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Abstract

In this paper, we investigate pattern dynamics in a reaction-diffusion-chemotaxis food chain model with predator-taxis, which
enriches previous studies about diffusive food chain models. By virtue of diffusion semigroup theory, we first show the global
classical solvability and uniform boundedness of the considered model over a bounded domain [?] R N ( N [?] 1) with smooth
boundary. Then the linear stability analysis for the considered model shows that chemotaxis can induce the unique positive
spatially homogeneous steady state loses its stability via Turing bifurcation and Turing-spatiotemporal Hopf bifurcation, which
results in the formation of two kinds of important spatiotemporal patterns: stationary Turing pattern and oscillatory pattern.
Simultaneously, the threshold values for Turing bifurcation and Turing-spatiotemporal Hopf bifurcation are given explicitly.
In addition, the existence and stability of non-constant positive steady state that bifurcates from the positive constant steady
state is investigated by the abstract bifurcation theory of Crandall-Rabinowitz and eigenvalue perturbation theory. Finally,
numerical simulations are performed to verify our theoretical results, and some interesting non-Turing pattern are found in

temporal Hopf parameter space by numerical simulation.
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Abstract

In this paper, we investigate pattern dynamics in a reaction-diffusion-chemotaxis food
chain model with predator-taxis, which extends previous studies of reaction-diffusion food
chain model. By virtue of diffusion semigroup theory, we first prove the global existence
and uniform boundedness of non-negative classical solution of the model over a bounded
domain Q € RY (N > 1) with smooth boundary for arbitrary predator-taxis sensitivity
coefficient. Then the linear stability analysis for the considered model shows that chemo-
taxis can induce the unique positive spatially homogeneous steady state loses its stability
via Turing bifurcation and Turing-spatiotemporal Hopf bifurcation, which results in the
formation of two kinds of important spatiotemporal patterns: stationary Turing pattern
and oscillatory pattern. Simultaneously, the threshold values for Turing bifurcation and
Turing-spatiotemporal Hopf bifurcation are given explicitly. In addition, the existence and
stability of non-constant positive steady state that bifurcates from the positive constant
steady state is investigated by the abstract bifurcation theory of Crandall-Rabinowitz and
eigenvalue perturbation theory. Finally, numerical simulations are performed to illustrate
and support our theoretical findings, and some interesting non-Turing pattern are found

in temporal Hopf parameter space by numerical simulation.

*Supported by Youth Foundation of Zhejiang University of Science and Technology (Grant No. 2021QN001),
the National Research, Development and Innovation Fund of Hungary grants KKP 129877, NKFIH FK 124016,

and 2020-2.1.1-ED-2020-0000.
TCorresponding author: rjhan@zust.edu.cn; rost@math.u-szeged.hu



Keywords: Reaction-diffusion food chain model; Predator-taxis; Stationary Turing
pattern; Oscillatory pattern; non-constant positive steady state.

MSC(2010): 35K57, 35K59, 35B32, 35B45, 35B10, 92D25; 92D30

1 Introduction

Predation is one of the basic interspecies relationships in biology and ecology, and various
mathematical models have been established to describe predator-prey interaction to predict
long term outcome and impact on the entire ecosystem (see, for example, Murray|[1]). Math-
ematical models of many biological control processes naturally require ordinary differential
systems with three equations describing the growth of plant, pest and top predator (control
agent), respectively. One important mathematical model of these three species is the so-called
food chain model. Many papers on food chain model have been published to illustrate the
importance of this multiple species interaction (see e.g. [2, 3, 4] and the related references
therein).

By Fick’s law, the species are distributed unevenly over space and interact with each other
within the spatial domain [6, 7, 8]. Recently, spatially heterogeneous distribution of many
species have been observed in some ecological systems, for example, patchiness of plankton in
a minimal phytoplankton-zooplankton interaction model [9, 10], spatiotemporal pattern for-
mation in a nutrient-plankton-fish coupled model [11].One important question is that what are
the mechanisms behind the spatially heterogeneous distribution of species in a homogeneous
environment? Generally, there are two categories of important mechanisms: one category
is that spatial patterns emerge from locally stable kinetic dynamics due to the presence of
self-diffusion [12], cross-diffusion [13, 14, 15, 16], nonlocal interactions [17, 18] and advection
[19]; the other category is that spatial patterns emerge from locally unstable kinetic dynamics
(such as limit cycle oscillation, chaos) through spatially inhomogeneous perturbations [20, 21].

The diffusive predator-prey model mentioned above is based on the assumption that preys
and predators move randomly in their habitats, which is undirected. In reality, in addition
to pure random movement of preys and predators, directed movement of predators and preys
often occurs, which is reflected in the two aspects: predators pursuing preys and preys es-
caping from predators. As we know, the directed spatial movement of predators and preys
can be classified into two kinds: one is predators move toward the gradient direction of prey
distribution (called ”prey-taxis”), the other is prey move opposite to the gradient of predator

distribution (called ”predator-taxis”). Prey-taxis problem has attracted many scholar’s atten-



tion in recent years and has inspired numerous research about it. In [22], the global existence
and boundedness of the solution were proved in a Keller-Segel-type chemotaxis model. In [23],
the authors proved the global existence of weak solution and classical solution, respectively.
Uniform persistence are proved in [25]. Boundedness and global existence or blow-up are
given in [24]. A necessary conditions for pattern formation in prey-taxis system was given
in [26], In [27], steady-state bifurcations and their stability results were given in a prey-taxis
system with herd behaviour. In [30], the existence of non-constant positive steady states and
their stability in chemotaxis model with prey-taxis in 1D were proved. Besides the fact that
predators forage prey, prey may evade predators and move away from the direction of the
higher predator density due to the anti-predator behaviors [32]. Very recently, Wu et. al.
[31] investigated the global existence and boundedness in a reaction-diffusion predator-prey
equations model with predator-taxis, and it was shown that the presence of predator-taxis
can induce disappearance of spatial pattern. In [32], the authors studied pattern formation
of a predator-prey model with the cost of anti-predator behavior and predator-taxis through
mathematical and numerical analyses. Dai and Liu investigated global solvability for a general
cross-diffusion predator-prey system with predator-taxis [33].

Functional response describes how the consumption rate of individual consumers changes
with respect to resource density, and is often used to model predator-prey interactions. Re-
cently there is a growing evidences [34, 35] that in some circumstance, especially when predator
have to search for food, a more suitable mathematical model that depicts predator-prey in-
teractions should be based on the so called ratio-dependent theory, which can be stated as
that the per capita predator growth rate should be a function of prey to predator abundance,
i.e., if we substitute this ratio-dependence into the standard Holling II functional response we

obtain
u/v
u/v+ec u+cv’

f(u’ U) =

where c is a half saturation constant.
Motivated by the above discussions, in this paper, we consider the following reaction-

diffusive-chemotaxis food chain model with predator-taxis and ratio-dependent functional



response:

951 = DIAS) + 42528 —m, 5, x €4Q,t>0,
952 = V- (DaV Sy + x52VS1) 4 25228 — L8 — i,y Sy, x€Q,t>0,
955 — D3A\S3 +1oS3(1 — ) — #5335, x€Q,t>0,
P500) _ 9500) _ 0550et) _ ) X €00, t >0,
S1(x,0) = S1p(x) = 0.592(x,0) = S20(x) =2 0, 53(x,0) = S30(x) 20, x€Q,

(1.1)
where S1(x,t), S2(x,t), S3(x,t) represent the densities of the top predator, the predator and
the prey at time ¢ and location x, respectively; the habitat of the three species €2 is a bound-
ed domain in RY (N > 1) with boundary 9Q € C!; the homogeneous Neumann boundary
conditions indicate the region with a no-flux boundary environment; D;,i = 1,2,3 are the
respective diffusion coefficients of the three species; x represents predator-taxis rate which
reflects the repulsion effect of the predator-taxis; rg is the intrinsic growth rate of the prey
Ss in the absence of the predator Ss and the top predator Si, Ky represents the carrying
capacity of environment of the prey; ¢;,i = 1,2, 3 are the predation rates of the three interac-
tion species; e;,7 = 1,2, 3 are the conversion rates of the three species; a, b are half saturation
constants; mj and msy are density-independent morality rates of the top predator and the
predator, respectively.

To reduce the number of parameters, we start by non-dimensionalizing. Let

__ abS _ bS _ S3
- Ko v = Ko’ w = Ko’
_ €eic —_— m _ __ m
ﬁl = Trp "M = o’ /82 = arg’ Y2 = ?027 (1 2)
_ C2 _ eaca _ _Kox F— X '
61*b7~07 52* ro XﬁabroLz’ X =7
D D D 2
dl - 70011/27 d2 = 7‘0[2/27 d3 = 7‘0227 t = trO‘

Here L is the spatial size of bounded domain 2. Then the non-dimensionalized form of

model (1.1), dropping the hats for ¢ and %, is

%:dlAu+f(uvvvw)¢ x e t>0,
%IV-(dQV’U+XvVu)—|—g(u,v,w), xeN, t>0,

80 — dzAw + h(u, v, w), xe0 t>0  (13)
Dul) = Qud) _ il —, X €00, >0,

u(x,0) = up(x) > 0v(x,0) = vo(x) > 0, w(x,0) = w(x) >0, x€Q,



where

_ Pou

f(U,U,ZU) v+ mu,

( ) dovw Bovu

u, v, W) = — — Yo,
g\ v, v+w  u+v 2

d1vw

h(u,v,w) =w(l —w) —

(w,0,0) = w(1 = w) - S

Taking x = 0 in model (1.3), Ko and Ahn [36] investigated the large time behavior of all
non-negative equilibria and studied the existence of non-constant positive steady states and
demonstrated the Turing pattern formation arising from diffusion-driven instability. Subse-
quently, the existence and non-existence of coexistence states and global attractor of unique
coexistence state are proved [37]. Other work for the ratio-dependent food chain model and
spatial diffusion can be found in [38, 39, 40].

An origin of reaction-diffusion-chemotaxis model (1.3) is the following non-dimensionalized

ODE system suggested by S.B. Hsu et al. in [4]:

i(t) = 22 — e, 2(0) > 0.
y(t) _ S2yz _ Py y(O) >0,
i(t) = 2(1 — z) — 22 2(0) > 0,

y+z Tty Y2Y,
y+z’

where x,y, z are the population densities of top predator, predator and prey respectively.
The other parameters have the same meanings as those in model (1.3). The authors studied
rich dynamics of boundary equilibria and unique coexist equilibrium, and multiple attractor
scenario was found.

The rest of the paper is organized as follows. In Section 2 and Section 3, local and
global existence and boundedness of non-negative classical solution of the considered model is
established. Then linear stability analysis is carried out to interpret Turing pattern formation
mechanism via Turing bifurcation and Turing-spatiotemporal Hopf bifurcation, respectively in
Section 4. In Section 5, we study the existence and stability of non-constant positive solution
by abstract bifurcation theory. Eventually, numerical simulations are carried out to illustrate
the effectiveness of our theoretical results, and some interesting non-Turing patterns are found
near temporal Hopf bifurcation threshold. In the rest of the paper, we use abbreviated
notations like [|2(t)ll, = 12( )l = I2C, Dl o) = (o l2(@, O)IP)7 for p € [1,00), [|2(t)lleo =
[2¢ )l = 120 )|l poe() = esssup|z(w,t)| and || - |lmp as the norm of W™P with m =

e
1,2,1 <p < 0.



2 Local Existence and Preliminaries

Let p € (N, 00), then W1*(Q,R3) is continuously embedded in C(Q,R3). We consider solu-
tions of (1.3) in X = {w e Whr(Q, Rg)‘% =0 on 9Q}. Then we have the following lemma.

Lemma 2.1 Assume that the nonnegative initial data (ug, v, wp) € X for some p > N, and

ug, v, wo Z 0 in Q. Then:

(i) There exists a positive constant Tyay (the mazimal existence time) such that the sys-
tem (1.8) has a unique classical solution ((u(x,t),v(x,t),w(x,t)) € X defined on Q x
(0, Tynaz) satisfying (u,v,w) € C([0, Tmaz), X) N C*HQ x (0, Traz), R3).

(ii) There exist constants C; > 0,Co > 0,C5 > 0 such that the solution of system (1.8)
defined on Q X (0, Tynqar) satisfies

|lu(, )| < C1,  o(, 0| < Cq  |w(,t)|1 <Cs forVte (0,Thaz)- (2.1)
Furthermore, there exists two constants My, > 0 and M,, > 0 such that u,v,w satisfy
0 <u(x,t) <M, v(x,t)>0, 0<wx,t)<M, forV(x,t)eQx(0,Tmneu) (2.2)

Proof Let u = (u,v,w)T. Then system (1.3) can be rewritten as

u =V (a(u)Vu) +f(u) in 2 x (0,00),

%B =0 on 90 x (0,00), (2.3)
u(-,0) = (ug,vo, wo)” in Q,
where
d 0 0 u(2 — )
au)=| xv dy 0 |, fu)=| o(2L 2% _qp) |. (2.4)
0 0 ds w(l —w— AL

Because eigenvalues of «(u) are all positive and «(u) is a triangular matrix, then system (2.3)
is normally elliptic [42]. Hence local existence in (7) follows from Theorem 7.3 in [42].
Next we prove (iz). Define the operator

dovw Bovu
v+ w u—+v

Lv = v — dayAv — xV - (vVu) —

Because vg > 0 and % =0, v = 0 is a lower solution of the v equation. Similarly, we get

u =0 and w = 0 are two lower solutions of the u and w equations, respectively. Hence

u(x,t) >0, wv(x,t)>0, wx,t)>0 forV (x,t)€Qx(0,Tmaez)- (2.5)



To further estimate u(x,t),v(x,t) and w(x,t), letting [,u(x,t) = U(t), [qv( =
V(t), [ow(x,t) = W(t). Noting the Neumann boundary condition, we get
dU_/ Ju(x,t) —/u( piv )
at  Jo ot Joure TV
dv dv(x,t) dow Bau
or = — - 2.6
dt /Q ot /Qv(wrw wro 2 (26)
aw ow(x,t) :/w(lw v )
From the third equation of (2.6), we have
1 2
Mzd/w(x,t)g/(w—wQ)g/w—(/w> , (2.7)
adt Jo 0 0 €2 \Ja
which gives
/ w(x,t) < max{/ wo(x), |Q\} = (2.8)
Q Q
Since
%—Zf =dsAw+w(l —w — %) <dsAw+w, x€Q,te (0, Thna),
% = 0, X € aQ’ te (07Tmax)a (29)
w(x,0) = wo(x) >0, x € Q.
In view of [41, Theorem 3.1], we obtain there exists positive constant Cj such that
w(x,t) < Cy maX{l,O sujP lw(-, )1, |wolleo} = M. (2.10)
— < max
Then it follows from (2.6) that
d(ZU(t) + V() + W(t) vw Bam
= 52 — (51) — Y2 v — u
dt QU+ w Q 51 O
Q
< sont, vty - P
4 o)1
Q
4' 0o My + KM,y Q| — (22 (t) + V(£) + W (1)),
1
where £ = min{v;,y2}. This implies that
62 ’Q‘ 62Mw
V() +W(t) < — + —— + My|Q| := Cy, 2.11
2@+ ve+we < o+ 2 e = (211)
and hence
lo(-, t)|[1 =V (t) < Cq, for Vit € (0, Tnaz)- (2.12)
We also get that there exists positive constant C7 such that
lu(-, )| =U(t) < Cy, for Vit € (0, Tnaz)- (2.13)



Combing (2.8), (2.12) and (2.13), it gives rise to (2.1).
Similarly, it follows from the first equation of (1.3) that

% =d1Au+ u(% —y1) <diDu+ fru, x€Q,t € (0, Thaz),
& =0 x € 09, t € (0, Tynas), (2.14)
u(x,0) = up(x) >0, x € Q.

From [41, Theorem 3.1], we obtain there exists positive constant Cyy such that

u(x,t) < Comax{l, sup |u(-,t)|1,|[uollec} := M. (2.15)
0

St<dmaz
Combing (2.5), (2.10) and (2.15), it gives rise to (2.2), and thus we complete the proof of part
(i7). ]
Next we recall some preliminary results which will be used in the sequel. First we review
some well-known results about the diffusion semigroup with homogeneous Neumann boundary

conditions (see [22]). For p € (1,00), Denote by A the sectorial operator defined by

Au = —Au for we D(A) = {gp c W*P(Q) : (;790 =0 on 69} . (2.16)
v
The spectrum of A is a countable set of nonnegative real numbers 0 = A1 < Ao < A3 < --- and

p—independent. Denote X = LP(Q) for p € (1,00). In view of [44, Theorem 7.3.6], A+ 1is a
sectorial operator defined on X and the spectrum of A+ 1 is contained in [1,00), and thus the
operator —(A + 1) is the infinitesimal generator of an analytic semigroup of contractions on
LP(Q). Hence we can define the fractional power (A +1)? £ ((A41)~%)~! and the fractional
power space X! £ D((A +1)?) for § > 0 with graph norm ||z|lg = [|(A + 1)%z|x for Vo € XP.

In the following, we collect some properties of A which can be found in [22], and these

properties also hold for A; which is defined as Aju = —dAu with a scaling.

Lemma 2.2 [22]

(i) Assume that k € {0,1}, p € (1,00) and q € [1,00]. Then there exists some positive
constant C4 such that
lullig < Call(A +1)ully, (2.17)

for any u € D((A+1)%), where 0 € (0,1) satisfies

n n
k——<20——, ¢q>p.
q p

(i) ||(A+ 1)66_t(A+1)uHLp(Q) < C5t_66_ut”uHLp(Q) for allw € LP(Q), any t > 0 and some
w >0 and constant Cs5 > 0.



(11i) For 1 < p < q < oo, there exists Cg > 0 and p > 0 such that for all w € LP(Q) the

general LP — L9 estimate
(A + 1)Pe A4y, < Ct 026D et |u]),, (2.18)

holds for any t > 0 and 0 > 0, where the associated diffusion semigroup {e*t(AH)}tZg
maps LP(2) into D((A +1)7).

3 Global existence and boundedness

In this section, we shall prove the global existence and boundedness for the considered model
(1.3). First we need to establish a uniform bound of Vu(x,t) in L*°(2) for any t € (0, Trnaz)-
Then the standard Morse-Alikakos iteration technique is employed to obtain the L bound
of v(x,t). Finally, we get the global existence of the solution of system (1.3) by Amann’s
argument [42, 43].

Lemma 3.1 Let (u,v,w) be a solution defined on Q@ X [0, Tiaz) of system (1.8). Then there

exists a positive constant M, such that
lo(, )|l < M, for Vit e (0, Tmaz)- (3.1)

Proof We first write the third equation of (1.3) as follows

up — diAu+u = p(u,v,w), (3.2)
where o(u, v, w) = i L —7u +u. Then applying the variation of constants formula on (3.2)
gives .
u(st) =y [N (a9, o 5wl s)ds (33)
0

Choosing p > n and 0 € (3(1 + 7),1) and letting k = 1,q = oo in (2.17). Let ¢ be fixed
arbitrary positive constant. Then from (2.17) and Sobolev embedding L*°(Q2) — LP(Q2), for



all t € (&, Tinax), there exist positive constants Cs, Cgy, C1g and p > 0 such that
[u(, D)lh00 <Call(Agy +1)%ul-, )],
<Cy /Ot(t — 5) 0=y, s)(m —m) +u(-,s)|pds
+ Cs||(Ag, + 1)%e™ Aa iy |,
=6 /ot@ — ) eI lu(-, 8)||oods + Cot e [lu]l,
<Cu [ o o+ Cuoual,

ra-2o
(,ul_(’))::G’

which implies that [|[Vu(:,t)[|zec) < G for all t € (0, Tiaq)-

<Co(eluoll, +

Next, for any k > 2, multiplying the second equation of (1.3) by v*~! and integrating by

parts and combining Young’s inequality yields

1d k k—2 2
k:dt/QU + (k 1)d2/gv Vol

_ dow Bau
=—(k—1 gy . v / k - -
( )X/Qv v-Vu+ Qv (v—i—w o 72)

< (k—l)xG/vklwv\—i—éz/vk
Q Q

-1 -1 22
(k )d2/vk—2|vv‘2+ (k—1)x°G /Uk+52/vk;_
2 Q 2dy Q Q

IN

From (3.5), we obtain

1d k (k—l)d2/ k—2)w, 12 (k—l)X2G2/ k / k
- R < - 1 . 3.6
T qu + 5 Qv Vol < 2ds Qv + 02 QU (3.6)

Finally, since ||v(-,t)|l1 < Ca, applying the standard Moser-Alikakos iteration technique
[41] on (3.6), we obtain the finiteness of ||v(-,t)||c for all ¢ € (0, Tynaz), and thus the proof is
completed. [ |

In view of Amann’s argument [42, 43], we can draw the main conclusions about the global

existence and boundedness of solutions to the spatial system (1.3) as follows

Theorem 3.2 Let Q be a bounded domain in RN with boundary 00 € C'. Suppose that
the conditions of Lemma 2.1 are satisfied. Then system (1.3) has a unique positive global
classical solution ((u(x,t),v(x,t),w(x,t)) € X defined on Q x [0,00) satisfying (u,v,w) €
C([0,0), X) N CHL(Q x (0,00),R3), and (u(x,t),v(x,t),w(x,t)) is bounded in Q x (0,00),
that is, there exists a positive constant My such that ||u(-,t)|leo + [|v(:; £)[loo + ||w (-, ) |loo < M.

10



4 Stability of spatially homogeneous steady state

4.1 Stability analysis of the corresponding ODE

To investigate Turing instability of the spatial system (1.3), it is necessary to analyze the

stability of the corresponding temporal system:

a(t) = u(2% =),
B(t) = v(2L — 2L — ), (4.1)
W(t) =w(l—w— 1L

4.1.1 Existence of equilibria

In this subsection, we shall give the existence and uniqueness of positive equilibrium for
system (4.1) by analytical methods. Clearly system (4.1) has one extinction equilibrium

Ep := (0,0,0), one semi-trivial equilibria E; := (0,0,1), one boundary equilibrium FEj :=

0 (02—72)(02—0102+6172) J2—8182+3172
’ Y202 ’ 02

) with d2 > max{ye,d102 — d172}. Biologically, we are

interested in positive equilibrium. In view of [4], system (4.1) has a unique positive equilibrium

Bi—y1 wi(l-ws) 1
71 P 0i—(1—ws)’ «

Ey = (us, v, wy) = ( (01+a(1—01))) if and only if the following assumption
is satisfied:
(A1): 1>, a>1, 0<51<L1,
o —

B162

where o = B1B2+B1y2—B271 "

4.1.2 Stability of positive equilibrium FE,

The necessary condition on the occurrence of Turing instability for the positive equilibrium
E, requires that it is stable for the corresponding non-spatial system (4.1). The stability of

E, is determined by the nature of eigenvalues of the following Jacobian matrix

U Vs Bru?
_(5:-‘,-1)*)2 (u*—l‘rv*)Q 0 Juu Jiz Ji3
— 627}% ﬁQU*'U* 627)*'[11* 62’0% .—
J = —(u*Jrv*)z (u*+v*)2 - ('u*+w*)2 ('U*+w*)2 = J21 JQQ J23 . (42)
01w} 5105w,
0 _(v*—l‘:j)*)Q (vfiﬂiﬁ - W J31 J32 J33

The associate characteristic equation of (4.2) is given by

/\3 + 81)\2 4+ s9A+ 53 =0, (4.3)

11



where

_ (62 — S1)vsws  (B1 — Bo)usvs _ B16ausviw?
S§1 = Wx + ) 53 = )
(Vs + wy)? (us + v4)2 (s + v:)2 (Vs + wi)? (4.4)
o — (B1(02 — 01) + Babd1)usviw. | (B1 — Pa)usviws Sov,w? .
2 (u* +U*)2(U* +w*)2 (U* +U*)2 (U* +w*)2

Clearly s3 > 0. Then from s; > 0, s159 — s3 > 0 we conclude that so > 0.

Theorem 4.1 Assume that (A1) holds.

()

(i)

(iii)

If

(Az) :51>0, s159—53>0

is satisfied, then all roots of characteristic Eq. (4.3) have negative real parts and thus the
unique positive equilibrium FE, of the non-spatial system (4.1) is locally asymptotically

stable. And vice versa.

If

S1 > 0, S189 — s3 < 0.

is satisfied, then characteristic Eq. (4.3) has one negative real root and a pair of complex

roots with positive real parts and thus E, is unstable.

If

S1 > 07 s189 — s3 = 0.

is satisfied, then characteristic Eq. (4.3) has a negative real root and a pair of simple
purely imaginary roots £i& (£ > 0). Furthermore, if transversality condition
/!
S
5, =6!
is satisfied, then system (4.1) undergoes temporal Hopf bifurcation near the unique pos-
itive equilibrium E,. when parameter value 61 crosses its critical value 61 . Here 61 can

be determined by the equation siss — s3 = 0.

Proof (i) and (i) follow directly from Routh-Hurwitz stability criterion. Next we shall prove

(iii).

Since s1 > 0, s3 > 0, s159—s3 = 0, it follows from the properties of roots of cubic equation

we get characteristic Eq. (4.3) has a pair of simple purely imaginary roots +i§. Moreover, from

Vieta’s formula, we get &2 =

s3(0f7)

S = s2(647). Next we check the transversality condition at
1

the critical value 67, Let A\ = &;(01) & i&2(d1) be a pair of complex conjugate roots of (4.3)

12



satisfying &1(67/) = 0. Then substituting it into (4.3), separating real and imaginary parts
and differentiating yields

d&1(d1) } _ { (s3 — 8182)’}
{ d(sl 51:51}1 N 2(3% + 52) 61:6{{ 75 07

where ’ denotes the derivative with respect to d;. Therefore the transversality condition is

satisfied, which implies that the proof of (7ii) is complete. [

Remark 4.2 There exists parameter values such that the assumptions (A1) and (Az) hold.
For example, let 51 = 10/3,82 = 10,71 = 1,79 = 1,01 = 1,02 = 10. A direct calcula-
tion gives the unique positive equilibrium (0.4667,0.2,0.8) and s; = 0.84 > 0,s3 = 0.896 >
0,s182 — s3 = 0.3674 > 0, which implies the unique positive equilibrium E, of system (4.1)
18 locally asymptotically stable according to Theorem 4.2. In addition, there also erist several
sets of parameters such that system (4.1) is unstable via Hopf bifurcation (see the numerical

simulations of Section 6.3).

4.2 Turing instability of spatially homogeneous steady state F,

Clearly, (u(z,t),v(x,t), w(z,t) = (us, v, wy) satisfies spatial system (1.3) and the associated
boundary conditions, we refer it to be the spatially homogeneous steady state of system (1.3).
To interpret spatially heterogeneous distribution of the interaction species over the habitat,
we shall study the Turing instability of the spatial system (1.3) when the temporally stable
equilibrium F, loses its stability due to small amplitude heterogeneous perturbations around
E, [45]. In what follows, we always assume that (Aj) and (Az2) are satisfied.

Now, we mainly focus on such pattern formation is due to joint effect of spatial diffusion
and predator-taxis, which doesn’t exclude Turing pattern formation only induced by the
chemotactic factor xy at some special cases. In what follows, for the better observation of
pattern transition as time evolution on the spatial domain 2 and the simplicity of calculations,
we restrict our attention to (1.3) over a typical two-dimensional rectangle region Q = [0, L] x
[0,L] € RY with N = 2. Linearizing (1.3) around the spatially homogeneous steady state
(U, Vi, wy) yields

9Z — JZ + DAZ, x€Q,t>0,
9z _ ), x €90, t >0, (4.5)
Z(x,0) =Zo(x), x€Q,

Where X = (j}? g)? Z = (u T Uk, U — Uy, W — w*)T a‘nd D = a(u)u:(u*y’v*{w*)'
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Since {2 is a square domain given by [0, L] x [0, L], the solutions to the linearized system

(4.5) with Neumann boundary conditions are:

_ v MnTIL nmwy 2 a [T 9 N9 _ ;2 2
Z—( Z)Nzcmne cos( T )COS(—L ), k*=( T )* 4 ( L) = ki + k3, (4.6)
m,n)ec

where c,,,,, are the Fourier coefficients of the initial conditions; A is the growth rate of pertur-
bation in time ¢; kz and kj represent the wave numbers of the solutions on horizontal direction
and vertical direction, respectively; N represents nonnegative integer set. Substituting (4.6)

into (4.5) leads to the following characteristic equation
)\3 +T1(X7k))‘2 +T2(Xak))‘+’r3(X7 k) =0, (47>

where

ri(x, k) =dik? + dok? + dsk? + s1,

5o — 01) vy Bt vy
k) = (dydy + dads + dsdy)Ed + (1w, + ¢ - dik?
r2(x, k) =(didy + dads + dady) +<w Tt w? wrw) T

51U*’U)* Blu*'l)* 2 2 (/81 - /82)11/*7)* 52U*’U)*
. — k“ + dsk
(“’ (o + w2 t v*)2> b Ak e T o )

/Bluzv*

LT 2
+X(u*+v*)2 + s2,
0104 Wi 0205 Wi BaUsx s
k) =dydadsk® o= ) didak? - dydgk?
r3(x, k) =didadsk” + <w (v*+w*)2> 1d2k” + <(v*—|—w*)2 (e + 02)? 143
Brusvedads 4 xdszPruiv. 4 N d1610207w? 5 B102usv2w,ds 2
(s + 4)? (s + v4)? (V4 + wy)4 (s 4 04)2 (V4 + w4 )?

(511)*'11}* 527)*'11)* /BQU*U* > ﬁlu*v* ) 2
+(we — ——5 ) (d - Fdy ) K
(w <v*+w*>2> < 1(<v*+w*>2 (et 0)2) " P+ 0,)?
Xﬁluiv* 0105 W 9
AL oy, — 2 ) ke
RO (w <v*+w*>2) o

with s1, s2 and s3 are given in (4.4).

The stability of the spatially homogeneous steady state E, to perturbations of wavenumber
k is determined by the signs of the real parts of A in the characteristic Eq. (4.7). Solving the
cubic equation for A we get three branches of solutions A;(k), A2(k) and Az(k). In view of the
principle of the linearized stability, E. = (u., vs, w,) is locally asymptotically stable if and
only if all eigenvalues of the characteristic Eq. (4.7) have negative real part. Then according
to the Routh-Hurwitz stability criteria, the steady state E, = (us, vy, ws) of system (1.3) is
locally asymptotically stable if and only if the following conditions hold for each wave number

k given by (4.6)
Tl(X? k) > Oa TS(Xa k) > 0’ 1 (X, k)TZ(Xa k) - 7“3()(, k) > 0. (48)
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while (ux, v«, wy) is linearly unstable if one of the conditions above fails for some wave number
k. Note that ri(x, k) > 0 for all wave numbers k£ under the assumption (Ag). Therefore we
get the necessary and sufficient condition for Turing instability is either

P(x, k) =r3(x,k) <0 or

Q(X? k) = Tl(X? k)TQ(X7k) - 703()(7 k) <0

(4.9)

for some nonzero wavenumber k. For convenience, we rewrite P(x,k) and Q(x, k) as the

following forms, respectively:
P(x, k) = Pok® + Pi(x)k* + Py(x)k? + P3 (4.10)

Q(x, k) = Qok® + Q1()k* + Q2(x)k* + Qs, (4.11)

where the coefficients P;, Q;,7 = 0,1,2 are given in Appendix A. In the following, we choose

X as a bifurcation parameter to study the two types of primary instability.

4.2.1 Turing bifurcation

As we know, below (above) the Turing bifurcation threshold value, the spatially homogeneous
steady state is stable and thus all the eigenvalues have negative real parts. At the Turing
bifurcation threshold, exactly one eigenvalue becomes zero at the critical value x! with non-
zero critical wavenumber k.7, while the other two sets of eigenvalues still have negative real
parts [46, 47]. Since A1(k), A2(k), A3(k) be the roots of the characteristic Eq. (4.7). Then from

the properties of the roots of a cubic equation we have the following equalities:

A(k) + A2(k) + As(k) = —r1(x; k),
A(k)A2(k) + A2(k)As(k) + Ag(k) A (k) = r2(x, k),
M(k)A2(k)As(k) = —r3(x, k),
—(A (k) + A2(k))(A2(k) + As(k)) (As(k) + Ai(k)) = ri(x, k)ra(x, k) — r3(x, k).

Since at critical wavenumber k. there exists only one of the roots of characteristic Eq. (4.7)

is equal to zero, without loss of generality we assume

A(k) [k=ker=0, Re(A2(k)) [k=k.r <0, Re(A3(k)) |r=k.,< 0. (4.12)

Therefore at the critical wavenumber k. we have rg(XCT, kcr) = 0 which is equivalent to

P(xY, ker) = 0. Furthermore, we get r1(x%, ker) > 0,72(x2, ker) > 0 and thus Q(xL, ker) =
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(XL, ker)ra(XE, ker) — r3(xE, ker) > 0. Now we can identify Turing bifurcation value xZ

which satisfies the Turing bifurcation condition as follows:
There exists k. > 0 such that

P(xg ker) =0, Q(xc ker) > 0, and P(xg, k) #0, Q(x¢ k) >0 for k# ker.
According to the above conditions, to determine the Turing bifurcation boundary, we first
need to find the threshold value x for which P(xZ, k) = 0 holds for a unique k. Now for all
X, P(x,0) > 0 and also P(x, k) > 0 for large values of k. At Turing bifurcation boundary, we

have

mkin P(x,k) =0. (4.13)

Let z = k2. Then we have

P(X, Z) :P()ZS + P12’2 + +P22: + Pg.

Solving % = 0 yields the possible local extremum points of P(x, k)

—Py + /P — 3PP
= = Z, 4.14
which requires that P; < 0, P12 > 3Py P, or P, < 0 is satisfied, and

—P, — /P2 =3R,P
! L L (4.15)

3P ’
which requires that P; < 0, P12 > 3Py P, P> > 0 is satisfied.
A direct calculation shows that % lsmz.= 2/ P2 —3PyP, > 0 and % [——

—24/P? —3PyP, < 0, which implies that z, is a local minimum point. As P(x,0) = P; > 0

z =

and hﬁm P(x,z) = oo, we infer that z, € (0,00) and satisfies min, P(x, z) = P(x, z«) = 0.
Thus substituting (4.14) into (4.13) and simplifying, we get the critical value of x should

satisfy the following critical condition

1 .
Py = ﬁ[Pl(gp()PQ —2P12)+2(P12 _3P0P2)%] (416)
0

Let ap = 27P02P3, P, = ai1+asx, P» = ag+aq), where a1, as, a3, aq are given in the expressions

of P; and P. Substituting them into (4.16) yields

G*(x) = 4H?(x), (4.17)
where
G(x) =2a3x> + (6a1a3 — 9asa4Py) x> + (6a%as — 9(aray + azaz)Py)x
+ ag — 9a1a3 Py + Qa?,

H(x) =a3x* + (2a1a2 — 3asPy)x + ai — 3azPy.
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Simplifying (4.17), it’s a quintic equation of variable x. Assume
(As3) : a2 + 4apal — 18aparaz Py — 27a3a3 Py + 108a3 Py < 0

is satisfied. Then Eq. (4.17) has at least one positive root, without loss of generality, we may
assume that it has five positive roots, which are denoted by x{, x5, X§, X4, X§, respectively.
Denote

X" = {x5, X5, x5 X5 X5} (4.18)

Then we get Turing bifurcation threshold value ! can be found from the set x’, and the

positivity of the wavenumber k requires it should satisfy the following condition
(Ag): Pf <0, (PP)?>3RP5 or P§<0,

where Pf = a; + azsx! and Py = a3+ asxt with xI' e xT.
The corresponding critical wave number sz is given by

9PyP3 — PCPS
2((P)? = 3R F5)

k2 = (4.19)

Moreover, from Eq. (4.11), it is clear that Qo > 0 and Q3 > 0 under the assumption (Az).

Hence if we assume that

(A5) : Q1|X:XZ > 07 Q2|X:XCT >0

is satisfied, then we obtain Q(xZ,k) > 0 for all wave numbers k. Therefore system (1.3)

undergoes Turing bifurcation at x. near the unique positive steady state F,.

4.2.2 Turing-spatiotemporal Hopf bifurcation

It is well known that spatiotemporal Hopf bifurcation of system (1.3) occurs when character-
istic Eq. (4.7) has only a pair of simple purely imaginary eigenvalues at critical value xX with
non-zero critical wavenumber k.p, while the other eigenvalues have negative real parts and
the corresponding transversality condition should be satisfied [48]. Since its corresponding
non-spatial system (4.1) is always asymptotically stable, we call this kind of spatial Hopf
bifurcation as Turing-spatiotemporal Hopf bifurcation, which breaks both spatial symmetry
leading spatial pattern formation and temporal symmetry inducing periodic oscillations in

time. As analyzed above, we can identify Turing-spatiotemporal Hopf bifurcation value xX
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which satisfies the Hopf bifurcation condition taking the following form:

There exists k. > 0 such that

QI k) = 0, P(x(' kerr) > 0, and Q(x', k) # 0, P(x.,k) >0 for k # ken;

and for the unique pair of complex eigenvalues near the imaginary axis

p(x, k) £ir(x, k) satistying ' (x!, kerr) # 0 and 7(xZ, kerr) > 0.
To determine the Turing-spatiotemporal Hopf bifurcation boundary, it is necessary to find the
threshold value x for which Q(x, k) = 0 holds for a unique k. As Q(x,0) > 0 and also for

large value of k. At the critical case, we need to find the threshold value X of parameter y

at which Q(x, k) has a zero minimum at k = k.g and k.g € (0,00). This implies that Q(x, k)

satisfies
m}jn Q(x, k) =0. (4.20)
Similar to the analyses above, we get the condition for the marginal stability as follows
1 3
Qs = W[Q1(9Q0Q2 —2Q7) + 2(Q7 — 3Q0Q2)2]. (4.21)
0

Assume that
(Ag) : b3+ 4bob? — 18byb1b3Qo — 27b3b3Q2 + 108b3Q3 < 0.

is satisfied. Here by = 27Q3Q3 and b;, i = 1,2, 3,4 are given in the expressions of Q1 = by +xba
and Q3 = b3 + xbs. Denote

~ConC

XH = {)2%7)257)(37)(47)2%}’ (422)

where X7, i = 1,2,3,4,5 are possible positive roots of the following quintic equation
G2 (x) = 4H%(x), (4.23)

where
G(x) =2b3x° + (6b163 — 9b2bsQo)X? + (6b7by — 9(b1bs + babs)Qo)x
+bo — 9b1b3Q0 + 267,
A (x) =b3x* + (2b1b2 — 3b4Qo)x + b} — 3b3Q0.
Then we obtain that Turing-spatiotemporal Hopf bifurcation threshold value X should be

chosen from the set y, and the positivity requirement of the wavenumber k such that it

should satisfy the following assumption
(A7): Qf <0, (@) >3QQ5 or Q5<0,
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where Qf = b1 + ngf and Q5 = b3 + b4xf with Xf e xH.

And the corresponding critical wave number kgH is calculated by

9Q0Q3 — QTQ5
2((Q7)? — 3Q0Qs3)

Noting that r1 (XX, kegr) > 0 and r3(x, ker) > 0. Since r1(XX, ker)ra(XH, kerr)—r3(XH  kerr) =

2 _
kcH_

(4.24)

0, we get ro(xX, kepr) > 0. Therefore the characteristic equation (4.7) has a negative real

root M (xH  k.y) and a pair of purely imaginary eigenvalues )\gg(xf ,kerr) given by

MO kerr) = =m0 kerr) <0, MO kerr) = iy /ra (X2, kerr).-

Next we check the transversality condition. Let M (y, k) and )\53()(, k) = pulx, k) £ 7(x, k)
be the unique eigenvalues of (4.7) in a neighbourhood of x = x/. Then we know that A\,
and 7 are real analytical functions of x satisfying u(xX, keg) = 0 and 7(xX, kegr) > 0. In the

following, we need to prove the following transversality condition

ou(x, k)

P £0. (4.25)

x=x& k=ken
Substituting the eigenvalues M (y, k) and )\5{3 (x, k) = p(x, k) £7(x, k) into the characteristic
Eq. (4.7) and equating the real and imaginary parts yield

—r1(x; k) = 2u(x, k) + A (x, k).
ra(x, k) = p2(x. k) + 72(x, k) + 2u(x, k)M (x, k), (4.26)
—r3(x, k) = M (6 B) (12 (x k) + 72 k).

Differentiating the equations above with respect to x gives

20/ (x, k) + A1 (x. k) = 0,

/ / / / /Bluzv*k2
2u(x: k) (X, k) + 2700 k)T 0 k) + 207 (0 B) A (O k) + 20 k)AL (xG k) = T + 027
NOGR) (P (k) + 72 (0 K)) + (2u(x B (X0 k) + 27 (G B)T (0 k) A (xs )
ﬁluzv*dgk‘l Bluiv*k‘2 01 V5 Wy
R RN I CRSSTR EACL Rl sy )
(4.27)

Since ,M(Xf, ker) = 0 and )\1()(5, ker) = —rl(XCH, kerr), solving (4.27) with y = Xf yields
Bluzv*k?ﬂ y
(T2 kerr) + 12 (XH  kerr) ) (s + v4)2

(SQU*U}* (Bl - BZ)U*'U*
k2 + dok? .
<d1 -+ ok g + (U* n w*)z + (U* n U*)2

1
1 (X ko) = — ikﬁ(xf, kerr) =
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So if we assume that

62”*“’* (,81 - ,BQ)U*'U*
('U* + w*)2 (u* + 'U*)2

(As) : dikly + dakly + #0

is satisfied, then the transversality condition (4.25) holds and system (1.3) undergoes spa-
tiotemporal Hopf bifurcation at Xf near the unique positive steady state F..

From Eq. (4.10), it is clear that Py > 0 and P; > 0. If we assume that
(Ag) : P1’X:XCH > 0, Pz‘xzng >0

is satisfied, then we obtain P(xX,k) > 0 for all wave numbers k, which indicates stationary
Turing bifurcation cannot occur under this assumption when y near x/. Hence system (1.3)
undergoes Turing-spatiotemporal Hopf bifurcation at x near the unique positive steady state
E,.

We summarize the above discussion as the following theorem.

Theorem 4.3 Assume that (A1) and (A2) are satisfied. Then we have the following results

about the Turing instability of the unique spatially homogeneous steady state E,:

(i) If (As),(A4) or (Ag), (A7), (Asg) are satisfied, then E, is linearly unstable when x

crosses its critical value x* or x;

(ii) If (As),(A4) and (As) are satisfied, then system (1.3) undergoes Turing bifurcation at
I near E,, namely, stationary pattern forms in this case, and the critical wave number

is given by (4.19);

(iii) If (Ae), (Ar), (Asg) and (Ag) are satisfied, then system (1.3) undergoes Turing-spatiotemporal
Hopf bifurcation at xX near E,, namely, oscillatory pattern forms in this case, and the

critical wave number is given by (4.24);

Proof The proof of (i)-(iii) can be found from the discussion above, so we omit it here for
brevity. [ |

To interpret the chemotaxis-driven stationary pattern formation, we plot the functional
curve P(x, k) as a function of the wavenumber & in Figure 1 (left) with the given parameters
f1 =10/3,82 = 10,71 = 1,79 = 1,61 = 1,09 = 10,d; = 3.5,d2 = 0.02,d3 = 0.15. It is easy to
check that the assumptions (A1), (A2) and (Ag) are satisfied. A direct calculation shows that
Eq. (4.17) has only one positive root x§ = 1.6563 which satisfies the assumption (Ay4), and

c =4.6292 >0

the critical wavenumber is kgT = 7.2204. Furthermore, we obtain Ql‘X:XZ:X1
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Figure 1: (Left) Plots of P(x, k) for different values of x against k. (Right) Turing bifurcation

diagram for the system (1.3). Here the parameters are given in the text.

and QQ‘X:XZ“:XT = 6.3573 > 0, which implies that the assumption (As) is satisfied. Since
the values of ()1 and ()2 are also positive for other chemotaxis factors besides x = x{, we
get spatial Hopf bifurcation cannot occur at this case by noticing that Qg > 0 and Q3 > 0.
Therefore from Theorem 4.3(7) and 4.3(i7) we get that the unique positive steady state E,
is linearly unstable and stationary Turing pattern arises when x crosses its critical value
I = x§ = 1.6563. As isillustrated in Figure 1 (left), the value of P(x, k) becomes negative for
a certain range of values of k when y crosses its critical value 1.6563, which indicates spatial
pattern formation arises, that is, the parameter value x affects spatial pattern formation
arises. In Figure 1 (right), we plot Turing bifurcation curve in the (y, d2)-parameter space for
fixed 1 = 10/3,82 = 10,71 = 1,72 = 1,6 = 1,92 = 10,d; = 3.5,d3 = 0.15. Clearly, the
assumptions (A7) and (Ag) are satisfied for the set of parameters. After check carefully, we
find @1 > 0 and @2 > 0 for arbitrary positive parameter values y and dz. Thus the assumption
(As) is satisfied and further we have Q(x, k) > 0 for arbitrary wavenumber k and chemotaxis
coefficient , and thus Turing bifurcation curve is determined by solving Eq. (4.16). As can
be seen from Figure 1 (right), the parameter space is divided into two distinct regions by the
Turing bifurcation curve. In region I, the unique positive spatially homogeneous steady state
is the stable solution of system (1.3). Domain II is the region of pure Turing bifurcation, in
which Turing instability occurs and we call it Turing space.

To interpret the chemotaxis-driven oscillatory pattern formation, we plot the functional
curve Q(x, k) as k is fixed in Figure 2 (left). Here we choose system parameters to be d; =

0.0001, dy = 0.0008, d3 = 0.0002, 31 = 3, B = 10,v1 = 1.658, 5 = 1,5; = 0.2,55 = 8. Clearly,
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Figure 2: (Left) Plots of Q(x,k) for different values of x against k. (Right)Turing-
spatiotemporal Hopf bifurcation diagram for the system (1.3). Here the parameters are given

in the text.

the assumptions (A1), (A2) and (Ag) are satisfied. Solving (4.23) gives a unique positive
root § = 3.5609 which satisfies the assumptions (A7) and (Ag), and thus x2 = 3.5609. We
also obtain the critical wavenumber is sz = 2.9411. Moreover, we calculate P;

1.8508 x 107% > 0 and P,

=xti=xs =
ly=xti=gc = 0.8269 > 0, which implies that the assumption (Ag)
is also satisfied. In view of Theorem 4.3(iii), system (1.3) becomes unstable and oscillatory
pattern formation arises when x crosses its critical value x2 = 3.5609, which is illustrated
in Figure 2 (left). In Figure 2 (right), we plot Turing-spatiotemporal Hopf bifurcation curve
in the (x,ds2)-parameter space for fixed f; = 3,82 = 10,71 = 1.658,72 = 1,01 = 0.2,d9 =
8,d; = 0.0001, ds = 0.0002. Clearly, the assumptions (A1) and (Az) are satisfied for the set
of parameters. Additionally, we find P, > 0 and P> > 0 for xy > 3.5 and dy > 0.0008. Thus
the assumption (Ag) is satisfied and further we have P(x, k) > 0 for arbitrary wavenumber k
and (x,d2) € [3.5,00) x [0.0008, 00), and thus Turing-spatiotemporal Hopf bifurcation curve
is determined by solving Eq. (4.21). As can be seen from Figure 2 (right), the parameter space
is divided into two distinct domains by the Turing-spatiotemporal Hopf bifurcation curve. In
domain III, the unique positive spatially homogeneous steady state is the stable solution of

system (1.3). However, Domain IV is the domain of instable domain, in which oscillatory

instability occurs and we call it Turing-spatiotemporal Hopf space.
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5 Existence and stability of non-constant positive steady state

5.1 Existence of non-constant positive steady state

In this subsection, we shall study non-constant positive steady states to system (1.3), which

satisfy:
diAu+ By =0, x €14,
V - (d2Vv + xvVu) + iﬁ’;” - fﬁ’ﬁ —7v =0 x€, (5.1)
dsAw + w(l —w) — 222 — 0, x €Q,
=g =g -0 xeom,

where u,v,w are functions of variable x €  C R? and all the parameters are the same as
those in (1.3). We assume that (Aq) is satisfied so that Ex = (ux, v«, wy) is the unique positive
equilibrium to (4.1).

In the following, to find non-constant positive solutions to (5.1), we will give steady state
bifurcation analysis at E,. We fix 51, 82,71, Y2, 01, d2, d1, ds, d3 and choose x to be a bifurcation
parameter. We also assume that (Ag) is satisfied so that the unique positive equilibrium F,
is locally asymptotically stable for the non-spatial system (4.1). Then we want to determine
the threshold value of the predator-taxis Xﬁm such that non-constant positive steady state of
system (1.3) bifurcates from F, as the parameter x crosses its threshold value x23,,,, and also
study its stability to obtain some spatially inhomogeneous patterns.

Steady state bifurcation. In order to apply the abstract bifurcation theory of Crandall-

Rabinowitz [50], we give the following spaces:
X = {u e HZ(Q)‘gU —0,x € asz}, Y = L2(Q).
v
Then system (5.1) can be converted into the following abstract equation

A, x) =0, (u,x) e X} xRy, x€Q,

du (52)
o 07 X € 89,
where
di1Au + % — YU
Al x) = | dadho X VoVt o+ 285 — 22— g0
dsAw +w(l — w) — %
Define
0o B —u
Di(u)=| xv da 0 , F(u,Vu,x) =— XVU-Vuﬁ—%—%%_WU 7
0 0 ds w(l — w) — 2w
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and for 7,7 = 1,2, ai(u, x) = D1(u)dy, bi(x) = a;;j(u, x)v;(x),bo(x) = 0,¢(x) = d(x) = I,

where 6;; is the Kronecker symbol and I is a unit matrix. Then (5.2) is equivalent to

A(u, x) = —aij(u, x)9:0;u + F(u, Vu, x) =0, x €,
(5.3)
Bu = §(z)[bi(x)0;u + bp(x)u] + (I — §(x))c(x)u =0, x € 99,
where 0; = 8%1- and the summation convention is used.
Since a;j(u, x) = D1(u)d;;, we can conveniently write (5.3) as
A(u, x) = =Di(u)Au+ F(u,Vu, x) =0, x € (), (5.4)

Bu = §(x)[bi(x)0;u + bo(x)u] + (I — 6(x))c(x)u =10, x € .

Moreover, for any fixed @ = (4,9,%) € X3, the Fréchet derivative of A is given by (z =

(Zl, 29, Z3) S Xg)

DA, x)[z] = —D1(0)Az — AGD;y(z) — D3(Vi) - Vz — J(1)z, (5.5)
where
0O 00 0 0 0
Dy(z)=| xz2 0 0 |, Ds(Vl)=| xVo xVa 0 |,
0O 00 0 0 0
and
~ N N ,[)2 ﬁQ
fu fu fw (5_1;,_@)2 -n (5_1‘_{})2 0
A A~ ~ ~ {}2 ,w2 ,a2 @2
J(t) = Gu Gv Guw = _(gif,)z (giu;)z - (ﬁﬁi{,)z -2 (@(Eu;)z
A ~ A 51102 A 5102
hu hU hw 0 —(’[}_1"_7,&})2 1—2w— (f)-‘yl-’Lfl)Q

In view of [49, Proposition 3.1], we have
DyB(1, x)[z] = 0(x)[bi(x)0iz + bo(x)z] + (I — §(x))c(x)z.
Lemma 5.1 Dy A(i, ) : X3 — Y3 is a Fredholm operator with zero index.

Proof Clearly for @ € X3, Trace (D1(11)) > 0 and Det(D; (1)) > 0. So operator Dy A(1, ) is
elliptic. In addition, according to Case 3 of Remark 2.5.5 in [49], here we see that i = j = 2,
a;j(x) = 6;; (the Kronecker symbol), ¢(x) = I and a(x) = D;(i) with positive eigenvalues
di,dy and ds, b;j(x) = a(x)oy;(x)vj(x) with v(x) := (v1(x),v2(x)) is the outer unit normal

vector field on 0€2. Then the Neumann boundary condition can be written as
0=0a(x)(Vz1 Vz» Vz3)Tw(x) = b;i(x)0;z
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with §(x) = Isx3 and bo(x) = 0 at 9Q. Since §(x) = I3x3 at x € 0f, the condition
(I —d(x))a(z)é(x) = 0 for x € 0N in Case 3 of [49, Remark 2.5.5] is satisfied. Note
that the eigenvalues of a(x) are positive, so the condition (2.6) with ¢ = 0 in Case 3
of [49, Remark 2.5.5] is satisfied. Therefore, by Remark 2.5.5 of [49], for any y € Ry,
(DuA(t, x), DuB(11, x)) satisfies Agmon’s condition for arbitrary angles § € [-7, 5] (see Def-
inition 2.4 in [49]). Furthermore, by Remark 3.4.1 of [49], Dy A(d1, x) : X® — Y3 is Fredholm
with index 0, which implies that the proof of the lemma is complete. [ |

To look for non-constant positive solutions of (5.1) that bifurcate from the spatially ho-

mogeneous steady state u, = (us, v, ws) we need to check the following necessary condition
N (DyA(us, x)) # 0, (5.6)

where N represents the null space. Picking @t = u, in (5.5), it is easy to see that the null

space in (5.6) consists of some solutions to the following elliptic equations

diAu + Jiyu + Jiav = 0, x=(7,9) € Q,

doAv + v Au + Joju + Jogv + Jogw =0, x = (Z,7) € Q, 5.7)
dsAw + J3ov + Jzzw = 0, x=(7,9) € Q,
%:%:%:0’ x = (Z,7) € 00.

To verify (5.6), i.e. find the non-zero solution of (5.7), we substitute the following eigen-

expansion in two-dimensional domain [0, L] x [0, L] with Nuemann boundary conditions

u(z,g) = Z amncos(mwj)cos(nig),

L L
(m,n)eN?
@D = D bancos(T) cos(*TY),
(m,n)€EN?
w(Z,y) = Z cmncos(mzx)cos(%),
(m,n)eN2

where N = {0,1,2,---} is nonnegative integer set and G, bymn, Cmn are the Fourier coeffi-

cients, into (5.7) which yields

—dlkiQ + J11 J12 0 Qmn 0
*XU*/{ZQ + Jo1 *d2k2 + Joo Jog bmn = 0 , (5.8)
0 J39 *d3k2 + J33 Cmn 0

where k? = (%)% + (2Z)% m,n € N. Clearly (m,n) = (0,0) can be ruled out because the

assumption (Ag) is satisfied. For each pair (m,n) € N2\ {(0,0)}, (5.7) has nonzero solution
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(u,v,w) if and only if the coefficient matrix of (5.8) is singular or equivalently

5 (didaJzz + didzJag + dodzJin )k — didadzk®
X = Xmn = Tro(dsk? — Jaz )0k
(d1JazJs3 — diJag s + daJi1Jss + dsJinJag — dsJiaJor)k? + s3
J12(d3k2 — Jgg)v*k2 ’

(5.9)

where s3 is given in (4.4).

So if x = x5, then condition (5.6) is satisfied. Since the rank of coefficient matrix of
Eq. (5.8) equals two when y = .., we conclude that dim(N(DyA(us,x))) = 1. When
X = Xonn, solving (5.8) yields

- (dsk? — Js3)J12 b dsk? — Js3
T (dik? = J) st Jsg

Cmn = 17

which is a set of basis vector of the null space N (DyA(uy, x)). Thus we get

N (DuA(u, X)) = span{ (T, Tmn, Wmn) }, (5.10)

and
_ _ T nigj o mmnx nigj _ _ mnx nlg]
Umn = Gmn €OS( T ) cos( 7 )y Umn = bmn cos( ) cos( 7 ), Wiy = cos( 7 ) cos( 7 ).
(5.11)

Applying the Crandall-Rabinowitz local theory in [50], we now prove in the following
theorem that the steady state bifurcation occurs at (@, ,w, x5,) for each pair (m,n) €

N2\ {(0,0)}, which establishes the existence of nonconstant positive steady states to (5.1).

Theorem 5.2 Assume that (A1) and (Az2) are satisfied. Furthermore suppose that for arbi-
trary two pairs of integers (m,n), (m,n) € N2\ {(0,0)},

Xown 7 Xows ¥ (m,n) # (i, 72) and m® +n® # m® + i, (5.12)

Let Z be any closed complement of N'(DuA(ty, X50m)) = span{(Gmn, Umn, Wmn)} in X3 defined
by
Z = {(u,v,w) € X x X x X‘ / Whiym + VTmm + WD dEd§ = 0}. (5.13)
Q

Then for each pair (m,n) € N2\ {(0,0)}, there exist an open interval I = (—k,rk) and
two continuously differentiable functions Xmn(s) : I — R satisfying Xmn(0) = X5, and
(5,2 0), o (5,8, ), M (5,5, 5)) £ T = Z with (€ (05, ), Gonn (0,3 §)s 1o (0,3, §)) =
(0,0,0) and a unique one-parameter curve U'mn(s) = {(wmn(S,Z,7), Vmn(S, T, 7), Wmn (s, T, 7),

Xmn(8)) ‘s € (—k, k) } of non-constant positive steady states to (5.1) that bifurcate from (s, vi, wy)
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at x = X;?m' Furthermore, the solutions are continuously differentiable of s and can be written

as follows

an(s) = X;S;q,n + 0(5)7 s € (_’{a H)a
(’U/mn(s,jf, g)v vmn(s7i.7 g)7wmn<37 i?@)) :(u*7 U*; w*) + 3<ﬂmn7'f)mn7wmn)+

5(§mn(37 z, ?j), (mn(sa z, z}), nmn(sa z, ?])), 5 € (_K, K;)
(5.14)

where (Upmp, Umn, Wmn) 1S given by (5.11).

Proof According to Crandall-Rabinowitz local theory in [50], all necessary conditions except

the following have been verified
Dyu AW, X) [timn , U Winn] ‘X:X;?m ¢ Im(DyA(uy, X?rm)) (5.15)

We'll prove by contradiction that (5.15) is satisfied. For this purpose, we suppose that condi-

tion (5.15) fails, then there exists a nontrivial solution (u,v,w) which satisfies

di1Au + Jiu + Jigv =0,

L L
d3sAw + J3ov + Jzz3w = 0,
Ou _ Ov _ Jw __ 0

(
o0 AU+ do Av + Joru + Jogv + Jozw = k2vslinn cos(m”j) cos(™H), (2,9

(

(

ov — Ov T v

mnr nmy

Multiplying the first three equations in (5.16) by cos(™f*) cos(“;¥) and integrating them over

() by parts and noting that the Neumann boundary conditions, we have

—d1k? + J11 J12 0 o wcos(™EL) cos(")dzdy
—Xgmv*kQ + Jo1 —d2k2 + Joo Jog fQ v COS(mgj) COS(nz~)dJ~,‘dg
0 J39 —dsk® + J33 fQ w cos(mgj) cos(”zg)d:idgj
kQLZ *Amn
= (0, #7 O)T.

(5.17)

The coefficient matrix of Eq. (5.17) is singular and the rank is equal to two because of (5.9),
while the rank of the augmented matrix of Eq. (5.17) is equal to three, then this leads to a
contradiction, which manifests condition (5.15) is satisfied. Moreover, from (5.12), we get the
uniqueness of the bifurcating nonconstant steady state. In view of Theorem 1.7 of [50], the

proof of the theorem is completed. [ |
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5.2 Stability of the non-constant positive steady state

Here the stability or instability refers to that of the bifurcated inhomogeneous steady state
regarded as an equilibrium solution to model (1.3). Based on the arguments in Corollary
1.13 of [51], In what follows, we shall derive criterion and explicit formulas to determine the
direction of steady state bifurcation and stability of the bifurcating solution for the predator-
taxis system (1.3). Since the operator A is C*-smooth, according to Theorem 1.18 in [50],
(i (8, T, )y Vi (8, T, )y Wi (8, &, §)5 Xmn (8)) are C3-smooth functions of s, and therefore

we can expand them as follows:

U (8, &, ) = Us + SAnp cos(EE) cos("E) + 5201 (T, §) + s°¢2(Z, §) + of
Umin (8, &, ) = Vs + Sbmn cos(BEE) cos(E7) + s2¢1(Z, §) + s°ha(,7) + o(s?),
r ) (Ly)+8 Pl(j,g)+53p2(jaﬂ)+0(53)’

Winn (8, T, ) = w, + scos(4E
X (8) = X + 8K1 + 82KCa + o(s?),

@1

where (¢;, s, p;) € Z and K; are constants for i = 1,2, o(s3) terms in U (s, Z, §), Vmn (8, &, 7)

and Wy, (s, Z,§) are taken in X-topology, o(s?) in term Y, (s) is a constant. It is easy to see

d1 At (5, &, §) = —Samnd1k? cos(ZET) cos(B2g) + s*°d1A¢y + s°d1 Aga + o(s?),
do AV (5, %, 1) = —Sbmndak? cos ("x) cos("Fg) + s2do Avp1 + s3daAtpe + o(s3),  (5.19)
d3Awpmn (s, T,7) = —sdsk? cos(EZ) cos(EG) + s?dsApr + s>dzApa + o(s?).

Moreover, from the Taylor’s expansion, we have

f(umn(37 j'a g)? Um’ﬂ(svjju g)v wmn(swi"g))

= T+ 5((utmn + Fobran + J) cos( ™) cos(" 7)) 2 (s + oo + Fupr +
nmwy

)cos?(*1))

mnx

1 _ ~ ~ B B
5 (fuua?nn + fvvbgrm + fww + 2fuvamnbmn + 2fuwamn + 2fvwbmn) COS2(

T nmwy

+ s (ﬁﬂf)z + fotba + fup2 + (Fuumn + fuvbmn)ér cos(mL )COS(T)—I—

- - MmT nwy - - -
(fuvamn + fvvbmn)¢1 COS( L )COS(Ty) + (fww + fuwamn + fvwbmn)pl X
nmwy

nmwy - - mni 1, - _
COS(Ty) + (fvw¢1 + fuw¢1) COS( L )COS(T) + 7(fuuua§rm + 3fuuva%lnbmn

7 )
+ 3fum)amn mn + fm}v + fwww + 3fvvw mn + 3fvww mn + 3fuuwamn + 3fuwwamn+

- mmnx n
6 fuvw@mnbmn) cos?’(T) cos3(Ty)) + o(s%),

(5.20)
Fo_9f _ _ .
Where fu o % ’ (u’v7w):(u*7v*7w*)’ fuu o 6’[/,2 |(u,v,w):(u*,v*,w* ’ f’LL’U/LL - 8u3 ’(U,'U,UJ):(U*,’U*J,U*) ’ Slml_

la‘r mea‘nings for f’l)? f’w, f_U’lH f’UU? fuwa fU’LU’ fwwa fuuva fuvva f’UUU’ fwww» fvvwa fU’LU’LU’ ]‘T’Ltu’llh fuwwa fuvw-
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For g and h, we also use this kind of denotation. Similarly, we can obtain the Taylor expres-

sions Ofg(umn(svjag)vvmﬂ(svi'ag)vwmn(sa i‘a g)) and h(umn(sa '%7g)a Umn(sa j»?))a wmn(S,jag))'

v . (Umn(sa i'v g)vumn(37 -%7 g))

mm mmnx

m”)cos(%g))+s2((7)2amnbmnsin2( ) oY)+

= s( — Uamnk? cos(

(55 armnbimn €052 (") sin®(“TY) = K2amnbmn cos* (M) cost (") + v, A )+

- . 5.21)
s(_mT e D Dby ommE, nmg w6
s ( 7 (amn % + bimn aj)bm( 7 ) cos( 7 ) 7 ( mn s + b ag)x
cos(ngg) sin(mli ) + v Ap2 + bn Ay cos(mEM) COS(?) — k2 @ty X
MmTT nmwy
cos( 7 ) cos(—— 7 ))—i—o( ).

By evaluating K; in the fourth equation of (5.18), we have

Lemma 5.3 Suppose that all conditions in Theorem 5.2 are satisfied. Then for each pair

(m,n) € N2\ {(0,0)}, K1 = 0 and the bifurcation curve Ty (s) is pitch-fork.

Proof Substituting (5.18)-(5.21) into the second equation of (5.1) and collecting s*-terms
yields the following equality:

1
d2A¢1 + §u¢1 + ngl + gwpl + 5 (guuagnn + gvvb%rm + Guwt

B _ _ mmx nwy
2Guvmnbmn + 2Guwtmn + 2g'uwbmn) COSQ( I ) COSQ( Ly)

mm . mmx nmwy
an (( I )2amnbmn Sln2( I ) COS2(Ty) + v AP+ ( )
z U = ~ 5.22
nmw MTT, . o N mnx nm
( T ) amnbmn COSQ(T) Sln2(Ty) — k@ bmn c0s*( )cos2(Ty)>+

mm nmy
K104 k> cos( y

:i) COS(T)’ (invg) € Qv
dp1 01 Op

o o 0 @) e

mn 7]

Multiplying the first equation in (5.22) by cos(™f%)cos(“F%) and integrating it over € by

noting that Neumann boundary conditions yields
L((g — XS v k2) / d1 cos(
A Vs k2 WY mn

/ U1 cos(mﬂ
Q

)cos( )dxd + (o —dzkg)

Ky =
(5.23)

L
cos( dacdy + Guw / p1 cos( cos( )d:cdy)
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Substituting (5.18)-(5.21) into the first and third equations of (5.1) and collecting their s2-

terms give us

diAd1 + fudr + foibr + fupt + 5 (Fuutin + foobrn + fuwt
2 fuv@mnbmn + 2fuwmn + 2 fowbmn ) COS2(m£m) Cos2(mry) =0, (Z,7) € Q,

d3Ap1 + hudr + hotbt + hewpt + 5 (huua2,, + howb?, + huw+ (5.24)
2w @ bimn + 2P @mn + 2hwbin ) cosz(mgm) cosz(mry) =0, (z,9) € Q,

0 0 9 T,y
G=%=%=0 (@peon

mnZ nry

Multiplying the first two equations in (5.24) by cos(™f*) cos(“?) and noting that Neumann

boundary conditions and integrating them over €2 by parts yield

(— dik? + fu) / h1 cos(mmc) cos(@)da}dﬂ + fv/ Y1 cos(mmj) cos(@)d:idgj—k
0 L L 0 L L
fuo 1 COS mre cos Y dzdy = 0,
fuw | dreos(— 7 J
; mnZ nwy mnT nmwy (5.25)
hy [ @1 cos( ) cos(—y)dzi‘dgj + hy / 1 cos( ) Cos( )d:ndy—i—
o L L o L
( — d3k® + Bw) / P1 cos(mﬂx) cos(@)did;g =0.
Q L
Noting that (¢1,11,p1) € Z as defined in (5.13), we have
/ ¢1 cos( cos(%)dfvdgj + bmn/ (7 cos(mﬂx) cos(%)didg]—i—
mnZ nwy ’ (5.26)
/Qpl cos( 7 )COS(T)dJ}dy =0.
From (5.25) and (5.26), we arrive at the following equations:
—dik®+ fu fo fw fQ ¢1 cos( Li)c s( Lg)dzndy 0
hu hy —dsk®+ hy Jo Y1 cos( gi) co s("zg)dxdy =10 [|. (527
Gmn brnn 1 Jo p1 cos( gi) co (M~)dxdy 0

Noting that f, = Ji3 = 0 and h, = J3; = 0. The determinant of the coefficient matrix M in
system (5.27) is

Det(M) = (=dik? + fu)hy + fo(—d3k® +h )amn — (—d1E* + fu)(—d3k® 4 hy)bmn

(d3 - )fu (dle fu)(d3]{;2 h )d3k;2 i_L > 0

— (= 2 f.)h f - ? h
= (=dik” + fu)ho + fo(—dsk +h“’)(dﬂ#—fu) o "

Hence we have

/ngﬁlcos(mzx)cos(T):/lecos(mzx)cos(T):/Qplcos(mzm)cos(L):O,



which implies that K1 = 0 and thus we finish the proof of the lemma. [ |
Next, we present another version stability result about the unique positive spatially ho-
mogeneous steady state F, in this subsection, which is useful for analyzing the stability of

the bifurcating non-constant steady states.

Lemma 5.4 Assume that (A1) and (Az) hold. Furthermore suppose that 51vs < (vs + wy)?

(ﬁQ_/Bl)u* JoWx

and (ustvs)? < (Vs Fws)?

are satisfied. Denote

S H
xo=  max ST 5.98
0= B oo } (5.28)

where X, 15 given in (5.9) and xI., is given in (5.29) which specified within the proof. Then
the unique positive spatially homogeneous steady state E,(us, v, wy) is locally asymptotically

stable if x > xo and it is unstable if x < xo-

Proof From the assumptions d1vx < (vs + wy)? and ((ﬁj_ﬁj))%* <G 5115}* jz, We have (fli% —

w, < 0and & (Qu_ilgf); — (gjij;’i*P < 0. A direct calculation yields that

r3(x, k) > 0 if and only if x > x>,

r1 (6 k)2 (6 k) = r(x, k) > 0 if and only if x > Xgan.
where x5, is given in (5.9) and

g (di(dids + did3) + (d2 + d3)(dida + dads + dsdy))k®
Xomn = (di + d2)veJi2k? — (J11 + Jo2)k?
((d1 + d2 + ds)d1 (Jag + J33) + didaJin + d3(Ji1 + Js3) + dadsJss + didsJip ) k!
(dl + dQ)'U*J]_Qk4 — (Jll + JQQ)k2
((dg + d3)d3(J11 + JQQ) — (dldQ + dods + dgdl)sl)k4
(di + do)vsJiok* — (Ji1 + Jo2)k?
(dlsl(JQQ + J33) — (d1 +dy + d3)82 + dgsl(JH + J33) + d3$1(J11 + JQQ))k2
(d1 + d2)viJ12k? — (J11 + J22)k?
. (d1(J2aJ33 — JagJs2) + doJi1Jss + ds(Ji1Jaz — JiaJo1))k? — s182 + s3
(di + d2)vsJiok* — (Ji1 + Jo2)k? ’

_l’_

(5.29)

where J;; with 4,7 = 1,2, 3 are given in (4.2). Therefore (u., vy, w,) is locally asymptotically
stable if for each pair (m,n) € N2\ {(0,0)} such that x > xo, while is unstable if there
exists one pair (m,n) € N2\ {(0,0)} such that x < x5, or x < x,, that is, if x < xo over
(m,n) € N2\ {(0,0)}. This completes the proof. |
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Remark 5.5 From Lemma 5.4, we know that system (1.3) undergoes Turing instability when
the chemotactic factor x crosses the critical value X;'?m. On the other hand, Theorem 5.2
says that there exists a unique one-parameter curve Uiy (), s € (—k, k) corresponding to the
non-constant positive steady states of system (1.3) bifurcates from Ey(us, Vs, wy) at X = X0,
which shows that the existence of non-constant positive steady state is close related to Turing

instability and pattern formation.

Remark 5.6 Lemma 5.4 also implies that the predator-taxis may annihilate the spatial pat-
terns and induce the unique coexistence steady state even thought the chemotaxis coefficient
is sufficiently large, which is also illustrated in [31] and [32]. This phenomenon is possibly
occurs in predator-prey interactive population models because some predators know how to
hunt evasive prey. For example, fish predators know how to pursue and capture evasive prey

once they find, which have been disclosed recently by Matthew J. McHenry in [52].

We proceed to the stability analysis of the bifurcating solutions (tn (S, Z, ), Vmn (S, Z,J),
Winn (S, T,7), Xmn(s)) with s € (—k, k). Since 0 is a simple eigenvalue of operator
D(um’w)A(u*,v*,w*,X?ﬁn) with one-dimensional eigenspace N(D(u’v’w)A(u*,v*,w*,xfm)) =
spany{ (tmn, Umn, Wmn)} given in (5.10). According to the arguments in [51, Corollaryl.13],
this branch of solutions will be asymptotically stable if the real part of any eigenvalue A of the
following linearized system of (5.1) around (wmn (S, Z,9)s UVmn (S, T, ), Winn (S, Z,G), Xmn(8)) is

negative:

D(u,v,w)A(umn(S) T, ), Vmn (8, T, 9)s Winn (8, T, 9), Xmn (8)) (u, v, w) = A(s)(u, v, w), (5.30)

for (u,v,w) € X x X x X. We now give the following stability results of the bifurcating

non-constant positive steady states.

Theorem 5.7 Assume that all conditions in Theorem 5.2 and Lemma 5.4 are satisfied. Let

Con(s) = {(umn($,Z,9), Umn (S, Z,9), Winn (S, Z,7), Xmn(8))}, s € (—k,K) be the bifurcation

branch given by (5.14). Denote xo = max (xS xB Y which is the same as given in
(m,n)eN\{(0,0)}

(5.28), and assume that x5, # x2, for all (m,n) € N2\ {(0,0)} holds. Then the following

statements hold:

; _ H S S :
(1) If Xo = Xomyny > (m,n)g\ligii{(o,O)} Xons then Top(s) near (s, Vi, Wy, X5,p) S always unsta-

ble for each pair (m,n) € N2\ {(0,0)}.
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(i) If xo = st;zono > m n)g}\l{g{f{(o o) xH . then we have the following results
.. _ Ji2(J21—=X3, . vik?)
(ii.a) when Zg = 1 + (JB‘?)JQ_‘”'&];’;S)Q - (Ju—dl(;cg(;Q = > 0, Dygno(5),s € (—k, k) near

(u*,v*,w*,xiono) 1s locally asymptotically stable when Ko < 0 and it is unstable when
Ko > 0;

.. - _ JoaJ J12(J21— X np Vxkd)
(72.b) when Zo = 1+ (J332—3d;/§(2))2 + (Jn—dl(;ﬂ(z)(;z
(u*,v*,w*,xfnono) 1s locally asymptotically stable when Ko > 0 and it is unstable when
Ko <0y

(11.¢) Tynn (8) near (g, vy, Wy, X0 45 always unstable for pairs of integers (m,n) € N2\

{(0,0)} satisfying (m,n) # (mg,no) and m? + n? # m + n3;

< 0, Trgno(8), s € (=K, k) near

Proof To prove (i), according to the standard eigenvalue perturbation theory in [53], we shall
study the limit of eigenvalue system (5.30) for each pair (m,n) € N2\ {(0,0)} as s — 0, that

is, the following eigenvalue problem

diAu + Jyu + Jigv = A, x = (Z,7) € Q,

daAv + X 0sAu + J211f + Jagv + Josw = dv, x = (£,7) € Q, (5.31)
d3Aw + J3ov + J3z3w = \w, X = (7,7) € Q,
%:%:%:0’ x = (Z,y) € 00.

mn nwy

Multiplying (5.31) the first three equations by cos(™[*) cos(“7¥) and then integrating them

over {2 by parts and noting Neumann boundary conditions, we obtain

—d1k% + J — ) J12 0 fQ u cos(" &) cos( "y )dzdy
—X;S;mv*k2 + Jo1 —dak? + Jag — A Jos fQ v cos( ") cos(Fy)drdy
0 J32 —dsk? + J33 — A Jo w cos(BET) cos(ZEy)dady
=(0,0,0)".
(5.32)

Clearly ) is an eigenvalue of (5.31) if and only if the coefficient determinant of (5.32) is equal

to zero, i.e.,
—d1k2 + Ji1 — 5\ J19 0
—X;g,mv*k2 + Jo —d2k2 + Jog — 5\ Jog =0,
0 J32 —d3k® + Jz3 —

which gives the following characteristic equation
5\3 + 71 (X'r‘s;ma k)5‘2 + r2(X'r€1n7 k)j‘ + r3(X§1n’ k) =0, (533)
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where the coefficients 7;(x5,,,k),i = 1,2,3 are the coefficients r;(x,k)i = 1,2,3 defined
in (4.7) evaluated at x = x5,. It is easy to see that characteristic eq.(5.33) has a root
with positive real part if r3(x5,, k) < 0 or 71(Xoms k)T2(Xohns k) — 73(Xoms k) < 0, which

means if x5, < )}{xin,xgn} = X0 = X ,, for (m,n) € N2\ {(0,0)} or xo =

max

(m,n)eN2\{(0,0

Xonono > max X1 satisfying (m,n) # (mg,no) and m?+n? # m2+n2, we infer from
(m,n)EN2\{(0,0)}

Lemma 5.4 that the characteristic Eq. (5.33) always has at least an eigenvalue with positive

real part. According to the standard eigenvalue perturbation theory (see, for example [53]),

the linearized system (5.30) has a corresponding eigenvalue with positive real part when s is

S

sufficiently small, which implies the non-constant steady state I';,,

is always unstable near
(s, Vs, Wi, X5,). Therefore, the proof of (i) and (ii.c) are completed.

Next, we proceed to investigate the stability result about the bifurcating nonconstant
steady state (Umgno (S, Z,7), Umono (S, T, ), Wmgno (S, T, 7)) of (i7). In view of Corollary 1.13 in
[51], there exist an interval I with Xowono € I and two continuously differentiable functions
A:Il=(-kk) =R, pu:1— R with A(0) = 0 and 1(Xomono) = 0 such that A(s) is an

eigenvalue of (5.30) and p(x) is an eigenvalue of the following eigenvalue problem
D (,0,0) AU, Vs i, X) (u, v, w) = pu(x) (0, v, w), (uw,v,w) € Xx X x X, (5.34)

Furthermore we know from [51] that the eigenfunction of (5.34) can be represented by
u(x, z,9) = (u(x,z,9),v(x, %,9), w(x, Z,7)), which depends on x continuously differentiable

and is uniquely determined by

(W(Ximgnos & 5)s V(Ximgng » & ) W (Ximgno s & 7))
noTY momx noTY momx nomY

(}/ ) cos( i )5 bmgng €os( 2 ) cos( 7 ), cos( T ) cos( 7 )

= (Gmgng €Os(

and u(x, Z,7) — (W(Xmonos T ) V(Xmonos T 9)s W(Xmongs T, §)) € Z, where among, bmono and Z
are defined in (5.11) and (5.13) respectively. It follows from (5.34) that

diAu + Jiiu 4+ Jiov = pu,

(5.35)
dsAw + J3ov + J33w = pw,

8u_8v_8w_0
)

(Z,9)
daAv + v Au + Joru + Jagu + Josw = pv,  (Z,7) € Q,
(Z,9)
ov — Ov ~ ov ( )
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Differentiating (5.35) with respect to x and then letting y = X'ﬁmnov we have

dy A+ J11i 4 J1o0 = f(XEhgng ) @mono €08 ZEE) cos(SEL ), (Z,9) € &,
do AV — Vy@mgno ki COS(%) cos(%) + Xmonov*Au + Jo1tt + Jag¥ + Jozw
= (X5 ) brmgno cOS(E ) cos (), (%,9) € Q,
ds b + a0 + Jagth = [u(x5,,) cos( 9L ) cos("9L), (Z,9) € Q,
==tz =0, .)€ 0,
(5.36)

where k% = ("07)% 4+ (™07)2 the dot sign " in (5.36) denotes the differentiation with respect

to x evaluated at xy = Xg%ono’ that is, u = M‘ the same meanings for v and w.

0
Multiplying the first three equations in (5. 36)be jos?%o‘g)x) cos("(fy) and integrating them
we obtain
Jin — dik3 J19 0 Jq tcos(E &) cos(“Ey)dady
Jo1 — X%Onov*kg Joog — dak? Jos Jo U cos("EZ) cos(BEy)dEdy
0 J32 J33 — d3k? Jo w0 cos(BET) cos(BEg)dzdy (5.37)
O ) s O g + F80mone s By,
We denote by A the augmented matrix of the algebraic system (5.37). Then we have
Jin — dikg J12 0 F(Xmgno ) @mong ]Zf
A= oy = XSugvekd Joo—dokB Jay i bmgng &+ HBemora
0 J32 Js3 — dskd ﬂ(X%OnO)LTQ
Ji — dikE J12 0 (X ohmo ) Gmono L42
— 0 J32 Js3 — dskj :U’(Xmono)lf
J21 = XoponoUskt Ja2 — dak Jo3 ﬂ(X%Ono)bmono Tt %O"OH
Jin—dikd  Jie 0 (Xngno ) @mono L42
- 0 Jza  Jsz — d3kg :U’(Xmono)% ’
0 O Jog O
(5.38)

2

J. v
- 2 21— X «k 0 . L
where ©1 = Jy — dokf — ——2"%5—Ji2 and Oy = (Xmono)bmono 4 + k‘ov*amono T

J11 d1k2
J21_X7Sn n, U*k?2 . C. .
Jn_—?ilokgou(xmono)amono +- From (5.37), we know that the coefficient matrix is singular.

Since the algebraic system (5.37) is solvable, it follows from (5.38) that

. 2
J32 _ Ja3— dsk3 _ (X homo) 5 (5.39)
CH Jo3 O, ' '
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Solving the second equality in (5.39) gives us

- S
wN(Xano) =,

where

w =(J11 — dik3)?(J33 — d3kd)? + JozJaa(J11 — dikd)*+

J12(Js3 — dskg)? (a1 — Xigmevek0)) (5.40)
JogJ39 J12(J21 = XoongUsk)
=(J11 — d1k2)?(J33 — dsk2)?( 1 momo
( 11 1 O) ( 33 3 0) < +(J33—d3k'3)2 (Jll_dlk%)Q )7
and
v = J12(J11 — dlk’g)(Jgg — d3k8)2k§v* < 0. (5.41)
So if we denote
= =14 Ja3J32 J12(J21 = X5homyUsk)
(J33 — d3k})? (Jin — dik3)?2

then we have i(X5n,) < 0 if o > 0 while fi(x5,,,) > 0 if Z9 < 0. In view of Theorem 1.16
in [51], near s = 0 the two functions A(s) and —$Xmono (8)ft(Ximon,) have the same sign. More

precisely, we have

lim _SXmO"OA(Zf Ocnons) _ . (5.42)
Therefore, if =g > 0, then sgn(\(s)) = sgn(K2) because of £; = 0; while if Zy < 0, then
sgn(A(s)) = —sgn(Ka). Here Ky can be evaluated in terms of system parameters and we
include the details in Appendix B. This completes the proof of part (ii.a) and (ii.b). [

6 Numerical simulations

In this section, we devote to the numerical studies of dynamic behavior of system (1.3) in a
two-dimensional bounded domain Q C R? and want to investigate the effect of predator-taxis
x on the formation of two kinds of nontrivial patterns, that is, stationary Turing pattern
and oscillatory pattern, emerging from bifurcations xZ, X, respectively. Here the finite-
difference simulations use forward time and centred spatial differences for the interior points
with appropriate care at the boundary to accommodate Neumann boundary conditions in
two dimensional space domain [55]. For this purpose, we discrete in time, with time stepsize

0t = 7 > 0 and space stepsizes dx = dy = h > 0, using the following explicit-forward difference
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Figure 3: Formation of stationary Turing pattern of system (1.3) with different predator-taxis rates
for top-predator species u: ax = 1.6; bx = 1.23; ¢ x = 0.53. The other system parameters are the

same as those in Figure 1 (left).

Euler scheme:

k1 k k E ok .k
ui’j = ui,j + Td]_A'LL,L"j ‘l‘ Tf]_ (ui,j’ /U’i,j’ wi’j),
k+1 _ ok k E ALk k k E ko k
Vi =Vt TdoAvi'; + TXxv AW+ TX N vy g+ T fa(ug g, vi, wi ),
k+1 _ & k koo ko k
wiy T = wiy + Td3Awi; + 7 f3(uy, vi g wig),

where the discretization of the gradient term and the Laplacian term take the following form

1
& L. k k . . k k \T
V iy = 3 (an(i Duis g = g au(i Ui — uig)"s

Auﬁj = ﬁ[al(%])ui—l,j + ar(%])ufﬂ,j + aa(i, j)ui j_1 + au(d, §)ui j 1 — dug .

Here (i,7) denote the lattice sites and h is the lattice constant. The matrix elements of

aj, ar,aq, a, are unity except at the boundary. When (i,j) is at the left boundary, that

k
i—1,5

is ¢ = 0, we define q;(i,j)u = ufﬂ,j, which guarantees zero-flux of individuals in the
left boundary. Similarly, we define a,(,7),aq(i,7), ay(i,7) such that the no-flux boundary
is satisfied. Here to ensure the stability of numerical computation, the selected stepsize,
space stepsize and diffusion coefficients should satisfy the Courant-Friedrichs-Lewy stability
criterion, i.e., (di (ﬁ + W) ot < %) fori=1,2,3.

Also it is well known that the system dynamics depends on the choice of the initial con-
ditions. If the initial spatial distribution of the two species is spatially homogenous, then
the distribution of species would stay homogeneous for any time, and no spatial pattern can
emerge, which is not interesting. To get a nontrivial spatiotemporal dynamics, the initial
condition has been taken as a small random perturbation to the homogeneous steady state of

the system for the subsequent simulations if we don’t make a special statement. It is to be
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Figure 4: Formation of stationary pattern of system (1.3) in two-dimensional domains for the
three species u, v, w by steady-state bifurcation near the unique spatially homogeneous steady state
(0.6999,0.3,0.9954). Here y = 1.5 < xo = X§,7 ~ 1.9544. The other system parameters are given
as f1 = 10/3,B2 = 9,71 = 1,72 = 1,8 = 0.02,62 = 9.5,d; = 10,ds = 0.02,d3 = 0.1. Initial datas
are (ug, vo, wo) = (0.6999 + 0.01 cos 2= cos 772, 0.3 4 0.01 cos 722 cos 7%, 0.9954 + 0.01 cos 722 cos 74

with L = 20.

noted here that, the time at which we stopped the simulations is sufficient to assume that the

patters attained the stationary state and they do not change further with time.

6.1 Stationary Turing pattern

The results are shown in Figure 3 and as expected, we obtain a stationary Turing pattern.
The system parameters are chosen the same as those used in Figure 1(left), which located in
the Turing domain II of Figure 1(right). With these parameters, it is easy to check that all as-
sumptions in Theorem 4.5(73) are satisfied. As can be seen from Figure 3, the unique spatially
homogeneous steady state (u., vy, wy) = (0.4667,0.2000, 0.8000) loses its stability to Turing b-
ifurcation when the predator-taxis rate  crosses its threshold value x! = x§ ~ 1.6563. These
numerical simulations support the related results obtained in Theorem 4.5(ii). Moreover, we
also find that the Turing pattern undergoes pattern transition from spot pattern to long stripe
pattern via the mixture of spots and short strips as the decreases of the chemotaxis rate ¥,
which can be interpreted by the amplitude equations of pattern. Here we choose time stepsize
o0t = 0.01 and space stepsizes dx = dy = 0.4 to satisfy the Courant-Friedrichs-Lewy stability
conditions.

Figure 4 is devoted to verify the effectiveness of our Theorem 5.7. It is easy to check that
all conditions in Theorem 5.7 are satisfied under this set of parameters. By calculation, we

find Q(x, k) > 0 for all x > 0 and k£ > 0, which means that yo = max  {xJ., xE 1=
(m,n)€N2\(0,0)
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Figure 5: Formation of stationary pattern of system (1.3) in two-dimensional domains for the

three species u, v, w by steady-state bifurcation near the unique spatially homogeneous steady state
(0.6999,0.3,0.9954) with L = 30. Here all the system parameters and the initial datas are the same

as in Figure 4.

max  {x2,}. Furthermore, from the expression of X, we find that the value of x5,
(m,n)€EN2\(0,0)
varies from nonnegative to positive at first and then to nonnegative again as the increase
of wavenumber k, so it will attain maximum at some finite wavenumber k. By calculation,
we obtain max  {x>.} = x5, = 1.9544. Moreover, 5y = 0.9986 > 0 and Ky =

(m,n)€EN?\(0,0) ’

—3.3213 x 10% < 0 when xo = ng = 1.9544 and L = 20. Therefore a bunch of stable spatially
inhomogeneous steady states I'7 7(s) for s € (—k, k) bifurcates from (0.6999,0.3,0.9954) as x
is close to its critical value x¢ according to Theorem 5.7. Numerical simulations in Figure 4
support the theoretical findings about the stability of the bifurcating steady states. Here the
time stepsize and the space stepsizes are chosen as dt = 0.01 and dx = dy = 1 to satisfy the
Courant-Friedrichs-Lewy stability criterion. In Figure 5, we observe different kinds of stable
stationary Turing patterns with different spatial size L = 30 via steady state bifurcation near

E, (tx, vy, wy), here the system parameters and initial conditions are chosen the same as in

Figure 4. This shows that spatial size L can affect pattern structure.

6.2 Oscillatory pattern

Our next set of numerical simulations are devoted to demonstrate that system (1.3) admits
oscillatory patterns through spatiotemporal Hopf bifurcations. Here the system parameters
are chosen in Turing spatio-temporal Hopf bifurcation domain IV of Figure 2 (right). We
shall show that the spatially homogeneous steady state (us,vs,ws) = (0.35,0.4325,0.9368)
loses its stability to time-periodic orbits under this set of parameter values. As is shown in

Figure 6, we observe oscillatory pattern formation as the chemotaxis rate y = 4.0 crosses the
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Figure 6: Formation of oscillatory pattern of system (1.3) for the three species w,v, w over Q =
(0,80) x (0,80) (bottom) and the time history of three populations %, v and w (top), where 4 :=
w(5,5,t),0 = v(5,5,t),w := w(5,5,t). Here x = 4.0 > xX = 3.5609 and the other system parameters

are the same as in Figure 2 (left).
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Figure 7: Formation of oscillatory pattern of system (1.3) in two-dimensional domains with
different lengths for top-predator species u (top) and the corresponding time history (bottom):
aL=8 bL=9 cL =12 The system parameters are 72 = 1,y1 = 1.5,51 = 2,82 =
10,61 = 0.5,02 = 6, x = 10,d1 = 0.002,d2 = 0.01,d3 = 0.001. Here x = 0.384.
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Figure 8: Formation of oscillatory pattern of system (1.3) in two-dimensional domains with different
chemotactic factors for top-predator species u: y = 8(left), x = 8.8 (middle), x = 9.5 (right). The

other system parameters are the same as in Figure 7.
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critical value 2 = 3.5609, which is oscillatory not only in space but also periodic in time. We
also observe different kinds of oscillatory patterns in two-dimensional domains with different
lengths in Figure 7 and different chemotactic factors in Figure 8. Here the time stepsize
6t = 0.01 and space stepsizes dx = dy = 1 are chosen to satisfy the Courant-Friedrichs-Lewy
stability conditions. As can be seen from Figure 7 and Figure 8, the change of spatial size L or
the chemotactic factor x has an important effect on the bandwidth of the periodic oscillatory

pattern.

6.3 Non-Turing pattern

In this subsection, we investigate non-Turing pattern through numerical simulation. For this
purpose, the parameters are chosen in the temporal Hopf bifurcation region which is a non-
Turing domain. As we know, the type of model dynamics depends on the choice of initial
data. If we choose a purely homogeneous initial conditions then the system stays homogeneous
forever and no spatial pattern emerges, if we choose a weakly perturbed initial conditions then
the pattern also evolves to the homogeneous distribution eventually. To get a inhomogeneous
spatial pattern, following [11, 54], here we choose a strongly perturbed unsymmetrical initial

species distribution as follows:

= uy — €1(T — 100) — e2(y — 100),
(IC)stro.Pert. * § v = v, — €3(T — 150) — e4(y — 50),
w(#,7,0) = wy — e5(F — 0.15 — 125)(z — 0.1 — 275),

where € = 1.5 x 107%, 65 = 1.0 x 107°,e3 = 1.0 x 107%,e4 = 2.0 x 1074, e5 = 1.5 x 107".
Snapshots of the spatial distribution under the initial conditions (IC')stro.pert. as time evolu-
tion are shown in Figure 9, where the parameter are chosen as: 71 = 1,79 = 1, g1 = 10/3,
Ba =10, 01 = 3.2, 9o = 10, x = 0.1, d; = 0.01, d2 = 0.02 and d3 = 0.03. It is easy to check
that this set of parameter set belongs to a Non-Turing domain because the equilibrium FE,
of the corresponding ODE system (4.1) is unstable according to Theorem 4.1 (i7). As can be
seen from Figure 9, at the beginning, the spiral wave grows steadily as the time evolution (cf.
Figures 9a and 9b). After a period of time, the center of spiral wave loses its stability and
results in some irregular spatial structures grow steadily at its center (cf. Figure 9d). Then
the destruction of center also triggers the spirals lose their stability on the boundary as time
further evolution (cf. Figure 9e). Furthermore, the new spirals emerge in the center of the
domain (cf. Figures 9f) and persist for some while (cf. Figures 9g and 9h). Finally the ir-

regular spatial pattern occupies the whole domain (cf. Figure 9i). Here the evolution process
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Figure 9: Non-Turing pattern evolution of top-predator species u of system (1.3) for different times.

The system parameters are given in the text.
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Figure 10: Non-Turing pattern transition of system (1.3) with different parameter values d;
for the top-predator species u: a §; = 2.445, b §; = 2.45, ¢ §; = 2.455, d &1 = 2.46, e
01 = 2.465 and f §; = 2.5. The other system parameters are given in the text.
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of spatial pattern is slightly different from the observation in [54] because the destruction of
spiral waves not only occurs in their centers but also in their boundary and some new spirals
emerge in the center of domain accompanying time evolution.

To further investigate the effect of parameter §; on Non-Turing pattern formation, we
choose a set of different parameter values §; = 2.445, 2.45, 2.455, 2.46, 2.465, 2.5 and the
other parameters are fixed. As can be seen from Figure 10, when parameter 41 is very close to
its Hopf bifurcation critical value 17 = 2.4271, spiral wave pattern grows steadily as the slight
increase of parameter value 01 (cf. Figures 10a and 10b). However, as d; goes further beyond
its critical value, the spiral wave structure is very sensitive to the change of parameter value d;
and results in losing its stability gradually and surrounded by irregular spatial structures (cf.
Figures 10c and 10d); the irregular spatial structures gradually occupy the majority domain
as the value of parameter ¢; further increases (cf. Figure 10e), and finally the irregular spatial
pattern prevails over the whole domain (cf. Figure 10f). In a word, the parameter value d;

controls the appearance or disappearance of the spirals.

7 Conclusion and discussion

In this investigation, we explore a reaction-diffusion-chemotaxis food chain model with predator-
taxis effect, where the predator is top predator. By virtue of the theory of semigroups of linear
operators and some important embedding inequalities, we have established the global exis-
tence and boundedness of solution of the original system with arbitrary spatial dimension
N. Then by choose predator-taxis rate as bifurcation parameter, we study two types of pri-
mary instability: Turing bifurcation and Turing-spatiotemporal Hopf bifurcation. According
to our theoretical analyses, two kinds of important patterns are observed by numerical sim-
ulations. Finally, we also investigate the existence of non-constant positive steady state by
using abstract bifurcation theory. From the obtained results, we find chemotaxis can induce
non-constant positive steady state bifurcates from the spatially homogeneous steady state via
steady state bifurcation.

On the other hand, although from the stationary Turing pattern generating analysis,
specified in Section 4, the conditions admitting Turing bifurcation and stimulating stationary
Turing pattern formation for system (1.3) have been achieved, it is still not easy to find out
how to select the proper Turing pattern structures with Neumannn boundary conditions. As
a consequence, in coming future, one can derive the amplitude equations of Turing patterns

close to the onset of some significant system parameter, which will probably interpret the
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stability of diverse forms of Turing patterns with the structural transitions among them. In
addition, we only consider the anti-predator behavior of the intermediate predator v to the
top predator u. However, most of the bottom prey w possesses the ability to escape the risk
of being preyed by the predator v. Then it is difficult to prove the global existence of the
solution mathematically because the w-equation involving the gradient term Vv. We leave it

for future work.

Appendix A: The coefficients of Eq. (4.10) and Eq. (4.11)

Py =dydads, P3 = s3,

(51’[)*11)* 52U*w* ﬁZU*'U* BIU*'U*d2d3 Xﬁluzv*d3
P = (w, — 2% ) g4 — dyd :
! G” (m%%wﬁ) 12+<@@+wg2 02 ) P v o) T (u ton)?

. 0105 Wy 02V, Wy Bouy vy Blu*v*
= <w* (v + w*)2> <d1 ((U* +wie)? (us + v*)2> oz (us + vs)?

d1 016902 w? [162Us V2w d3 XB1uv, B 01 V5 Wi
(’U* + w*)4 (u* + 'U*)Q('U* + w*)2 (u* + 'U*)2 ('U* + w*)2 .
Qo =di(didy + dids) + (dg + d3)(did2 + dad3 + d3dy), Q3 = si1s2 — s3, (A1)
(62 - 51)'0*10* BQU*U* ﬁlu*v*
=(dy +do + ds)d " — didg———=
Q1 =(dy + da + d3) 1(11) + (on t wn)? (o T 0,2 +dy 2(u*+v*)2+

d% <w* _ ( (510*’11)* + Blu*v* ) +d2d3 <’UJ* _ ( 61’0*“)*)2) —|—d1d3 /Blj—*v*

Vs + ’U)*)2 (’U,* + U*)2 Vg + Wy

— B9)Us Uy 0oV Wy
+ (dg + d3)d3 <(»5’(1u fzg g . z+ - )2> + (dydy + dodz + dsdy)s1+
Bluzv*
di +dg)——
x(d1 + 2)(u*+v*)2,

5 _5 ohedol * Ux
Q2 =(d1 + da + d3)s2 + di151 <w*—|—(2 Dvswe  Pausv )

(U* + UJ*)Q (U* + U*)2
51U*UJ* ﬁlu*v* (51 - BZ)U*U* (52’1)*111*
d . — d
251 (w (’U* + 'UJ*)2 (U* + U*)2> +dss1 < (U* + U*)2 (’U* —+ w*)2

51521131[)3 511)*11}* 5211*10* ﬁgu*v*
—dy 2 (o, - -
('U* + w*)4 (U* + w*)2 (1)* + w*)2 ('U,* + 'U*)Q

g, P _ dwane B162usvw,
(tn + 022 (e +wa)2) 7 (e + 0:)2(0n + w,)2
02V Wy (/Bl - BZ)U*U*
+XQM+MV+ o) ) (4.2)
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Appendix B: The calculation of I,

First of all, substituting the asymptotic expressions (5.18)-(5.21) into the second equation of
(5.1) and collecting s3-terms yields the following equality:

MmmT ) cos( nmy
cos(——
L

daAv)g + Gud2 + Guth2 + Gwp2 + (Guulmn + Juvbmn)P1 cos( )+

T nwy _ N B
) COS(T) =+ (gww + GuwAmn + ngbmn) X

_ _ mT
(guvamn + gvvbmn)wl COS(

MmmnIT nwy ML nmy
p1 cos( ) cos(Ty) + (Gow¥1 + Guwd1) cos( ) COS(TyH‘
1(‘ 3t 3Guun @ bimn + 37 b2 + Gooobin + 7 3Guvwb?
6 Guuulmp, Guu U Omn + 3GuvvbmnOny + GuovvOmn T Gwww T 3Gvvw Oyt
mmx nwy
3ngwbmn + 3guuwa3nn + 3Guwwbmn + 6§uvwamnbmn) Cosg( I ) COSB(Ty)

mm oYn 0p1y . ,mni nmwy nmw oYn ol
= X (= (amn 2 T binn % ) sm(—L ) cos(—— 7 )+ — (amn 25 + bmn 9 ) %
cos(mﬂx) sin(@) — V5 Apgy — by Ay cos(mﬂx) cos(ni) + k2 apniby X

L L L L
Cos(mgx) cos(%)) + Kostpmnk? cos(mgx) cos(n—zy), (z,9) € Q,
Op; Oy Op; o .

mnx

Multiplying the first equation in (B.1) by cos(™f )cos("zg) and integrating it over ) yields

9 . -
Vel e, = (5o — ok?) / Wiz cos(T) cos(—0)dFdj + (Fu — vkX ) X
Q
/d)g Cos(m7r cos( )da:dy—i—gw/pg cos(mmj)cos( )dmdy X bnk? X
Q L Q L
2 X 2 uwvYWmn 7vvbmn vw T kQ mn
/¢1 cos mﬂx)coS( ngy)dicdﬂ—i- Juvmn + g 1-9 an ? X

b b
/ V1didi + GuuGmn + guv mn T Guw / drdEdf + Juw T Guwlmn + Gowdmn / o
Q

4
m7r mna
+Xfrzn 7 2Lmn /wl cos(

bmn
m7r / ¢1 cos(

g 'mr nwa
Xown = 7 2Lmn /@ZJl cos(

NThmn, 2nmy
+ 5T (/Qqﬁl cos(

r 2
)d:ﬁd@}+/¢1 cos( Trzm)cos( nLy)di“dgj)

dxdy—i—/ #1 cos( mLMN:)co (2Ly)d dy ))
2mnx 2
)dfcdﬂ—{—/gzﬁlcos( nzm)co( nLy)d Zdy)

)d:zdg+/9¢1 Cos(2WlL_jT£)co (2"Ly)d dj ))
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2mnx
L

nmw 2nm
Xfmbmn(L)Q/ é1 cos(
Q

3L2
128 (guuuamn + 3guuva$nnbmn + 3guvvamnbmn + gvvvbmn + gwww + 3gvvwb3rm

D)z~ b (TP [ rcos( T did
Q

+ 3Gvwwbmn + 3guuwa$nn + 3Guwwtmn + Gguvwamnbmn) . (BZ)

Similarly, Substituting (5.18)-(5.19) into the first and third equation in (5.1) and collecting

their s3-terms yield

d1A¢2 + fu¢2 + fvz/}Q + .pr? + (.fuuamn + fuvbmn)¢1 COS( T )Cos(nzy)+
(fuvamn + fvv mn)djl COS(m}jx) Cos(rwry) (fww + fuwamn + fvw mn)pl X

mnx

cos("E) cos("T2) + (fowtht + fuwdr) cos(EE) cos(*FL) + § (Fuuutinn + 3 fuuw@ipbmn
+3 fuvv@mnbin + fovobin + Juoww + 3Fovwbimn + 3fowwbmn + 3fuuwai, + 3 fuwwamnt
6 fuvw@mnbmn ) cos® (L) Cos?’(my) =0, (z,9)€9Q,

d3sApa + hyto + hoths + hywpa + (huw@mn + huwbmn)d1 cos(mgz) cos(”zgﬂ—

(huw@mn 4 Powbmn )11 cos(™2) cos("M) 4 (R + huw@mn + Rowbpmn) 1 X

cos(mgx) cos(”zy) + (hpwt1 + huwd1) cos(mg‘%) cos(%g) + %(ﬁuuuafm + 3hwuwwa?,,bmn
+3Rupw@mnb2 + Povubd . + Puwww + 3Rwswbm, + 3hvwwbmn + 3huuwwa?y, + 3w mn+

GfLuvwamnbmn) cos?’(mgm) cos?’(mry) =0, (z,9) €.

(B.3)

Noting that Neumann boundary conditions 8‘% = %ﬁi = %’J; =0, (z,7) € 09, we multiply the

two equations in (B.3) by cos(™%) cos("zy) and integrate them over €, which implies that

0=(fu — dlk‘Q)/quQ cos(mgi)cos(n%g)d:idg]%— ]‘_},/sz)g Cos(mﬂi)cos(n%g)didgj

r z y 7uv mn 7’[}me7’1/ 7vw ~ 7~
+ fw/ 02 cos(ml?_/m:)cos(%)dicdy~ + Juo@mn + +f / P1dady+
Q Q

4
fuuamn + fuvbmn + fuw / qbldi"dg] + fww + fuwamn + fvwbmn / 1dl‘dy+ LLQX
4 Q 4 Q 128
(fuuuaﬁnn + 3fuuva72nnbmn + 3fuvvamnb72nn + fvvvbfnn + fww’w"’
vavw nT 3fvww mn 3fuuwamn + 3fuwwamn + 6fuvwamnbmn) (B4)

0 = hy [, ¢2 cos(ZEL) cos("zg)d;idﬂ + hy o ¥o cos(ZEL) cos(%g)di“dg]—l-
A A A PO h A h PO 2
(Euuuagnn + gﬁuuva?nnbmn + 3Buvvamnb37m + Evvvb;{)nn + waw"i'

3vawb2rm + Sﬁvwwbmn + 3Euuwagrm + gﬁuwwamn + Gﬁuvwamnbmn) .
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Since (¢2,12, p2) € Z as defined in (5.13), we get

amn o @2 cos(m];r ) co (my)dxdy + by Jo 12 cos(m”i)cos("zg

7 YAz dg+
o, p2 cos(™EZ) cos(“H2 ) didj = 0.

Combining (B.4)-(B.6), we have that

fu—dik* £, fw o 2 cos(EE) cos(”zg Ydzdy C1
R, hy  hy — d3k? Jo 12 cos(™IE) cos(“i)dady | = | Co |,
Cmn bnn, 1 Jo p2 cos(mgi’) cos( "f Ydzdy 0

where

4 4
fww + fuwamn - fvwbmn / ~ g~ 3L% 3 n 2
d d - 7( uuu uUv mnbmn
A 0 praxray 128 f Amn + 3f a =+

Cp = — fuvamn + fvvbmn - f_vw / 1 dEdij — f_uuamn + fuvbmn + f_uw / drdidj—
Q Q

Sfuvvamnb?nn + fvvvbf)nn + fwww + vavwbgnn + 3fvwwbmn + Sfuuwagnn‘F
3f_uwwamn + Gfuvwamnbmn>a

Buvamn —"_ vab n - f, w ~ ~ Buuamn —"_ Eu bmn —"_ }_luw ~ ~

Cy= - vl = ]y / 1 dEdj — 4“ / 1 didj—
Q

hww + Buwamn -

hywb 3L% /-
A d~d~ T Tao (huuu huuv bmn
1 /ﬂpl Tdf — 1o al,+3 a,, +

Shuvvamnb?nn + vavb?nn + Nyww + Svawbgnn + Sﬁvwwbmn + BBuuwazrm"i_

\'—/D“

3Buwwamn + 6Euvw Arnbmn

Since the coefficient determinant det

—

D
/QSQ cos( mmv)cos( )da:d~ !

Dg’
~ D D
/Q¢2 COS<m£rx) cos(n%)dfdg = D—z, ng COS(mzw) Cos(nL )dxdy = sz
where

Cl fv fw fu_dle Cl fTw
Dl - C2 hv hy — d3k2 7D2 - ;Lu CQ hw — d3]€2 ;

0 bmn 1 Amn, 0 1

f _dlk f'v Cl fu_dlk2 fv fw
D3 = B h, Co |, Do= P he  he — dsk?

Amn, bpn 0 Amn, bmn 1
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(B.6)

M) > 0, solving (B.7) by Cramer’s rule, we obtain that

(B.8)



Next, to evaluate o, we need to evaluate the following integrals:
o o o 2mn 2wy, ..
¢1d:cdy, Tﬂldﬂfdy, Pldwdy, ¢1 COS( ) COS( )dxdya
0 Q Q 0 L L
2mnT 2Ny 2mmnT
/ 1 cos( mwm) cos( mry)dicdg],/ ¢1 cos( mmc)d:idg,
Q Q

L L L
2
/ 1 cos(
Q

Noting that K; = 0 and the Neumann boundary conditions, integrating (5.22) and (5.24) over

] 5 -
U\dizdy, / é1 cos( 7YY dzdg, / o1 cos(ZY)Vdzdy.
Q Q

Q by parts yields

fu fv .](Tw fQ ?bldi‘dg C3
Ju Gv  Guw fQ ?/Jldfdﬂ = C4 ’ (BQ)
Bu ]_7%0 Bw fQ P1 di‘d?j C5

where

L? - - - - -
C3 =— ?(fuua?nn + fwann + fww + 2fuvamnbmn + 2fuwamn + 2fvwbmn)7

., o, _ 9 _ _ _ _
Cp=—— (guuamn + gvvbmn + Guww + 29uvamnbmn + 2Guwmn + 2ngbmn)a

8
2

L- _ _ _ _ _
C5 = - § (huuazrm + hvvb?nn + hww + 2huvamnbmn + 2huwamn + 2hvwbmn) .

Solving (B.9) gives us

/d)ldaédgj:gl, /wldfcdg:&, /pld:%dg]:g?’, (B.10)
Q &o Q &o Q &o
where
C3 fv fw fu C3 fw fu fv CS fu fv fw
E1=1C Go Go |+ €| Gu C1 Gu |+ E=|Gu Go Ca|s &= | Gu Go Gu
Cs hy hy hy Cs hy hy hy, Cs hy hy hey

Multiplying the equations in (5.22) and (5.24) by cos(%zm) and then integrating them over

Q) by parts yields

—di (*77)* + [u o fu Jo 1cos( L) A dy
Gu — anv*(mTw)2 *dQ(ZmW) + Gv Jw fQ () COS 37:)dxdy
hu ho —d3(227)2 + hy, [y 1 cos(222)dzdy

= (Cs, Cr, C)", (B.11)
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where
L* - 72 F F F F
CG = - 7(fuuamn + fvvbmn + fww + 2fuvamnbmn + 2fuwamn + 2fvwbmn)7
L2

36l
m2m2

4 Xmndmn brn,

C7 = guuamn + gvvbmn + Guww + 2guvamnbmn + 29uwamn + 29vwbmn)+

L? - . . _ . .
CS = - (huua?rm + hvvbgnn + hww + 2huvamnbmn + 2huwamn + 2hvwbmn) .

16
Solving (B.11) yields
2 2 2 T
/ ¢1 cos( nzﬂx / 1 cos( nzmz) :;2), Qpl cos( mng) = ;i, (B.12)
with
CG f_v fTw
Fi=|Cr —da(E=)? + gy G :
Cs R, —d3(22%)2 + hy,
_dl(mTﬁ)Q + fu CG fw
Fo=| gu— G222 g 7
hu Cs  —d3(2727)2 + hy,
—dq (222)2 + f, fo Cs
F3 = Ju — X;?q,nv*(mTﬂ)Q —d2(2mT7r)2 +g0 C7 |»
hu hy Cs
_dl(QmTﬂ)Z"i‘fu fv fw
Fo=| Gu— Xm0 (37E)? —dp(*75)? + g, Guw
ha, By —ds (2’"“) + hy

Multiplying the equations in (5.22) and (5.24) by COS(Z”Ex) and then integrating them
over () by parts yields

_dl(%Tﬂ)2 + ]Eu fv fw fQ )dxdy
Ju — annv*(MTﬂ)2 _dQ(QnTﬂ)Q + v Juw fQ P COS( Lg)da:dy
P By —d3(2)2 + hy, o p1 cos(ZEE)ddy

= (Cy, Cr0, C11)" (B.13)
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where
L* - o2 F F 3 3
CQ =~ T4 (fuuamn + fvvbmn + fww + 2fuvamnbmn + 2fuwamn + 2fvwbmn)7
L2
Cio =— E(

n?n?

4
L? . T2 7 7 T T
Cll = - E (huuamn + hvvbmn + hww + 2hfuvamnbmn + 2huwamn + 2hvwbmn) .

guuazrm + gvvbzrm + Guww + 2§uvamnbmn + 2guwamn + 2ngbmn)+

anamnbmna

Solving (B.13) yields

2n7ry mry G / 2nmy Us
=22 14
/ ¢1 co / 11 cos =G ) p1 cos( 7 ) Go’ (B.14)

Gi=|Co —do(HE)?+ gy Gw ;
Ry

G3 = | Gu — XohnVs

G0 = | Gu— Xomve(25)2  —dy(2T)2 4 g, Guw
Bu 77,1} _d3(2n7r) +h

Finally, multiplying the equations in (5.22) and (5.24) by cos(Z2%) cos(2%%) and then

integrating them over ) by parts yields

—4d1 k2 + fo fo fu fo ML) cos( 20 ) didj
Gu — 4X5 0k?  —4dok? + g, Jw Joy 1 cos( anz) cos ( 7 g)dwdy
hu Ry —4d3k? + hy, o p1 cos(ZL) cos (222 ) didj)

= (C12, C13, Cra)7, (B.15)
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where

L?, - - - - - -
Ci2 =— ﬁ (fuuagnn + fv'ub»?nn + fww + 2fuvamnbmn + 2fuwamn + 2fvwbmn)7

L? _ _ _ _ _
Cl3 = - ﬁ (guua?nn + gvvbzrm + Guww + 2guvamnbmn + 2guwamn + 29vwbmn)+

2,2 2,2
mome +nemw
3 errmamnbmn’
2

2 . ) B _ .
Cia =— ﬁ (huua?nn + hwb%m + hww + 2R @mnbmn + 2huw@mn + thwbmn) .

Solving (B.15) yields

2mmx 2nmy 2mmx 2nmy
/¢1 cos( mﬂx)cos( mry)dﬁcdg]: Zl,/wl cos( mﬂx)cos( mry)djpdg:&7
Q 0 Q

L L L L Ho
2 T 2nmy
/Qpl cos( mme) cos( nLﬂy)di"dgj = Zi, (B.16)
where
Ci2 fo fu —4d1k* + f,  Ci2 fu
Hi=| Ci3 —4dok® + gy Juw yHa = | gu — Ax, vk Cis Jw ;
C1a Bv —4d3k‘2 + }_lw }_Lu Cia —4d3k‘2 + fLw
—4d1/€2 + fu fv 612
Hs = | Gu — dxonvik? —4dok® + G, Ciz |
ha hy Ca
_4dlk2 + fu ]Fv fw
Ho=| gu — 4X7§mv*/€2 —4dok? + o Juw
P R —ddgk?+ T

Finally, In light of (B.8), (B.10), (B.12), (B.14) and (B.16), we are able to evaluate Ky in

(B.2) in terms of system parameters.
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