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Abstract
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1. INTRODUCTION
Erkus and Srivastava [I1] introduced the multivariable polynomials defined as:

r 2z 1
hghm €T')(21’227 T ZT) = Z {H (gl)ll (l)l } ’

mili+malo+-+mpl.=n \i=1 L

where (A); = A(A+1)---(A+1—1) and (A\)g = 1. These polynomials have the generating function

of the form
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where & € C,(i = 1,...,r) and |t| < min{|z;|~%™,--- | |z,|~%™}. Duman [9] constructed a
g-analogue of these polynomials as follows:
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where the generating function is given by

r
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the g-integer of any m € N, is given in [4] as
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Inspired by the above research, for f € C(I), the space of continuous functions on I = [0, 1], endowed
with the sup norm ||.||, we propose the following sequence of Erkus-Srivastava type positive linear
operators:

) . r i ) o0 T (k) lk
L (i) = {H(ﬁﬁ)ﬂ;@n}z{ 2 {H(qn’q)l’“ (g;q))l }
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where <67(Lj)>n€N, (j =1,2,--- r) are the sequences of real numbers in (0,1), x € I}, and r,n € N.
In particular, if m; = 1,V ¢ € N then these operators reduce to the Lagrange polynomial operators
studied in [5] and in the case m; = i,Vi € N, they include Lagrange Hermite polynomial operators
discussed in [I]. The approximation properties of g-analogue of an integral type operator based
on multivariate g-Lagrange polynomials via summability method is studied by Agrawal et. al. [2].
The purpose of this paper is to study various approximation properties of the operators with
respect to the statistical convergence and the power series method.

In the following lemmas, we obtain the estimates for some raw moments of the operators defined

by (L.3).
(1) ... B(T)
’ WM (

Lemma 1. The operators Eﬁ?q ;5 x) satisfy
) ... g
£ P () =1, forallz e I

Proof. Using (1.1)) and (1.2)) , proof of the lemma is straight-forward hence the details are omitted.
O
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Lemma 2. For the operators Ly s x), we have

W ... g
E?L:lq By (u;z) = $m1ﬁr(tl)'
Proof. From the definition (1.3)) of the Erkus- Srivastava g-operator, we can write
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Using the elementary identities, 0
I by (I + 1), we have
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Lemma 3. The operators cﬁ:;l T (o) satisfy
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Proof. From the definition of the operator Ly’ " (.;z), we have
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Here,
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Since M < 1, in view of Lemma we get

> < g™,
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Finally, using the estimates of >, and ), in (1.4), we obtain

W ... g xmlﬁﬁf)
N I T (L)
q
Hence, we can write
1) . ) my g(1) my a(1)
A ) —a? < (g B~ 0) T 21 (B ¢ T
[n]q [n]q
As q, ) ¢ (0,1), for all x € I we have
my g(1)
) ... g LAY
OB 2y _ g2 < TPl (1.6)

[n]q

(1), (r)
P ()

Since the operator Ly, is linear and positive, using Lemmas and we may write

G 1) ... g )
0< Eﬁ’h’ B, ((’UJ—:E)Q;I) _ Lﬁ LBy ( )_QxEBn e Bry (u;x) —|—x2;
M) ... g
=  —222(1 - W™l < c% 7P (u?; x) — 2?
ma g(1) 1) ... g
or, —2z2(1—pMgm—1) z B /Jgf‘q v (s x) — 2°.
[n]q
Hence, in view of (1.6)), we obtain
my g(1)
(1) . (T) 1
2 ) =) < 2= e T a7
Njq
This completes the proof of the lemma. O

Throughout this paper, let ¢, € (0,1) be a sequence such that lim, o ¢, = 1 and lim,,_, ¢¥ =
B, 0<B<1.
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From the Lemmas it is clear that the sequence of operators Eﬁ P (

Korovkin conditions

.;x) satisfies the

1) ... gl
lm ||C0m " (e) —ei| = 0, fori=0,1,2,
n—oo

where e;(z) = x!, provided m; = 1. Hence, let us assume from now onwards that m; = 1. Then,
by Korovkin theorem,

lim (|22 ()~ fll = 0, forall feC(I). (1.8)

n—o0

Lemma 4. For each n € N, the operators Ly,
() |£/3n e B (U*(E;QL' ‘ _ 1 o ’Sll))l.;
(1

(ii) Lot (= wPia) < (1= 2(80) + q(B)ha? + 2

Proof. Using the Lemmas the proof is straight-forward. Hence, we omit the details. O

(1) . (r)
B By (:;x) satisfy the following

Now, we recall the definitions of the usual modulus of continuity and the Lipschitz class. Let
f€C(I) and A > 0 then the modulus of continuity w(f;A) given in[29] is defined as

w(f;A) = sup [f(u) = f(=)].

fu—z] <A
From [29], for any f € C(I) and u,z € I, we have

U—x
0 - g6l < (M5 4 1)wtrin. (1.9
For any f € C(I), the Lipschitz class is defined as follows:
Lipav = {f € 1)+ |f(2) — Fw)| < Mz —ul, 0 < v < 1},
where M > 0, is a constant depending on f.

The following result yields us an estimate of the approximation degree for the operators (1.3)) in
terms of the usual modulus of continuity.

Theorem 1. Let f € C(I) then for each x € I, we have

. (1')
£8P (1) = F)1 < 20(F5 vAman):
(1)
where Yn.q, = {1 = 2(85") + (1)) b+ [6"

nlqp

Proof. Considering the property ([L.9) of the usual modulus of continuity, the proof of the theorem
follows from (1.3)), Lemma [I| and the Cauchy-Schwarz inequality. O

Corollary 1. Let f € C(I) such that f € LipMU then we have
.. °
1255 () = f]] < 2Ma32.

2. CONVERGENCE VIA POWER SERIES METHOD

!
This section is devoted to the study of convergence of the operators E’B P in the sense

of power series method. Using this approach, Tas and Altihan [38] studled the Korovkin type
theorems for the sequences of positive linear operators defined on Cfa,b] and L,[a, b]. We verify the

e (")
Korovkin type theorem for the operators Eﬂ P G this method. We also prove with the help

of an example that our theorem is a non- tr1v1al generalization of the classical Korovkin theorem.
We construct a sequence of positive linear operators which satisfies the Korovkin type theorem via
power series method but does not work in the classical sense.

Let R > 0, be the radius of convergence of the power series

(t) = i ant" ', t € (0,R)

n=1
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where (a,,) is a sequence of non-negative real numbers such that a; > 0. A sequence of real numbers
(Br) is said to be convergent to the number [ in the sense of power series method[24][36], if for all
€ (0,R)

Zant” B =1.
t—+}% p

From[6], it is important to note that the power series method is regular if and only if for each n € N

tnfl

lim & — 0
t—r-  p(t)
Note that , if a, = 1forn > 1then p(t) = =5 and R = 1, in this case power series method reduces to
Abel method which is a sequence to functlon transformation and if a,, = 2 for n > 1 then p(t) = e

and R = oo, then the power series method reduces to Borel method. Both Abel’s and Borel methods
are defined via power series not by using matrix as statistical method is defined(see[6][39]). More
details about the power series method can be found in the papers[30], [33] and [40].

For any f € C(I), let us define

1 = .50 (r)
Ge(f =0 Z Lo P (fr)ant™ Y, t € (0,R) (2.1)
then G;(f;x) is a bounded positive linear operator.

Now, we verify the Korovkin type theorem[38] for the operators G; in the sense of power series
method.

Theorem 2. For all f € C(I), the positive linear operators defined by satisfies
lim [[G¢(f) — fI| = 0.
t—R

Proof. From equation (2.1)), we may write

oo

G.(f5) = (@) = == S (L (1) = @,

n=1

From Lemmal[I] we get

[CONPIO!
L'gf‘qn’ B (eg; ) — eg(z) = 0, which implies that ||Gt(eg) — eo|| = 0,
and hence

sup [|Ge(eo) — eoll =0
t—R—

Now, from Lemma |4, we may write

oo
1) .. g
Ge(er;2) — ey (z)] < POl Z Lo P (eg5 1) — e () ant” !

n:l

< Li — B za, "

o) o

Therefore,
1 _
[1Gi(er) —er]| < 7)2 — BM)ant" "t (2.2)

(1))

Since the sequence (1 — — 0, as n — oo, for a given € > 0 there exists ng € N such that

(1-8WM) < 5, for all n > nyg.



Hence equation (2.2]) becomes

no

1
1Gt(e1) — enl| < T Z B )ant™ . (2.3)
Let M = maxj<p<no{l — ,(Ll)}7 then
no
IGe(e1) —eall < 3 +M Zantn ' (2.4)
From the regularity condition of the power series method, we have lim;_, p— %)1 0. Hence For
a given € > 0, for every 1 < n < ng there exists v, such that
a,t" €
—— < —VR—-v, <t<R
p(t) = 2Mng 8
Let v = min;<p<n, Vn, we have
1 & €
— S g t" < — VR-v<t<R
p(t) ;::1 2M
Thus from equation (2.4)), we get
lim ||Gi(e1) — er]] = 0.
t—=R~
Finally,
1 & a0 g0 _—
|Ge(e2s ) —e2(x)| < o0 D 1Lw T (ea;w) — ea(@)|ant
n=1
© (1)
1 { 2 1 ZPn ~1
< —=> 227 (1-80) + nt"
p(t) 7’; [n]Q71
which implies that
1 0o i (1) )
16:ea) — eall < s 5~ {20 5 + 2 Aoy,
p(t) ; [n]Qn
Now proceeding in a manner similar to the proof of lim;_,z- ||G:(e1) — e1|| = 0, we obtain
Jim [[Gie2) — eal = 0.
Hence applying (Theorem 1,[38]), for all f € C(I) we have
lim [|G¢(f) — fI| = 0.
t—R
O

Next result concerns with the rate of convergence of the operators G; by means of the usual
modulus of continuity w(f; ).

Theorem 3. Let w(f;\) be the usual modulus of continuity then for any f € C(I), we have
1G:(f) = FIl < Mw(fi~(1)),

where () = \/p(lt Yoo {1+ ( —2)8" + qn (6(1 )2}ant™=t and M >0 is a constant.

Proof. Following the proof of (Theorem 2, [38]), we have
1G:(f) = fIl < M{w(f:7(2)) + [1Ge(e0) — eoll},



where v(t) = v/]|G:((u — x)2;2)|] and M > 0 is a constant. Since ||G;(eg) — eo|| = 0 and
1 B . g 9 _q
G((u—2)t2) = — E,n’ o ((u—x)% 1) ant”
t((u— )% 2) o(0) 2 Fr (( )% )
Lo o0 0 1
< o {2 L+ T fae,
p(t) nz_:l{ ' s
we have
1 oo
16:(u = 2% < 1 3 {14 (i = 280 + 0B bt
P(t el nlq,
Hence the theorem is proved. O

We conclude this section by giving an example of a sequence of positive linear operators that
converges in the sense of power series method, but it does not converge in the usual sense.
For each n € N, let us define a sequence of positive linear operators on C(I) as

(1) ... plr) ) ... gl
T 0 (fr2) = (L4 an) Lo, (f; ) (2.5)

where

o — 1, n=m' meN
"0, otherwise.
It is evident that the sequence (cv,) is dlvergent we show that it is Abel convergent to 0. For Abel
convergence a,, = 1 therefore p(t) = T and R = 1. By Cauchy root test and using the fact that
[t] < 1, we have

Hm [ Y™ = i ¢ =,
m—00 m—00

therefore the series Y °_, tm* =1 g convergent for |¢| < 1 and hence

o0
4
lim (1 —¢ L=,
Jm (=02,

Thus the sequence («,) is Abel convergent to 0. From equation (2.5), we get
(1 .. g(r) ) ... g .
Tog, ™ (eiw) = (L4 an)Laty) ™ (eiw), i =0,1,2.

For i =0,1,2 we have

) (r) W ... g
1T (o) —eill = sup |(1+aw)Lay ™ (eis2) — (o)
0<z<1
. g (")
< sup w% W essa) = )]+ o] sup 1275, ()
0<2<1
BB Bn)“wBJ)
< lLnle. (€:) — el + lan|[|Lnly, (ei)ll (2.6)
W) .. g
To show the convergence of the operators ’7"6: n £ in the sense of power series method, let us
define a linear operator on C(I}) as
(oo}

1 1) ... g e
Tilfia) = =5 > T (Frat ™,
n=1

For i = 0,1, 2, from equation ({2.6]), we obtain

1 & ... g 3
|| Ty (es;2) —ei(2)|]] < 7*2] Toon P (e x) — ei ()|
1 ; CORIC) 1 W ... g
Bl By Ba s 5B, —
< ?Z [Lrla, (e:) — eql|t" 1+IZI%IHE 40 (ea)[[t" 1.



) M ... g ) _
Since, the sequence ||££j‘qn’ P (e;) —eil| = 0, as n — o0, it also converges to 0, in the sense of

M) ... gl ) . .
power series method and the sequence \|L§:an’ B (e4)]| is convergent for every i = 0, 1,2, hence it

(1) ... g
is also bounded so there exists a constant M > 0 such that ||££7an’ P (e;)]] < M, for all n > 1

and ¢ = 0, 1, 2. Therefore, we have
e (1) ... g ad
ITe(eis2) — (@) < (1—=1) Y (1L 7" (&) — el + M1 =) Y ant"™ 1. (2.7)
n=1 n=1

Since the sequence («,) converges to zero in the sense of power series method, it follows from

equation ([2.7)) that
lim ||Ti(e;;x) —ei(z)|| =0, fori=0,1,2.
t—1-

Thus, the operators T; satisfy all the conditions of (Theorem 1, [38]), hence
im [|T;(f) = fI| =0
t—1

for all f € C(I).

Since the sequence (o) is not convergent in the classical sense to 0, therefore the classical
Korovkin type theorem of Gadjiev[I5] does not work here. However, Korovkin type theorem holds
in the sense of power series method.

3. A-STATISTICAL WEIGHTED CONVERGENCE

Fast[I2] and Steinhaus[37] introduced independently the concept of statistical convergence of
sequences of real numbers in the same year 1951. The application of the statistical convergence in
the approximations theory needs Korovkin type theorem in the statistical sense which is given by
Gadjiev and Orhan[l6]. Karakaya and Chishti[I9] introduced the concept of weighted statistical
convergence. Later Mursaleen et al.[27] rectified the definition of weighted statistical convergence
given in [19]. Mohiuddine[26] introduced the concept of statistical weighted A-summability of a
sequence and its convergence.

Let K be a subset of the set of natural numbers N. The natural density[13] of the set K is defined
as

e .
6(K) = lim — ; x (i)

where yx is the characteristic function on /C, provided the above limit exists. A sequence of real
number (av,) is to be converge statistically[12] to a limit [ if for each € > 0, 6{k € N : |ay,—1| > €} = 0.
In this case, we write st — lim,_,, a,, = [. For more details about the statistical convergence, the
reader may refer to ([7],[14],[22],[28],[34]).

Let () be a sequence of real numbers and A = (a,,) be an infinite summability matrix, then
the A-transform of the sequence (z,) is defined as

(Az), = i QrnTr
k=1

whenever the series converges for each n € N. From [18], we know that a summability matrix
A is said to be regular if lim, o (Ax), = | whenever lim,_,, ¢, = [. In particular, if we take
A = (1, the Cesdro matrix of order one, then the A-statistical convergence reduces to the statistical
convergence. The ordinary convergence is obtained if we consider A = I.

Let (px) be a sequence of non-negative real numbers such that p; > 0 and P, = > ' px — o0,
as n — oo, then an infinite matrix A = (ay,) is said to be a weighted regular matrix if

n

nlggo Pin Z Z AmPmLx = lv

m=1k=1
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whenever lim,_,o 2, = . A sequence (y,) is said to be converge to [ via weighted A-statistical
method if for every given € > 0

RS IR s

Pn m=1k:|y.—l|>e€

and it is denoted by sty — lim, oy, = [. Observe that if we take p,, =1, m = 1,2,3,...,n
we get A-statistical convergence[l(]. A sequence (z,) is said to converge to a number [, weighted
A-statistically with the rate o(a,) if for each € > 0

(S S e

and is denoted by x,, — I = st% — o(a,).

(r)
The purpose of this segment is to study the convergence of the operators E’B s P

A-statistical method.
First, we establish the weighted A-statistical convergence of the sequence of positive linear op-

B .. g
erators En"qrj B using the Korovkin type theorem given by Gadjiev and Orhan[I6].

via weighted

W ... g
Theorem 4. For all f € C(I), the operators ng‘qn’ P satisfies
v g B e B
sty — lim [[Lalg, (f) = fll=0.
Proof. From the Korovkin type theorem proved in [Theorem 1,[16]], it is sufficient to show that
G
~ lim 1£8m B () — il | = 0, i = 0,1,2.
From Lemmal[l] it is evident that
)
sta — lim ||£ﬁ7qn’ 7 (e) — eol| = 0.
Lemma [4 gives us
B0 8L
Lol () —ea(@)] = (1= M),
and therefore
BBl
jrenes (er) — el < (1 B5Y).
Let € > 0 be arbitrary, then the set
M ... g
= {neN:||Lr T (@) —e|| > CB={neN:1-8 >e}
This shows that
L 35 IFSVASEE 59 ST
" m=1reB* " m=1keB

Since the sequence Bgl) — 1, a8 n = o0, lim, (1 — (1)) = 0. In view of the fact that the
usual convergence implies weighted A-statistical convergence, it follows that

st — lim (1Y) =0
Hence,
w B
sty — L0 (1) — el = 0.
Finally, we show that
()
sty — L0 (e3) — e = 0.
In equation (1.7) taking m; = 1, we get

2B
[n]qn .

1) ... glr)
Lo, (e 2) — ea()] < 22%(1 — BY) +
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Taking supremum on both sides on [0, 1], we have

(1)
1) ... g n
1L (e2) — sl < 2(1 — BY) + o,

[n]qn

Consider the sets

Bl = {neN:[Lhn " (e) —eof| > &)
B, = {neN:(1-")>
S
and By = {nEN:[n]qnzi}'

Therefore, we can write By C By U B3, which implies that

n

1 — 1 & 1
Fnz Zanmpmgpinz Zammpm‘f'ﬁz Zammpm-

m=1rkeB; m=1 ke€By m=1k€EB3

Observing that
1)
t% — lim 2(1—8M) =0 and st¥ — lim —— =0,
sty — lim 2(1—f5,7) and sty = I (],
it is evident that
(1) ... gl
st —[1Cntg. " (e2) — ea]| = 0.

Hence the theorem follows. O

Theorem 5. Let (y,) be a non-increasing sequence of positive numbers and f € C(I). Further, let
w(f; \/'Yn,qn) = sty — o(yn), asn — oo.
Then,
g ... Bl w
||£n’:’Qn " (f)_f|‘ZStA_0(yn)7 asn — Q.

where Yn,q, is defined as in Theorem [1]

Proof. From Theorem [I} we can write
521)7... ’520
HETLaQn (f)_f“ §2(J.)(f; V’yn7qn)7

)
where v, 4 = {1 —2( ,(Ll)) +q( 7(11))2} + % Hence for a given € > 0, we have

L1 & L1 &
y{,P Z Z afwnpm} < y{,P Z Z a’nmpm}- (31)
T e (- e T mel e T 2e

From the hypotheses of the theorem, we have

W(fs Vngn) = st4 — o(yn), as n — oco.
Hence in view of equation (3.1]), we get

11 &
lim {P E E anmpm} = 07
e W o o
Rell L2 R ()~ f| 12

which implies that

@) .. g
1L (F) = f1] = st — o(yn), asn — oo,

n
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W ... g

4. K-THE ORDER GENERALIZATION OF THE OPERATORS ,Cg:l%: P
Voronovskajal23] proved that the order of approximation by sequence of positive linear operators
can not exceed O(=5) however smooth the function may be. Using the approach of Kirov and

1
" e o)
Popoval2]], the purpose of this section is to define a generalization of the operators Eﬁ’fqn’m B

by means of the k-th order Taylor’s polynomial of the function f to achieve a better degree of
approximation and to respond to the smoothness of function. Some significant work in this direction
can be found in[3],[20],[25] and[35] etc.

Let k € NU {0} and C®(I) denote the space of all x times continuously differentiable functions on

1) .. g
I. Then for any f € C*(I) the k-th order generalization of the operators Eﬁj‘qn’ P g given by

1 r r ) . (e’ r (k) I
sty e - Mo,y { > e, 220

i=1 s=0 * myli+malao+--+m,l.=s (k=1 (q’q)lk

e |

m=0

where f("™) denotes the m-th derivative of f. Note that for £ = 0, we have f(©) = f and hence the

B ... Bl B ... B
operator Splk.q " reduces to Lyl ™.

1) ... g
Now, we estimate error in the approximation by the operators Sﬁjﬁ.@,,}n P2 for the functions fe
C*(13) such that f*) € Lipyov.

Theorem 6. Let k € NU {0} then for all f € C(I) such that f**) € Lipprv, 0 < v < 1, we have

I'v+1) LB D)

B ... ("
Snnn " ; - S n
‘ sKyGn (f {E) f(x)l MF(H—FV—F 1) ydn

(h; ),
where h(u) = |z —u|", M > 0 is constant depending on f and T'(.) denotes the Gamma function.

Proof. From equation (|1.3)) and (4.1)), for each x € I, we have

r

[COTEICo! N oS r (k) 3t
) = S ) = {115, } 5 > { I o, 255

=1 s=0 U mily+mola+---+m,l.=s Lk=1

1)~ Shca o (2 )1 () o a2)

By using Taylor’s integral form of remainder, we get

-3 = <x [714-[2%>mf(m) <[n+[2]q—1})

“m () Lo e () ()

Since f*) € Lipyrv and using the definition of Beta function, we obtain
K m
1 [ll]q” (’ITL) [ll]Qn
‘f(f) 2 (x mih-1,) T \mrn-,

m=0

M [ll]qn o /1(1 _ t)n—ltvdt
[n+ 1 —1]q, 0

K+v

< —
= wonl|”
T(v+1) ‘x B [li]q
Mk+v+1) n+1 —1],
From equations (4.2)) and (4.3)), we achieve the desired result.

(4.3)
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Note that the function h(u) = |z — u|"™ satisfies h(z) = 0 and hence h € Lippy1 with Lip-
schitz constant M = k + v. Consequently, h € C(I) which in view of equation (@, implies

that ||£B(;L ﬂ’(’/r)(h)H — 0, as n — oo. Thus from Theorem (6), for all f € C(I}) we obtain
18 (1) = £l = 0, as = .

Considering the fact that h € C(I), from Theorem [I| we are led to the following:
Corollary 2. Let f € C*(I) such that f*) € Lippv, 0 < v < 1, then we have

51(11))"' )Bv&ﬂ (V + 1) .
8™ () = I < 2M e sl )

where M as in Theorem[0] and vy, 4, as in Theorem 1]
Further since h € Lip,,1, from Corrollary [2 we obtain:

Corollary 3. Let f € C*(I) such that f**) € Lipyv, 0 < v < 1, then we have
B8 (k+v)L(r+1)
n';a " - <2 n
I % (1) - 7l < 2T

where M is as in Theorem [0 and vy q, as in Theorem[1}

1) ... g
5. A-STATISTICAL APPROXIMATION BY BIVARIATE EXTENSION OF ££’jqn’ B

DIMENSIONAL MATRIX TRANSFORMATION

BY USING FOUR

Let C(I?) denote the space of all continuous functions on I x I, equipped with the supremum
norm || f[| = sup, ,yez2 | f(2,y)|. For f € C(I?), the bivariate extension of the operators given by

(1.3)) is defined as follows:

r p oo 00
T RUEI R S 1 ) (TSGR 35 3t AED SRR S

i=1j5=1 s=0n=0 > mili+malo+---4+m,l,=s nihi+nsho+---+n,h,.=n

g (B (afw))Pe 1] [Pl .
{kHlE[ Dy (0 D (¢:0), (@9, f<[n+111]q7[m+h11]q> }x v
(5.1)

where <a%)>meN, (j =1,2,--- p) are sequences of real numbers in (0,1) and p € N. The purpose of

this section to verify the Korovkin type approximation theorem studied by Dirik and Demirci[S] via

B
A-statistical convergence for the above double sequence of positive linear operators E an! o o .
MG Qo Qo

The concept of convergence of double sequences was introduced by Pringsheim|31] as follows:

A double sequence (zy, ,) is said to be convergent to a limit [ if for every e¢ > 0, there exists a
natural number N € N such that

|Zn,m — l| < €, whenever n,m > N,

We denote this convergence as P — limy, m—o0 2n,m = [. Also, a double sequence (2, ,) is called
bounded if there exists M > 0 such that |z,.,| < M, ¥V n,m € N. Note that unlike the single
sequences, the double convergent sequence need not be bounded. For example, let for any n € N,
Zng =n and 2z, = 2 + L for m > 2. Then clearly z,, — 0, as m,n — 00, and z,, is an
unbounded double sequence.

Let A = (a;,jn,m) be a four dimensional summability matrix. Then the A-transform of a double

sequence (z, ) is defined as
Jj = E @4,5,n,m%n,m
n,m

provided the above series converges in the sense of Pringsheim for all i,57 € N. Silverman-
Toeplitz [I8] characterized the regular matrix summability methods for the two dimensional case.
Robinson[32] gave the necessary and sufficient conditions for the regularity of the four dimensional
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matrix transformation by considering an additional assumption on the boundedness of the sequence
as every convergent (Pringsheim sense) double sequence is not bounded. These regularity condi-
tions is known as Robinson-Hamilton conditions or RH-regularity[17][32].

A four dimensional matrix transformation is said to be RH-regular if it takes every P convergent
and bounded double sequence to a P-convergent sequence with the same P-limit. The necessary
and sufficient conditions for a four dimensional matrix to be RH-regular are

(l limiyj A5 5.n,m = 0 for all (n,m) € N x N,

) P
(H) - hmiyj Zn,m i, jn,m = L
(ili) P —lim;; Y, [@ijnm| =0 for all m € N,
) P
)
)

(iv — lim; ; Zm |ai,j7n,m| =0for alln €N,
(V) > m |@ijn,m| is P- convergent,
(vi there exists two positive integers N and M such that 3° - - 1@ijnm| < M for all (i,7) €

N x N.

Let £ be a subset of N x N and A = (a; jn,m) be a non-negative RH-regular infinite summability
matrix. The the A-density of the set £ is defined as

5 (5): —hm Z A4, 5,n,m-

(n m)e€

whenever the above P-limit exists. A real double sequence (z,,,) is said to be converge A-
statistically to [, if for every ¢ > 0
P — lgjn Z Qi j.n,m = 07
(n;m):lzn,'m_”zf

and write it as 515?4 — limy, 4, 2n,m = [. Pringsheim convergence (P-convergence) is obtained by
replacing matrix A by the identity matrix of four dimensional matrices. It is worthy to note that
every double P-convergent sequence converges A-statistically to the same limit however the converse
is not true. For example, the double sequence

1 otherwise,

9

nm, if n and m are perfect cube
Zn,m =

is A-statistically convergent to 1, however P — lim,, ;00 #n,m does not exist. In order to establish
the main result of this section, we need the following basic result:

n,qn, B -, B

Lemma 5. The operators L 0w satisfies the following
MGm Q5 s
B o B
0 L ath o atp B58) =
g
(ii) £ ‘{;’5;’ Wi, >—ya£i>,
B na[;)n 7’" 57(: 1 )
(Z”) c, qum OC’E‘VIL) : gﬁ) (U27:C y) = 4my ( ( )) + [l':”oiQm’
B e 1 5 1 W
(iv) L0002 ) (2 4 %) < g (B0 + T g0l 4

mMygm,,Qm” 5

The proof of this lemma follows from the Lemmas @) and (@)

Theorem 7. Let A = (a; jn,m) be a non-negative infinite RH-reqular summability matriz. Then
for any f € C(I?) there holds

. 5 mﬁ%l)w"v gr)
Sti —  lim ||£n a (1) A..ﬁa%;) (f) - f|| =0

7,M—00 m,qm ,¥m”,

Proof. The Korovkin type theorem in A-statistical sense via four dimensional summability matrix
is given by Dirik and Demirci[8]. In view of this theorem, it is sufficient to prove that

. 'dn 7(11) ) ) ;
sth— lim ([0 () gl =0, =0,1,2.3,

mn,m— 00 mM,qm ,®m
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where go(u,v) = 1, g1(u,v) = u, g2(u,v) = v, g3(u,v) = u® +v% For i = 0, it is not difficult to
prove

(r)
||£ ;Qmﬁn )" ,ﬂ

St?q — hm (1) (p) (90) gOH =0.

n,Mm—00 M, Qo

From Lemma taking my = 1, we get

N,qn, (1) (r)
L a0 () 5 (p)(ghx y) gl($7y> :(I;(B’Sll) _ 1)

MG, Ctrn 5
Therefore W
) "nwﬁnl I 75 .

|an (1)__4 (p)(glvx y) gl(x’y)‘ :1'(1 _ﬂr(zl))

Taking supremum on the right side of the above equation on [0, 1], we have

k) nan [ BT(LT)
120 (1) = gal| < 1= 8L

mMyqm ,0m’” -

m,qm &

For any given € > 0, the set
gy B _
D= {(n,m) € N x N [|LP 050 (g1) = gi]| 2 e} € D= {(n,m) € Nx N: (1 - 1) 2 e}.

m7am k)

This implies that

E @i jnm < E i jn,m-

(n,m)eD (n,m)€D

Since the sequence By(ll) — 1, as n — oo in Pringsheim sense, P — lim,, y—o0(1 — (1)) =0, and
Pringsheim convergence implies A-statistical convergence, we get

sty — lim (1-p81)=0.

n,m— oo
Therefore } .
2 : n,qn, B4 B B
sta - n,}rllrgoo ||£m,qm’a(1)’.. ® (gl) gl|| =0.
By giving similar arguments and using the fact that P — lim,, o0 (1 — a(l)) — 0, we can show that
2 1 ;Qruﬁn . ,B( ") .
sta = n,rlrllgoo ||£m gmalD o alp) (92) 92|| =0.

Finally, from Lemma , we have
28 (1)

nyqn Py 7 B ) yO&m
P P (g5 y) — gae,y)| < 203(1 = BI) + 2421 — alD) + T 4 A
T Gm Sy [n]q,, [m]gq,,
Taking supremum on the right side of the above equation on [0, 1], we have
(1) (1)
n,qn, 7(11 s, B n QAm
[l o (95) = gall < (4= B = ) + i 4 (5.2)

T dmsQm g, Mg,

Now, for a given € > 0, let us define the following sets:

* JansBG B
D' = {(nm) €N N [IL™5 0P (g3) — gl 2 e},
Dy = {(n,m)GNXN:(ZL—Bf} _a&)zg}v
m
Dy = {(n,m)eNxN: e >§}
NON
Ds = NxN: > -1
3 {(nam) e X [m]qm 3}

Hence in view of equation (5.2)), it is easy to see that D C D; U Dy U D3, consequently we can write

Z A5 5.n,m < Z A4, 5,n,m + Z A5, 5,n,m + Z Q5,5,n,m- (53)

(n,m)eD* (n,m)€eD, (n,m)€eD> (n,m)€eD,
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Since

(n,m)EDy

From equation (/5.3)), we obtain

3 (1) ... glr)
Sti ~ lim ||£W<1nﬁn(17) »/371,(’ )
n,Mm—00 mMyqm ,Om” aarr[z)

(93) —gsl| = 0.

Hence the conclusion of the theorem holds true.
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