GLL,

0’0:%,

Figure 1: MLGHP EHg()l)(w,y;Q,l) Figure 2: MLGHP EH§3)(x,y;3/2,1/2)

Surface plot of EHEZ) (x,y;3/2,3) Surface plot of EHI(‘Z) (x.y;1/2,3/2)

3000
2500
2000
1500
1000

500

-500
5

5 5

Figure 3: MLHP gHs(x,y;3/2,3) Figure 4: MLHP gHy(x,y;1/2,3/2)
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-100 L L L L
-4 3 2 -1 0 1 2 3 4

Figure 5: IVMLHP 5 H,(z;1/2,3/2) Figure 6: 1IVMLGHP pH (2:2,1)

500 T T T T T T T x10%

500 L L L L L L L 7% L L L L L
-4 -3 2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4

Figure 7: 1IVMLGHP pH" (2:3/2,3) Figure 8: 1IVMLGHP g H) (2:3/2,1/2)

7 Concluding remarks

In view of Weyl decoupling identity (2.5), we have
— &" " ;
Z ﬁ(x + ZyaﬁdDw)n = %Yot 28 y"‘>ﬁdD“°7
n=0

which on using equation (1.15), becomes

Z%(“an pdD,)" ZZ (@, Yar,50) (26ya pd D).
n=0 n=0 s= 0

Comparing the equal powers of ¢ from both sides of the above equation, we have

ans(g% ya,ﬁd)(an,BdDw)s

sl(n —s)!

(% + 20,8dD;)" =nl>
s=0

For any function f(z,y; 1), we get the following result:

n s SL’ ya ﬂd)(2ya,,8d)
—s)!

(@ + 2ya,5dDz)" f (2, y;1ho) = n'z fa (@, y5 o),

where f3(z,y;v0) = Dj f(x,y;0).
For f(z,y;v0) = Engm) (z,y; a, B) equation (7.4), gives

o(2, Ya,5d) (2ya,pdD,)*

S' TL—S)' EH]E;m)(‘rayaa7B)a

(x+2ya,BdADw) (33 Yy« 76 - n'z n

16



which on using equation (4.9) in the left hand side and equation (2.8) in the right hand side, gives the
following identity:

n 7 7\s (m) .
(m) . . n k!Hn—s(zvya,ﬁd)(an,Bd) EHk_S(x,y,oz,ﬂ)
EHk‘i’”(x’y’a”B)_;( ) (k-S)‘ ) (76)
If we take @« = 1 and § = 1 in equation (7.3), we get the Burchnall identity [17]:
" /n
(42D =3 ( )Hn_s@,y)(?y)SD;. &
s
s=0
Again, since, [2§ya7BCZDz, yaﬁczg] = 0, therefore, equation (7.1) can be written as
Z 3 (@4 2ya 5dD,)" = e*e™ Yo, 34D gy pde? (7.8)
n= 0
which on using equation (1.15), gives
— &
2Wa,5dD,)" = €™ (200 34Dy, Yo pd 7.9
an+y5 62. Ya,384Dz, Yo 50D). (7.9)
Expanding the exponential in the right hand side of equation (7.9), we find
el n e 0 sés En . N
Z 2@+ 20 pdD,)" Z (Z > = Hn (20,54 Da, Yoo 5), (7.10)
which on using equation (3.18), in the right hand side gives
[eS) gn R [eS) n e R R
S (& + 250 gdDy)" = Y VHy o (2ya 5dDs, yu 5d)E™. 7.11
;n!(ﬂﬂr Ya,5dD,) nZB ;J(n_s)!s! (2Ya,8dDx, Yo pd)E (7.11)

Comparing the equal powers of £ from both sides of the above equation, we get the following result:

S

(2 + 2ya.dD,)" = n! Z mHn «(2Ya.3dDy, Yo pd). (7.12)
s= O

From equation (7.12), we have

(@ + 2ya.,pdDy,)" e Hy(,y; v, B) —n'Z —————H,_ (2a,5dDs, Yo 5d) e Hy (2, y; 0, B),  (7.13)

(n —s)ls!

which on using equation (4.9) for m = 2 in the left hand side gives the following identity:

Hn-i-k(x Yy, 75 _n'z Hn—s(zya,ﬂd Dwaya,,@d)EHk(x7y;avﬁ)~ (714)

s)ls!

Further, since in view of equation (1.7), for 8 = 1, we have 9o = 1 and [2&,q.1 d y&™] = 0. Therefore, we

have N .
e Yot A€ (g1 dE™Y (1Y o (7.15)

which in view of equation (2.4), gives

— e fn m
e Yo, 108 ZO EEH?(AL )(CU,y;OQ 1) = eXp(‘Tg)v (7]‘6)
or equivalently,
co oo n—+mk o0 nen
(m) &
ZZ -y ald EH (:L' Y; 1) nlk! - Z n! : (717)

n=0 k=0 n=0
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Using identity [28]:
oo [7]

iiA(Wkaak) = A(n—mk,k) (7.18)

n=0 k=0 n=0 k=0

in the left hand side of equation (7.17) and then comparing equal powers of £, we get

~k
-~ (=Ya1d) m n
) mEHr(L—an(xv ya, 1) =z (7.19)
k=0 ’

The Mittag-Leffler function [12] plays a central role in the theory of fractional derivatives [26]. It has
been thoroughly investigated [26] but the increasing interest for fractional derivatives in applications
demands for further studies [23], eventually leading to further properties or to more efficient methods of
computation and analysis.
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