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1 Introduction

1.1 The problem

In this paper, we consider the following one-dimensional blood flow model in a network of

vessels with viscoelastic walls (see [5, 23]):

A +m, =0, rzeR,t>0,
(1.1)

2

m A m
mye + (A>$ + ;Px = *k‘fz.

Here A(x,t) denotes the cross-sectional area of the vessel; m(x,t) = A(z,t)u(x,t) represents

the flow rate of the blood, where u(x,t) denotes the averaged axial velocity h,(x,r,t) across
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the cross-section of the vessel of radius R(x,1):

1 R(z,t)
u(z,t) = ] / 2rhg(z,r,t) dr.
0

R?(x,t

The fluid density p > 0 is assumed to be constant. ky > 0 is the friction coefficient per unit
length. Moreover, P(z,t) denotes the average internal pressure over a cross section. That
is where the distensibility of the blood vessels comes into play. To close the system we need
a constitutive law connecting the pressure P to the cross-sectional area A. Generally, the

pressure law can be specified by:

P =G, ((214) 1) +as <P0Xt+/ir(m)t>' (1.2)

Here the constants in (1.2) have some biological implications. For example, Gy > 0 describes
the stiffness of the vessel wall; A, > 0 denotes the reference cross-sectional area; P > 0 is
the constant external pressure; ¢ > 0 is the viscoelastic coefficient depending on the thickness
of the vessel. Furthermore, the coefficient oy > 0 reflects stress-strain response of the vessel
radius and ay > 0 represents the different weight on influence of (Puy + (¢/A,)(VA),).

It is well known that the blood flow model can be used to describe many complex phys-
iological phenomena related to human vascular system. Due to rich phenomena in actual
physiological applications, the presence of strong nonlinearities in the mathematical model, a
lot of physiological and mathematical researchers are attracted to study on this subject. In
particular, when the coefficients a; and ao in (1.2) take different values, the system (1.1) occurs
different forms. For example, in the Kelvin-Voigt blood flow model, the pressure is given by
(see [23, 24])

VA,

which is the case that ay = ap, = 1 and Gy = §/+/A, in (1.2). Here § is a positive constant

A ((i)é - 1) + Py + Air(x/ﬁ)t, (1.3)

related to the vessel stiffness. In this case, the diffusive effect induced by the viscous term
makes the system of hyperbolic/parabolic nature. In fact, as pointed out by the authors in
[23], for the Kelvin-Voigt blood flow model, even if the hyperbolic nature of this system is
dominant, because the viscous term is small compared to other terms, this additional viscous
term plays an important role in numerical simulations [29], in estimation problems [6], and
when data coming from numerical models are compared with in vivo data [2]. The authors
in [1] also observed this phenomenon. As the blood pressure and vessel deformation are often
overestimated by 1-D elastic models (see [32]), the incorporation of viscoelastic tube laws allows
more physiological predictions than those obtained with elastic laws. We can also see that most
of the mathematical researches for the model with pressure (1.3) focus on numerical simulation
(see [7, 28]), but there are few rigorous mathematical analysis conclusions.

On the other hand, to include the fact that the vessel radius changes slower at higher

pressures (non-linear response) taking ar; > 1 and ap = 0in (1.2), then the pressure is expressed



by the following formula (see [5]):

PG, ((i)? . ) | L4)

where a; > 1 describes non-linear stress-strain response. The model with pressure (1.4) can
be derived from the 3-D Navier-Stokes equations which describe the motion of the viscous,
incompressible, Newtonian fluid flow in a cylindrical tube (see [4]). And the rationality of this
approximation was analysised by Cani¢ in [3]. Moreover, Cani¢ in [5] gave a new derivation
of the blood flow model where the pressure term is given by (1.4). He also definitely pointed
out that the viscous damping term on the right-hand side of the momentum equation (1.1), is
one order of magnitude smaller than the rest of the system. In other words, the damping term
in the blood flow model has little effect in practical application. From this perspective, Canié
established a global existence theorem of the general 2 x 2 hyperbolic conservation law system
and employed it to study the global existence of solution and shock formation for the blood flow
model without viscous damping term. Finally, some numerical simulations were used to verify
that the analysis of the first shock formation based on the zero viscous damping term provides
a good estimate for the first shock formation in (1.1). The authors in [17] studied the Cauchy
problem of the equations (1.1) and investigated the influence of the damping term kym/A on
the solution. Recently, Li-Zhao in [18] studied the initial-boundary value problem on bounded
domains for the blood flow model with pressure (1.4) and showed that the L> entropy weak
solution exists globally in time when the initial value are large. Moreover, they also proved
that as time goes to infinity, the entropy solution converges to a constant equilibrium state
exponentially. Later Li-Zhao in [19] studied the same type of asymptotic states of smooth
solutions with smooth enough initial data close to a constant equilibrium state.

Motivated by the papers [23] and [5], we will consider the model (1.1) with a more general
pressure law than that in (1.3), namely, the pressure P is expressed by (1.2) where ay > 0
and ag > 0. On the other hand, the results in [5] obtained using numerical simulations are in
accordance with the non-dimensional analysis which reveals that the viscous damping term is
of one order of magnitude smaller than the remaining terms of the system. Based on Canié’s
observation, we neglect the viscous damping term kym/A and mainly investigate the influence
of the viscoelastic term on the solution. To this aim, we reuse the variable v = m/A, and the

model (1.1) can be written as follows:

A+ (Au), =0, xre€R, t>0,
(1.5)
(Au)t + (AU2)3U +p(A)w = _/\A(\/Z)wt'
Here p(A) = kA" for k = (a1Go) /(a1 4+ 2)pAT"?) and v = (01/2) + 1; A = (aat) / (Ayp) > 0.
Without loss of generality, we assume x = 1. We are interested in the large-time behavior
of solution for the blood flow model (1.5) without vacuum of far field cross-sectional area. It

is more convenient to use the Lagrangian coordinates to explore this problem. Therefore, we



introduce the Lagrangian coordinate transformation as follows:

(2.8) = (y.7) - y=/ Azt de, 7=t
Z(t)

where Z(t) satisfies the following integral curve:

dz(t)
o = e,
zZ(0) = Zo.

We still denote the Lagrangian coordinates (y,7) by (z,t) for simplicity of notation and in-
troduce a new variable v = 1/A. Then (1.5) can be transformed in Lagrangian coordinates

as:
vy — Uy =0, rEeR, t>0,

).

where p(v) = v~7 for v > 1. We will study the Cauchy problem of the blood flow model (1.6).

(1.6)

=

A/
up + p(v)e = 70 <U

The initial data is given by
(v,u)(z,0) = (v, up)(x) = (v4,us) as x — Foo, (1.7)

where infycgvo(x) > 0 and v+ > 0. To the best of our knowledge, there are few results
about the large-time behavior of solutions towards some non-constant states, especially wave
patterns for the blood flow model. In this paper, we only focus on the asymptotical stability
of rarefaction wave to the Cauchy problem (1.6)—(1.7) and will give a explicit answer for this
meaningful problem. The main idea is to generalize some known results of the Navier-Stokes
equations, particularly about the global existence and large-time behavior of classical solutions
near hyperbolic elementary waves.

It is well known that the asymptotic behavior of solutions for the compressible Navier-
Stokes equations are well characterized by the Riemann solutions for the corresponding hyper-
bolic part, i.e., the Euler system. And these basic Riemann solutions are dilation invariant
solutions: shock wave, rarefaction wave, contact discontinuity and the linear combinations of
above elementary waves (see [16, 25, 31]). Since the Euler system is an idealization when the
dissipative effects are neglected, it is much more important to study the large-time asymptotic
behavior of solutions for the corresponding viscous system (Navier-Stokes equations) towards
the viscous versions of these elementary waves (see [9]). Indeed, there have been a lot of works
on the asymptotic behaviors of solutions for the Naver-Stokes equations. For example, the
stability results for the rarefaction wave can be found in [15, 22, 27, 26, 30]. The stability
results for the shock wave can be found in [8, 20, 21]. And for the case of contact discontinuity,
readers can see [10, 11, 13]. Moreover, we also refer to [9, 12, 14, 33] for the combination of
two different kinds of wave patterns.

The asymptotic stability of elementary waves (rarefaction wave, shock wave and contact

discontinuity) are especially important topics in the theory of PDEs in connection with fluid



dynamics, physiological flow, biology, chemistry and other natural sciences. Therefore it is
meaningful and valuable to study the corresponding stability problems for the blood flow
model. In the present paper, we are interested in the asymptotical stability of rarefaction
wave to the Cauchy problem (1.6)—(1.7). Here, we briefly give some remarks on this problem
and review some key analytical techniques. Before our comment, we firstly recall the classical
p-system:

v — Uy =0,

w ) = A (%)

v/

where pressure p is a given smooth function of specific volume v satisfying p’(v) < 0 and
p’'(v) > 0. Compared with the result of [26] for the p-system, the nonlinear stability analysis
of rarefaction wave for the blood flow model (1.6) is more complicated. The main difficulty lies
in the appearance of the dissipative term A(v™2 (u/v)z), /(2v) in (1.6),, which consists of the
nonlinear terms including second-order derivative of v with respect to the spatial variable x.

The first trouble term we suffered in the zero-order estimate is fot Jz PURET TR /2dxdr.
Indeed, when two spatial derivatives in A(v™7 (u/v),), /(2v) both act on the same v, it will
appear the term —A\v™Zuuv,, /2. Multiplying this term by 1 and calculating integration, one
can obtain the term fot Je A\ 2 Ui, /2 dzdr (see (2.12)). In order to control this nonlinear
bad term by the time-space integrable good term of 4, and ¢,, we require a technical condition
that the upper bound of |u| (i.e., max{|u|}) is suitably small. This is an important point in
the zero-order estimate. One can see (2.12) and (2.19) for details simultaneity. So far it is
unclear how to remove such restriction on the stability analysis of the rarefaction wave for the
blood flow model.

Secondly, we obtain the higher estimates (2.2) of ¢, and (2.3) of t,, which is similar to
ones for the Cauchy problem of p-system but has more difficulties in the proof due to the
appearance of the strong nonlinearity of v. For example, we will encounter some trouble terms
like [\ [ |a|® dadr in (2.24) and [ [, 2 [thee| dzdr in (2.33). To deal with these strong
nonlinear terms we need the smallness of ||, L, which just requires the a priori assumption
that ||| 2 is small. Comparing with the a priori assumption that ||¢|| 51 is small for p-system
(see [26]), in the present manuscript we need to control the space integration term ||¢..||*
(see Lemma 2.4 for more details). Here we would like to mention that it can not improve
the regularity of 1 to the same Sobolev space L>((0,¢); H2(R)) where ¢ lies. In fact, when
deriving the space integration term |[t,.||?, someone will control some strong nonlinear terms
by employing the smallness on ||¢||gs instead of ||¢||x2. In this way, the regularity of ||¢||xs
will be one order higher than that of ||¢)||g=.

The rest of the paper is organized as follows. In Subsections 1.2 and 1.3, we construct the
smooth rarefaction wave and state our main result respectively. In Section 2, we construct a

perturbation system and make a priori estimates to prove the main result.

Notation: Throughout this paper, we denote positive constants generally large (respectively,



generally small) independent of = and ¢ by C' (respectively, by ¢). And the character ‘C’ and
‘¢’ may vary from line to line. || - ||z« stands the L9%-norm on the Lebesgue space LI(R) (1 <
q < 00). For the sake of convenience, we always denote || - || = || - ||z2. What’s more, H* will

be used to denote the usual Sobolev space W*2(R) (k € Z,) with respect to variable z.

1.2 Rarefaction wave and smooth approximate profile

Our purpose is to show that the rarefaction wave solutions for (1.6)—(1.7) are nonlinearly
stable. For rarefaction wave, the term with second-order derivative in (1.6) decays faster than
the corresponding terms with first-order derivatives. Therefore system (1.6) with the far field
constant states of initial data (1.7) may be replaced, time-asymptotically for rarefaction wave,
by the corresponding hyperbolic system with following Riemann initial data:

vy — Uy =0,

(1.8)
Ut —|—p(U)z = 07

- (v_,u_), =<0,
(v, u)(z,0) = (vg, ug)(z) = (1.9)
(V4,us), > 0.

For any (v_,u_) € Ry x R, the l-rarefaction curve R;(v_,u_) corresponds to the integral
curve of the first eigenvalue A\; = —y/—p/(y), and is defined by

u=ut [V,

Ri(v_,u_) =4 (v,u) e Ry xR
O<v_<wv, u_<u

The 2-rarefaction curve Ry(v_,u_) can be defined in the same way from the second eigenvalue
A2 = /—p'(y). One can see [31] for more details. In this paper, we only consider the 1-
rarefaction wave solution, and the case for 2-rarefaction wave can be treated similarly. Hence

the constant states (v, u+) should satisfy the restriction condition

v
Uy =u_ +/ v —r'(y)dy, 0<wv_ <wyg. (1.10)

And the Riemann problem (1.8)—(1.9) admits a weak solution of the form (v",u")(x/t) as

" (f) =u_ + /:T(?) V=7 (y) dy,

t

Mvo,us), < A(v_,u ),

A1 (UT (f) Ju” (£>) = , Moy u )t <a < A(vg,uy)t,

t
(v ug), Aoy, ug )t <.



Since the rarefaction wave (v, u”)(z/t) is not smooth enough, it is convenient to construct its

smooth approximation (v, u)(z,t) called the smooth rarefaction wave as follows (see [26]):

M(0,0) =w(z,1+1), M (vi,us) =wy,

U =u_ +/ V=0 (y) dy,

where w(z,t) is the solution of the following Cauchy problem for the Burgers equation

(1.11)

wy + ww, =0,
Wy +w_  wp—w_ e¥—e’ " (1.12)

w(x,0) = 5 5 prp—

And w(x,t) have the following properties (see [26]):

Lemma 1.1. Set §, = wy —w_ for w_ < w;. Then the Cauchy problem (1.12) has a unique
smooth global solution w(x,t) satisfying

(1) wy >0, w_ <w(z,t) <wy forx eR and t>0.

(2) For any 1 < q < 400, there exists a constant C' depending only on q such that for any
t>0,
L 1
lwsllze < Cmin{s,, 67 ¢4},

|| (wT’I'y er’r) ||L‘1 S C min{(sr, t_l}.

(3)

with Riemann initial data w(z,0) =w_, if x <0 and w(x,0) = wy, if x > 0.

lim sup|w(z,t) —w"(z/t)] = 0, where w" (z/t) is the solution of the Burgers equation
t—=+00 zcR

It is easy to check that (v,u) satisfies the system (1.8). Hence by the Lemma 1.1 and
(1.11), we can obtain that (v, @) satisfies the following Lemma (cf. [26]).

Lemma 1.2. Let 0 = |vy —v_|+|us —u_| be the wave strength. Then the smooth approzimate
profile (v,u) (x,t) which is defined by (1.11) satisfies the following properties:

(1) 0 <v_ <9(z,t) <wvy, u_ < u(x,t) <uy for any x € R and t > 0. And there exists a
constant C such that

Uy >0 and [0, < Cl,.

(2) For any 1 < q < 400, there exists a constant C which only depends on q such that for any
t>0and 0 < a<1:
(02, 1) || o < Cmin{d, 67 (1 + 1)~ F7},
||(77mx7 azz)”L‘l < len{(S, (1 —+ t)_l} < 060‘(1 + t)_(l_a)’
H(T}xacarv a;cacaf)”Lq < len{(g, (1 + t)il} < C(Sa(l + t)*(lfa)‘

(3)
lim sup (9, a)(z,t) — (v",u")(z/t)| = 0. (1.13)

t—=+00 1R



1.3 Main result

The main purpose of this paper is to show that the solution (v, u) of the Cauchy problem
(1.6)—(1.7) tends toward the rarefaction wave (v",u") constructed in Subsection 1.2, provided
the initial data (vg,uo)(x) is suitably close to (vj,uf)(z). The main result is stated in the

following theorem.

Theorem 1.1. Suppose the initial data and the far-field data satisfy (1.7) and (1.10). There
exist sufficiently small positive constants 61, C and € which are independent of T, such that if

0<d <81, 0<max{|us|} < C and the initial data satisfies
[vo(x) — v(, 0)[| 2 + [luo(z) — u(x,0)[lar <e,

then the Cauchy problem (1.6)—(1.7) exists a unique time-global solution (v,u)(x,t). Moreover,

the solution (v,u)(x,t) tends time-asymptotically to the rarefaction wave in the sense that

lim sup |(v,u)(x,t) — (v",u")(x,t)| = 0. (1.14)

t——+oo ze

2 Uniform a priori estimates

We next use the elementary energy method to prove the Theorem 1.1. Define the pertur-
bation as
p=v-—7, Y =u—1u.

Then we can easily verify that (p, 1)) satisfies

@t_wxzov

vt @ - o), = 5 (v (5)) (21)

v

(00, o) (x) := (9, 9)(x,0) = (vo(x) — (2, 0), uo(z) — u(x,0)).
For 0 < T' < 400, define the function space X (7T') as
¢ € L*((0,T); H*(R)), ¢ € L= ((0,7); H'(R))
X(T) = (¢ 9)
(02: %) € L ((0,T); H'(R))

The global existence of solutions to the Cauchy problem (2.1) can be obtained by the
classical continuation argument based on the local existence of solutions and a priori estimates.
And the local existence can be established by the standard iteration argument. In order to
prove Theorem 1.1 for brevity, we only devote ourselves to establishing the global-in-time a

priori estimates as follows.

Proposition 2.1. Suppose all the conditions in Theorem 1.1 hold. Let (p,v) € X(T') be a
solution to the Cauchy problem (2.1) on 0 <t <T for T > 0. There exist some small positive
constants C, 8y and ey such that if max{|us|} < C, § < §y and

sup_(|[oll a2 + [9][ 1) < €0, (2.2)
0<t<T



then (@, ¥)(xz,t) satisfies

T
1
sup (Il + ) +/ 1 (pzs o) i d7 < C (lollzre + 1ol ) + Co5. (2.3)
<t< 0
By using the a priori assumption (2.2) and the following Sobolev inequality

Iflle= < V2IFI20 )2, for f(z) € H'(R), (2.4)

we can directly get
1(ps s )|l Loe < V20, (2.5)

which will be frequently used in the sequel.
Once Proposition 2.1 is proved, someone can close the a priori assumption (2.2). Moreover,

for 0 < max{|us|} < C, the estimate (2.3) and the equations (2.1) imply that

oo d
[ Menw 0 + | e v 012

]dt<+oo,

which easily leads to

lim || (¢z, ¥z) (£)]] = 0.

t—+oo

Then by using the Sobolev inequality (2.4) and the estimate (2.3), together with (1.13), we

can state the asymptotic behavior (1.14) of the solution to the problem (1.6)—(1.7).
Proposition 2.1 can be proved by the subsequent four lemmas. Here we first give the

zero-order energy estimates.

Lemma 2.1. Suppose all the conditions in Proposition 2.1 are true and denote  := max{|u|}.
Then for all 0 < t < T, there exists a constant C depending only on vy, A and v such that if
0 < & < C, the following energy estimate holds:

t t
m%wwﬁ/émﬂww+/n%%h
0 0

1 t
< €8 + Clu, bl + (e +€) [ lloalar. (26)
0
Proof. Inspired by the work of the p-system in [26], we define the relative entropy function:

n(z,t) *1/) / s)ds + p(0)ep.

Then taking the derivative of n(x,t) with respect to t, and integrating the resulting equality

with respect to x on R gives

% Rn(sv,t) dz + /Rum [p(v) — p(7) — p' (D) ] dz = /R;;} (v‘

In order to get the time-space integrable good term of 1,,, we expand the last term of (2.7) as

[ (), vin= [ (7 (5 22)) o

Nl=

(3)) b dz. (2.7)

v
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51)75 (%)m — Z)\Uffuwvw — 51)751“)” + Zx\vfiuvi P dx

A _5 9 3 _ A _3 ﬂx
__Q/RU wwdx+4/\/Rv wwwvwdx—l—/sz (U)xz/)dx

—/3)\1);uwvxwdx—/)\v;uvmwdm—l—/5/\vguviwdx
R 4 R 2 R4

|
T
DN | >
<
o
A~
e‘ﬁ
N———
8
<
o
K
_|_
T
| —

5
= —;/v—gzpﬁdx+ZL«. (2.8)
R i=1

By putting (2.8) into (2.7), one can get

;/}Rndw/km [p(v) — p(v) — p' (V)] dx+;\/ﬂ{p—§¢§dx:;b (2.9)

Next we estimate the terms on the right-hand side of (2.9) one by one. By applying the
Sobolev inequality (2.4), the a priori assumption (2.2) and the decay property of (v,,u,) in
Lemma 1.2, together with the Holder and the Cauchy inequalities, one can deduce

L +1; = iA/v—waum dz — i)\/ “Suuvhde = —iA/ v 2hv, 1, da
R R

v
R

SC/(WMM+W%WDM

R

< Ol 2 11eall? el + Cllwl 2 (9| 2 [0l |

< Cel (|[u]l? + ll@all?) + C63(1 +1)73, (2.10)
A 3 /U A 3

L=2[v3 (= = 2 | v 2 (v, — v 20

9 2/Rv <v)wwdx Q/RU (’U Upg — U uzvm)z/)dx
A A

= /v_gﬂmzbdx—/v_;ﬂx(gom—l—@z)wdx
2 R 2 R
gC/O%WHWMwA+meDM
R

< Ol 1¢all? (Naaellzr + ll@x @]l + ([ [02]])

< Ceg (0l + llpall?) + Co5 (1 4 )75, (2.11)

A
I4:—)\/U_;uvmz/)dx:—/v‘guvmﬂjdx—)\/v_;ugpm@bdx
2 Jr 2 Jr 2

R

A A
= /v_;uvmz/)der/v_;ugomz/)mdx
2 Jr 2

R

10



A 7

—|—/v‘?uzapxzbdx—?)\/v_gugomwvm dx
2 Jr 4 Jr
A _z NS A _z _

=—— [ v (4 a)tde+ = [ v (Y + @)p.), da

2 Jr 2 Jr
>\ _ _ 7 _9 _ _

5 [v et apdo = D [0 i+ Dt +0.)do

R R

<c /R (2 Tse] + [@0T0s] + [$0athel + [Totls] + [Eaat]

+ [0, 0| + [V2Q2] + Ut 00| + [uply]) da
< C(eg +6) (lall® + 19all?) + COF (1 +1)~% (2.12)
and
5 9 o ) —2 _ —\2
Is=-X\ [ v 2uvsypde = =X\ [ v 2 (Y + ) (e + 0) Y da
4 R 4 R
< / (10@2] + 10722 + a2 + [a?y]) do
R
< Ceg (|[ea]l? + [lpa|?) + C63(1+ )5, (2.13)

where £ = max{|u+|} is the upper bound of |a|. By substituting the estimates (2.10)—(2.13)
into (2.9) and first taking £ then €, § suitably small, one can get

d
3 [ ndz + [ T [p(v) = p(@) = p'(0)¢] dz + |
R R

< CO(ed + &)l + Co5 (1 + )75, (2.14)
In addition, the Taylor expansion implies the following equivalence relation:
n(a,t) ~ (9> +49%),  pv) —p(0) —p' (@) ~ % (2.15)

Thus after integrating the inequality (2.14) with respect to ¢ and employing (2.15), one can
arrive at (2.6). This completes the proof of Lemma 2.1. O

Lemma 2.2. Suppose all the conditions in Proposition 2.1 are true. Then for all 0 <t < T,
there exists a constant C depending only on vi, A and ~ such that if 0 < £ < C, the following

energy estimate holds:

t t
lezl® +/ gl dr +/ /Rumsoi dadr < 0% + C ([lpollzn + llvoll?) - (2.16)
0 0

Proof. Motivated by the work of the p-system in [26], we firstly rewrite the form of the equation
(2.1),. Due to _
Uy v Vg z Uy
(5),= (). =mon=(3),=(5),+ (),
vV /x V/x v/t v/t v/t
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and recalling (2.8), one has

A (v_% (u) ) = év_% (&> + —§)\v_%u v —év_%uv +§>\v_%uv2
2v vy 2 v/ 4 T2 g v

J
A _3 [Pz A _3 'Dz
=5 (5), 3 (), 4
Thus the equation (2.1), can be rewritten as
)\ _3 801 _ _ /\ _3 69:
201 (£ <y = b+ ) —F ) m - vt () —0 e
2 v/t 2 v/t
Multiplying the equation (2.17) by ¢, /v and integrating it with respect to z on R, one can get
Ad

4dt Rvgw‘idx_/ﬂ@p/(v)vlwidx
—1 / 77—\ — 1 )\ 3 Q_)I QDZE
:/U I/Jt@xdl’-l-/(p(v)—p(v))%v (pmdx—/y 2 (7) LG P
R R 2 Jr v/t v

3 9 A o 5 11
+ / — AV 2U U, 0, A + / SV 2 UV AT — / */\UﬁTUU?E(px dz
R 4 R 2 R 4

3
8)\/v_gapiuxdx =:Ig+1I;+ -+ I15. (2.18)
R

Next we estimate I; (6 < i < 12) in the equation (2.18) term by term. Similar to the estimation
of the right-hand side terms in (2.9), by applying the decay properties in Lemma 1.2, the

Sobolev inequality and (2.5), one can obtain that:

= [ tiede = [ (07, do- [0 bpndet [0 e
R R R R
:/(Ulw%ﬂ)t dx—/vlzwm dm—l—/deJcpIuI dx
R R R

:/(v_lzpapm)t dx+/v_1¢fc d:E/’U_QUzi/)i/}x dx+/v_2¢goxuxdx
R R R R

< [ (07twp.), dot ClP + Cedlpa P + O 412, (2.19)
R

I = / (F(v) - 0/ (0)5v " puda < C / (a0 da
R R

< Clellz lpall2 9] < Cedllpsl|* + CO*(1+1)72, (2.20)

Nl

< COF([pal? + [|9ba||?) + CoT(L+1)7F, (2.21)

12



Iy = 3)\/vguxvzgpw dx = 3)\/ U—g(% + Uy ) (po + Up) o da
4 Jr 4 Jr

< Cleo + O)(Iall® + llpal®) + CO= (lpall” + (1 4+ )7%),

A A A
I = /U‘guvmaprdx: /v_gugomgomdx+/v_guvmapmdx
2 Jr 2 Jr 2 Jr

A

9 A
= /v_guznpidx+)\/v_l2lvzuapidx+/v_guvmgpmdx
4 Jr 8 Jr 2 Jr

< Cleo + 0)([[val® + [lal?) + C8% (|l @all? + (1 +8)72),

5 11 1 1
I = —4/\/ v T uvieo, dr < Cleg 4+ 62) ||, ||? + C62 (1 4+ 1) 73,
R

and

Is = —3)\/v_gapiuxdx= —3)\/11_3809261/%(31%— 3)\/v_g<piuxdx
8 R 8 R 8 R

3 L9 o
S CEO (quZJwHQ + HSO:EHQ) - 8/\/7] Zsoiuw dzx.
R

(2.22)

(2.23)

(2.24)

(2.25)

By plugging (2.19)—(2.25) into (2.18), then integrating the resulting inequality with respect to

t and employing (2.6), finally choosing &, €9 and § small enough, one can obtain (2.16).

The proof of Lemma 2.2 is finished.

O

Lemma 2.3. Suppose all the conditions in Proposition 2.1 are true. Then for all 0 <t < T,

there exists a constant C depending only on vy, A and ~ such that if 0 < £ < C, the following

energy estimate holds:

t t
M@P+/nww%h<oﬁ+cm%wmmp+a%+o/meww.
0 0

(2.26)

Proof. Multiplying (2.1), by —,, and integrating the resulting equality with respect to x

leads to

1d 9 A 5
- d Z 342 d
mﬁ4¢xx+24v U2, da

:AWM_P@%%MU+;/U;%%%MH—AAU2<%L¢MM

R 2 v

3 7 )\ 7 5 9
—i—/\/l)Zuzz)ﬂZ)mJ dx—}—/v?uvmz/)m dz — /\/v2uvid)m dz
4 Jr 2 Jr 4 Jr

=:Lis+ T+ -+ Iis.

(2.27)

Applying (2.5), the Sobolev inequality, the Holder inequality, the Cauchy inequality with small

parameter ¢ and integration by parts, together with Lemma 1.2 yields that

zm—Amm—WMWWM—A@WMWM+WM—ﬂwmedx
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< c/ (@athaal + |9Tts]) dz
R

< Cll@allllPazll + Cliell 2 ezl 102z

< Co+ed)[Yaall” + Collgal* + CO* (1 +1) 72, (2.28)

Iy = é / v_%%l/)xlbm dx = é / v_%((pr + ’Ea?)’(/)rwmm dx
2 Jr 2 Jr

< Cleo + 0)([0all? + lvuall®), (2.29)

Lis = —;/Rvg (%)x@bm dz

A 5 7
= _/ (Uﬁéﬂxzwwm - Ui?ﬂm”aﬂbm) dx
2 R

<c / (Ta o] + |Ta@stbon| + |TaBytbe|) da
R

< Cllttae |[$aall + Clltall o |02 | 1$aall + Clitaa | Zs

3
2

< OO (||@ull? + [[¢bar]|?) + CT(1 + 1) 2, (2-30)

3
I = )\/vguxvxwm dz
4 Jr

< Cleo +0%)(|lall® + 19al? + [tbee?) + CZ(1 +1)73, (2.31)

A 7
Ii; = - / V2 UV g AT
2 R

< Ceo + ) ([|wall® + l[thna|?) + C8% (ual|? + (1 + 1)~ 3), (2.32)

and
5
Iig = )\/v_guviwm dx
4 Jr

< Ceo([|@aall? + 1Pwal® + lal?) + C8% ([[hua]® + (1 +)73), (2.33)

where o in (2.28) is a suitably small positive constant which is arising from the Cauchy in-
equality.

By substituting (2.28)—(2.33) into (2.27), then integrating the resulting inequality with
respect to ¢t and choosing first o then &, €y, ¢ suitably small; together with (2.6) and (2.16),
one can reach (2.26). This completes the proof of this Lemma 2.3.

O
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Lemma 2.4. Suppose all the conditions in Proposition 2.1 are true. Then for all 0 <t < T,

there exists a constant C depending only on v+, A and ~ such that if 0 < € < C, the following
energy estimate holds:

t
loue? + / loael?dr < C8% + C (llgollZs + ol - (2.34)
0

Proof. Taking the derivative of the equation (2.17) with respect to z and multiplying it by

¢z /v, then integrating the result with respect to x on R, one can get

%% Rv’%wfm dx—/Rp’(v)vltpiz dz

3 9 )\ 5 xzVx 3 — L T
_—/\/’Uthgpixda:—}—/vz (Sp J ) gomdx—)\/v S0, (90 ) Ppg dz
8 R 2 R 'U2 t 4 R v t

)\ 3 71 TT 3 _T )\ 7 5 o -
- Q/R [U_E <%>t:|x SDU dz +/]R <4)\U el 5’0 2 UVze — 1/\11 2uvg> (p'u dx

x

[0 purndat [ F0e 2 [ (00 P @), 2 do

v

=: IIQ+IQO+' . '+IQ6~ (235)

Similar to the proof of previous lemmas, we will estimate I; (19 < ¢ < 26) term by term.

Firstly, we have the following estimates:

3 0 3 9
Iy = —A/v‘?vtgoimdx = —)\/1)_21%(,0;C dx
8 Jr 8 Jr

< Ceo([Yea® + l@wall* + 19:]*) + Collws |, (2.36)
A _5 [ PrVs A _5 [Ptz PVt LUy UVt
079 /Rv w2 ) Pt RU v2 + v2 v3 Paw QAT
)\ _5 wa::rvx Spa:um:v szvru:v
— 2\/R’U 2 ( ,1)2 + ,02 — /U3 (pxmdw
< Cleo +0) (19wl + llpaall® + 19 ” + llezl?) , (2.37)

3 7 - 3 _1 z z
Iy = —)\/vwx (£> Ppedr = —)\/ v ;Ux (& P Ut) Pz AT
4 R v t 4 R v U2

< Cleo+6) (Ithaell? + ll@wall® + tbal® + llol?) , (2.38)
and

1_22__/ [U_% (’Uac)] Pra de — _>\/ {’U_% (%_Ux’l)t)] Pra da
R v/l w 2 Jr v v2 s v




= —— V 2Vgppt — =V 2vxvxt — v zvmvt — v 2vxvxt + v zvxvxvt — dx
2 Jr 2 2 v
>\/ _5_ 5 _7  _ _7_ _T7_ 7T 9 Pz
= —— V 2Ugpy — =V 2VpUgpy — UV 2Vgply — UV 2VpUpy + =V 200Uy, dx
2 Jr 2 2
1 _3 1
<C6T(141)72 + C6F ([[ael? + l@aell® + 102]® + ll0xll?) - (2.39)

Next, we estimate the term I»3. Since

Iz = / <4Av_;uzvx + 51)_%uvm — 4)\v_guvi)x SDU dz

Tx 3 _7 xTx 5 xT
= /)\v 20,0 2<'0 dz +//\v 2umvww dz —l—//\v ugcvm(p dz
r4 r4 v

T A T — a2 xTrxr
//\v 2uv111“¢ dx—i—/ 50 2uvml(p dz —l—/)\v 5 330 dx
v R

:ZJ1+J2+"'+J6,

I3 can be estimated by the following terms:

31 11
h= _A/vz%vis@m da < Cleo + 0) (laall” + 1¥all* + lall?) + Co(1 +1) 72,
R

8

3 9 3
= 4A/ Uty 00 Az < Cleo + 8)(lwal® + 10]l® + lgal®) + C3* (1 + )72,
R

(2.40)

5 9 1 3
Jo= 0 [ 0 bt di < O+ ) (el + 4l + [el) + CBF (14 1),
R
17 _ 11 2 2 _3
Jo= =7 A | 07T uvpvaare dz < Cleo + 0) ([l + el )+ COz(1+1)2,
R
A o A 9 A 9
Js = /U_zuvxa:w@m do = /U_Qu(wix)wdx‘f'/U_zum_)mw@m dz
2 R 4 R 2 R
A

9 A
:—/vgugggpimdm—i—)\/vl‘;uvwgoizdx—ﬁ—/Uguﬁwmwmdx
4 Jr 8 Jr 2 Jr

< Cleo+ 6)(|aall* + [nal® + lval|?) + C65 (1 + 1) 72,
and
Jo = f/\/va;uvicpm do = 485A/R VTP u(ps + Ue) g, da
< Oeo + 0)(llasl® + lpal®) + C3(1 )7
Substituting above estimates into (2.40) gives

Iy < C(go +6%) ([0aall® + [Weall® + [0a]® + lpa]|?) + CO% (1 +1¢)75.
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In addition, we have the following estimates:

Iy = —/v_lsomwmdxz/(v_ltpm%)t dx—/v_lwmwzdﬂ/v_%mwzvt dz
R R R

R

:/(’U_l@wzww)t dx_/U_l¢$xwwwd$+/U_Q(pazw’@ba:ua:dx
R R R

— [ ), dot [t e [0t det [0 do
R R R R

< /R (v Pawtha), dz + Cllthza||* + Cleo + O) (I1¥al* + llaal®), (2.42)

s = [ 5/0)a, 2 do < Oleo + 8)(lull + s ), (2.43)

and

Ly = / (0 (0) — 9/ (9))5s],, 225 da

v

- /va(p’(v) — P/ (0)Vprpre dx + /va [P (V)vy — P (0)0s] Vppae dT

= / v (P () = P (0) Ve Pra A + / 0P () UpPar da
R R
+ [0 - P @) o
R
< C/(|‘m_}xr‘:0m| + ‘90@17@%0951;| + |‘P7_)3790xz‘) dz
R

< Cleo +6) ([|@all® + | @axll?) + CO2 (1 +1)7%. (2.44)

By substituting the estimates (2.36)—(2.39) and (2.41)—(2.44) into (2.35), then integrating
the resulting inequality with respect to ¢ and choosing e, § small enough; together with (2.6),
(2.16), (2.26) and the smallness of &, one can arrive at (2.34). The proof of Lemma 2.4 is
finished.

O

Proof of Proposition 2.1: We combine Lemmas 2.1-2.4, then choose &, ¢y and § small enough

to establish the a priori estimates (2.3). Thus the proof of Proposition 2.1 is completed.  [J
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