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Abstract

In this paper, we complete the study of the (global) dynamics of predator-prey models introduced in a previous work,
which considers the possibility of any (generic) functional response involved, and includes recruitment and capture in
both species. More specifically, we provide demonstrations for the global asymptotic stability of all the non-trivial steady
states. To do that, we ingeniously divide the invariant set of the system by means of an adequate partition and construct
appropriate Lyapunov functions for the subsets of such partition, what leads us to the global stability of each non-trivial
equilibria. Thus, the work not only extends the precedent studies but also complete the study of them, providing technical
ideas which can be useful in other contexts. Finally, numerical simulations associated to several specific examples are
shown to illustrate their coherence with the theoretical findings.
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1. Introduction

Mathematics has become a fundamental tool for modeling and analyzing the behaviour of phenomena coming
from other sciences like biology, ecology, or other natural sciences [3 [0, [7, 23]. Among the mathematical
models, the predator-prey type continue being one of the most studied in the last decades (see, for instance,
111, 2], 13| 14) 17, 18, 19 20, 211, 25, 26], 27, 35, 87, 39, 40, [42] 47, 49] 50, 5I]). The variety of the predator-
prey models which have appeared in the last two decades of the present century mainly correspond to the
consideration of different functional responses [12] 19 30} B}, B2}, B3], B4} 42|, 50} 48], or to the variation of other
factors affecting the evolution of the populations like, stage structure [16], 19, [34], [44], harvesting [21], [49], diseases
[5, @], environmental time variations [41l [45], etc.

In particular, in [27], a more general model was introduced where the authors considered a general form
of predator functional response, a general form of recruitment, and capture on both predators and prey at a
rate proportional to their populations. Thus, the results there obtained cover the casuistry originated by generic
types of functional responses and recruitment forms. For this generic model, in [27], it is proved that the changes
in the number and local stability of the equilibria are associated with a two-dimensional threshold parameter
R = (m1,mq) with my, mg > 0, instead of with a one-dimensional one, as usually occurs in predator-prey

models.
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For mathematical models, the analysis of global asymptotic stability (GAS) of equilibria is one of the central
questions to get to know the (complete) dynamics [46], with several useful applications in real-world situations
[3, [7, 201 23] 25] 39, [42] [49]. In particular, for predator-prey models, GAS of an equilibrium with a component
equal to zero means that the corresponding population will go extinct while, if an equilibrium having both
components positive is GAS, this announces a future ecological balance between both species. In [27], although
the existence, coexistence and local stability of the equilibria of its more general model were determined, the
GAS was only partially solved. More specifically, the authors only proved the GAS of the trivial (extinction)
equilibrium (0, 0), while for the non-trivial ones only their local asymptotic stability was confirmed. In spite
of this, posterior numerical studies suggested that the equilibria may be not only locally but also globally
asymptotically stable [10] 27].

Motivated by the above reasons, the main purpose of this work is to provide demonstrations for the global
asymptotic stability of all the non-trivial steady states of the general model in [27]. To do that, we ingeniously
divide the invariant set of the system by means of an adequate partition and construct appropriate Lyapunov
functions for the subsets of such partition, what leads us to the global stability of each non-trivial equilibria.
Thus, the work not only improves the precedent studies but also complete them, providing technical ideas which
can be useful in other contexts. In addition, numerical simulations associated to several specific examples are
shown to illustrate their coherence with the theoretical findings.

The paper is structured in the following parts. The mathematical model and the previous results on its
dynamics are recalled in Section 2] In Section [3] we fully complete the GAS of the predator-prey model with
general functional response and including recruitment and capture in both species. Section [4] is devoted to
illustrating the theoretical results by means of numerical simulations in two different specific exameple. The last

section provides the main conclusions of this work and future research directions.

2. Mathematical model: existence, coexistence and local stability of equilibria

We will deal with the following continuous predator-prey model with general functional response and
including (general) recruitment and capture in both species, given by the following nonlinear system of ordinary

differential equations, which was firstly stated and studied in [27].

& =zf(r,y) =z[r(r) —yb(r) —m], O
g =yg(z,y) = y[s(y) + cxp(z) — ma.

In such a model ,

e z and y stand for prey and predator populations, respectively.

e The functions r(x) and s(y) represent the per capita recruitment rates of prey and predators, respectively,

and they posses the following (similar) properties:

Yz >0, 0 < r(z), r'(z) <0, 0 < [zr(x)], and lim r(z) =0,
Tr—r0o0
(2)
Yy > 0, 0 < s(y), s'(y) <0, 0 < [ys(y)]’, and lim s(y) =0,
y—00
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e The function ¢ (z) has the following characteristics:
Ve>0,  0<y(x), (2)<0, 0= [zp()] (3)

e my and mo represent the total mortality rates of prey and predators respectively and, due to that, it is

assumed that they both are positive.
e ¢ is another positive parameter known as conversion efficiency of prey into predators, which verifies ¢ < 1.

For this system , A= Rf_ is a positively invariant set. From [27, Proposition 1], we know the existence
and coexistence of equilibria of system in A. Specifically, it presents four types of (possible) equilibria,
namely: a trivial (extinction) equilibrium Py = (0,0), for all the values of the parameter; a predator extinction
equilibrium Py = (K,0), if and only if m; < r(0), where K is the solution of r(z) = mq; a prey extinction
equilibrium Py = (0, M), if and only if mge < s(0), where M is the solution of s(y) = mq; and an ecological
stability equilibrium Ps; = (x3,ys3), if and only if m; < r(0) — M+ (0) and my < s(0) or my; < r(0) and
$(0) < mg < $(0) + cKy(K), where x3 is the solution of the equation

r(z) —m
cxp(z) + s((z/))(q:)l) —mg =0,
and y3 can be obtained from the equality,
v = r(xzs) —m
Y(xs)

once the value of x3 is known.

Likewise, from the local stability analysis of system in [27], we have that: the trivial (extinction) equi-
librium is locally asymptotically stable, if r(0) < m; and s(0) < ms2, and unstable otherwise; the predator
extinction equilibrium is locally asymptotically stable, if (0) > my and s(0) + ¢K9(K) < mg, and unstable
otherwise; the prey extinction equilibrium is locally asymptotically stable, if r(0) — M(0) < mq and s(0) > ma,
and unstable otherwise; and the ecological stability equilibrium is locally asymptotically stable, if it belongs to
A.

Nevertheless, in relation to the GAS of the equilibria, in [27], the authors only prove the case of the trivial
(extinction) equilibrium, when m; > r(0) and mg > s(0).

In spite of this, posterior numerical simulations suggested that the rest of the equilibria may be also globally
asymptotically stable [10, 27]. Thus, motivated by this suggestions, in the next section, we will analyze the GAS

of the non-trivial equilibria.

3. GAS analysis of the non-trivial equilibria

Here, we will demonstrate the GAS of the non-trivial equilibria of system . To do that, we will use
the result in [43, Proposition B.7] for an initial value problem of autonomous system of ordinary differential
equations

w(t) = f(w(?), w(0)=wo>0,(t=0) (4)
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where f,w :R" — R" and w > 0 means that w € R’. Such a result establishes that, in conditions of existence
and uniqueness of solution of initial value problems, if for all i = 1,...,n, f;(w) > 0 for any w > 0 with w; = 0,
then every solution w(t) with initial condition w(0) = wy € R’ remains in R’ for all ¢ > 0.

Also, we shall denote by Fix*(P;) the set of existing equilibria minus P;.

Theorem 1. The predator extinction equilibrium Py = (K, 0) of system is globally asymptotically stable with
respect to the set A — Fix™(Py), if r(0) > mq and s(0) + cK¢(K) < ma.

Proof. In order to prove this theorem, we will consider a partition of A into two different sets,
Ag = {(x,y) €Az < K}
and
AK:{(x,y)€A|x2K}. (5)

Then, we will prove that the P; = (K,0) is globally asymptotically stable with respect to Ax — Fix*(P;), and,
also, with respect to A% — Fix*(Py). Since, A = AX[J Ay, from both issues, we will obtain the complete GAS
of Pl.

Firstly, we will demonstrate that the set
Ag = {(x,y) €Az < K}

is a positively invariant set for the system (I). To do that, we will prove that (z(t),y(t)) € Ak for all ¢ > 0, if
(2(0),y(0)) € Ak, ie. z(t) < K and y(t) > 0 for all t > 0. Since A is positively invariant for system (T)), we
have that y(t) > 0 for all ¢ > 0.
Now, consider the change of variables z = K — x. Then, system becomes
¢ = (K —2)[r(K —z) —yp(K — z) —m],
g =y[s(y) + (K = 2)Y(K - 2) — ma].
Thus,
Zlzm0 = —K[r(K) — yp(K) — mi] = Kyp(K) + K[my — r(K)] = Kyy(K) > 0,
Yly=0 = 0.

At this point, using the mentioned result in [43], we have that every solution (z(t),y(t)) such that (2(0),y(0)) >0
remains in ]Ri for all ¢ > 0. In particular, z(t) > 0 for all ¢ > 0, what implies that z(¢t) < K for all t > 0.

Secondly, we will demonstrate that, if s(0) + cK¢¥(K) < mg, then P; = (K,0) is globally asymptotically
stable with respect to the set Ax — Fix*(P;). Observe that s(0) + cK¢(K) < ms implies that s(y) < s(0) < mg
for all y > 0. As 0 < [z¢(z)]’, for all (z,y) € Ak, it follows

s(y) + cxyp(x) — ma < s(0) + cKYp(K) — mg < 0. (7)
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Next, we construct a Lyapunov function to show the GAS of P, = (K, 0) with respect to Ax under the condition
$(0) + cK9(K) < ms. In this sense, consider the function V; : Ax — R, defined as
2

Vi(ay) = % ®)

In view of its definition, it is straightforward that Vi(z,y) is C! and positive definite. In addition, its derivative

along solutions of is
dVi

dt
Taking into account (7)), now we have that dV; /dt < 0 for all (z,y) € Ak and

=y =y’[s(y) + cxp(z) — mal.

E= {(l‘,y) € AkVi(z,y) = 0} = {(z,y) € Agly = 0}.
Observe that the largest invariant set contained in FE is precisely E. Thus, in E, system reduces to
i =a[r(z) —m]. 9)

Note that equation (J) has a unique positive equilibrium point z = K, since r'(z) < 0 and 7(0) > m;. At this

point, we can construct another Lyapunov function

x
W(a:)fx—K—Kln?, (10)
whose derivative is
. r—K
W(z) = &= (z — K)[r(z) — mi].

It is clear that, for 2 = K, W(K) = 0, while W(z) < 0 for all 0 < z # K since 7/(z) < 0. Thus, using
the Lyapunov stability theorem, it follows that x = K is globally asymptotically stable, and, consequently,
lim;_, o, (t) = K. At this point, as under the assumed conditions the predator extinction equilibrium P, = (K, 0)
is locally asymptotically stable, by the LaSalle Invariant Principle [28] [24], we get its GAS in Ax — Fix*(Py).
Finally, we will demonstrate that the equilibrium point P; is also globally asymptotically stable with respect

to the set AKX — Fix*(P;). To do that, it is only necessary to prove that P; = (K, 0) is globally attractive with
respect to A® — Fix*(Py). To proceed with, we divide the proof in two cases.

Case 1. There exists tg > 0 such that z(¢y) < K.
Then, (z(to),y(to)) € Ax. Thus, considering (z(to),y(to)) as initial conditions and using the same reasoning as
above, lim;_, o z(t) = K and lim;_, o y(t) = 0.

Case 2. x(t) > K for all t > 0.
Then, (z(t),y(t)) € A¥ for all ¢t > 0 and, consequently,

i =x[r(z) - yy(x) —mi]
zlr(K) —ma] — zy(x)
—zyy(x)

0.

IN

IN
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This means that x(t) is decreasing and bounded from below by K.

In addition, considering u(t) = x(t) + y(t), then

S
i
8 8

+

<.

IN
e =
= =

(x) = ma] +yls(y) — ma] + (¢ = Dayy(x)
(K) —ma] +y[s(0) = ma] + (¢ — Dayi(x)
§(0) —ma] + (¢ = Dayy(z)
(0)

I
<

which implies that wu(t) is also decreasing and bounded from below.

Since z(t), u(t) are bounded and decreasing functions and y(t) = u(t)—xz(t), the limits lim; o 2:(¢), lims—_, o y(t)
exist. Assume that lim; o (2(t), y(t)) = (z*,y*). Obviously, (z*,y*) must be an equilibrium point of the model
[m.

Remember that when r(0) > m; and s(0) + cK¢(K) < mg, then the trivial equilibrium (0,0) is unstable
and only coexists with the predator extinction equilibrium (K, 0) which is locally asymptotically stable. That
is, under these assumptions system has no other non-trivial equilibria. On the other hand, x(¢) is bounded
from below by K, what allows us to deduce that (z*,y*) # (0,0) and, consequently, (z*,y*) = (K, 0).

As under the assumed conditions, 7(0) > m; and s(0) + cK¢(K) < mq, Py = (K, 0) is locally asymptotically
stable, and has global attraction, we obtain its GAS in A® — Fix*(Py).

O

Theorem 2. The prey extinction equilibrium Py = (0, M) of system is globally asymptotically stable with
respect to the set A — Fix*(P), if r(0) — M (0) < my and s(0) > ma.

Proof. Here, we will use a similar technique as in Theorem [I} In order to prove this theorem, we will consider

a partition of A into two different sets,

A = {(2,) € Aly > M}
and

Ay = {(:my) €Ay < M}

Then, we will prove that the P, = (0, M) is globally asymptotically stable with respect to AM — Fix*(P,), and
also with respect to Ay; — Fix*(P,). Since, A = AM | J Ay, from both issues, we will obtain the complete GAS
of P2.

Firstly, we will demonstrate that the set

AM = {(m»y) €A|y2M}
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is a positively invariant set of the model . To do that, we will prove that (ac(t), y(t)) € AM for all t > 0 when
(z(0),y(0)) € AM. Since A is a positively invariant set of system (T)), z(¢) > 0 for all ¢ > 0.

Now, consider the change of variables v =y — M. Then, system becomes

i =a[r(z) - (v+ M)v(z) —m], (1)
v = (v+M)[s(v+ M)+ cay(x) — me].

Thus,
i‘|m:0 = 07
O]y—o = M[s(M) + cap(x) — mo] = cap(z) > 0.

At this point, using the mentioned result in [43], we have that if v(0) > 0, then v(¢) > 0 for all ¢ > 0, what
implies that y(t) > M for all ¢t > 0.

Secondly, we will demonstrate that, if m; > r(0) — M(0), then P, = (0, M) is globally asymptotically stable

with respect to the set AM — Fix*(P,). Since r(0) — M(0) < my, g(x,y), %(m,y) <0, for all (z,y) € AM,
€ Yy

we have

f(a,y) =r(x) —yd(z) —my
< f(0,y) = 7(0) = y(0) —ma

< 7(0) = M1p(0) —my

(12)

0.

A

Next, we construct a Lyapunov function to show the GAS of P, with respect to AM under the assumption
r(0) — M(0) < mq. In this sense, consider the function V : Ax — R defined as
2

Va(e.y) = - (13)

Then, its derivative along the solutions of system is
—= = xi = 22 (r(x) — yp(x) —mq).

Taking into account (12)), we have that Va(x,y) <0 for all (z,y) € AM, and V, = 0 if and only if z = 0.

Following a similar reasoning as before, for such a set, system reduces to
§=y[s(y) — mal. (14)

As before, equation has a unique positive equilibrium y = M, since s(0) > ms and $'(y) < 0, and it is
globally asymptotically stable, i.e., lim; o y(¢t) = M. At this point, as under the assumed conditions the prey
extinction equilibrium P2 = (0, M) is locally asymptotically stable, by the LaSalle Invariant Principle we get
its GAS with respect to AM — Fix*(Py).



Finally, we will demonstrate that the equilibrium point P; is globally asymptotically stable with respect to
the set Ay — Fix"(P2). To do that, it is only necessary to prove that P, = (0, M) is globally attractive with
respect to Ay — Fix*(Pz2). To proceed with, we divide the proof in two cases..

Case 1. There exists to > 0 such that y(to) > M.
Then, (z(to),y(to)) € AM. Thus, considering (z(to),y(to)) as initial conditions and using similar arguments as
before, lim;_, . y(t) = M and lim;_, o x(t) = 0.

Case 2. y(t) < M for all t > 0.
Then, (z(t),y(t)) € Aps for all ¢ > 0 and we have

v = yls(y) + cayp(x) —mo]
> y[s(M) — ma] + cxyy(x)
= cz(t)yy(z)
>0

1o This means that y(t) is increasing and bounded from above by M. Thus, it allows to assure the existence of

limg—, o0 y(2).
We shall also demonstrate the existence of lim;_, o, (), distinguishing two sub-cases according to the order

relation between my and r(0).

(i) my1 > r(0). In this case,

i =azlr(z) —yp(x) —m]
< z[r(0) = m1 — yip(x)]
< —zyh(x)
<0

This implies that z(t) is decreasing and bounded from below. Thus, it allows to assure the existence of

135 limt_mo l‘(t)

(ii) m1 < r(0). In this other case, the predator extinction equilibrium P; = (K,0) also exists, and Ak is a

positively invariant set of system . Therefore, if (0) < K, then z(t) < K for all ¢ > 0. Consequently,

b+ g = a[r(@) — yg(e) — mi] + y[s(y) + crp(a) —mo]

=z[r(z) —mi] + %[s(y) — mo]
> 2[r(K) — ma] + %[S(M) — ] =0,

1 M
Thus, z(t) + —y(t) is increasing and bounded from below by K + —. This allows us to assure the existence
c c

of the limit of z(¢t) + —y(t) as t — oo and, as a consequence, the existence of lim;_, o (z(t), y(t)).
c
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Otherwise, if 2(0) > K, then, if we suppose that z(t) > K for all ¢ > 0,

& = alr(z) - yp(r) —m]
zlr(K) —mi — yi(a)]
= —zyd(y)

0.

IN

IN

This means that z(t) is decreasing and bounded from below by K, what allows us to assure the existence

of limy_, o0 2(2).

Therefore, we have demonstrated the existence of lim;_, . (x(t), y(¢)), namely (z*,y*), which must be an equi-
librium of system .

Remember that when s(0) > mo and r7(0) — M (0) < mq < 7(0), then the trivial equilibrium Py = (0,0) is
unstable and it coexists with a unique predator extinction equilibrium P; = (K, 0), and a unique prey extinction
equilibrium P, = (0, M), being P; unstable and P locally asymptotically stable. Since y(¢) is increasing and
bounded from above by M, (z*,y*) # (0,0) and (z*,y*) # (K, 0).

On the other hand, when r(0) < my and s(0) > ms, then the trivial equilibrium Py = (0,0) is unstable and,
coexists with a unique prey extinction equilibrium equilibrium P, = (0, M), which is locally asymptotically

stable. Thus, (z*,y*) # (0, 0).

Thus, we deduce that the globally attractive equilibrium (z*,y*) is (0, M), what allows us to infer its GAS
with respect to Ay — Fix" (Py). O

Due to the unexplicit expression of P3, we restrict our analysis to the case in which the recruitment follows a
Beverton-Holt type, while the functional response a Holling type II type, which are among the most common in
real-world applications [27]. Thus, the predator functional response ¢ (z) and the per capita recruitment rates

of prey r(z) and predators s(y) satisfy these similar equations:

ar(zx) = bffx’ ar, by >0,
asT

xp(xz) = 5 j_ — az, by >0, (15)
a

ys(y) = bs iyy7 az, bz > 0.

At this point, implementing these types in system , we have

T ==z L1 -m
b1+.’E b2+$ L)
as asxT
= +c —
Nosty " “bte

(16)

(] ma2
This choice of types for the predator functional response and for the recruitment in was also considered

for numerical experiments in [27]. Actually, numerical simulation associated to in [I0L 27] suggested the

GAS of Ps. These studies motivate the following analytical result.
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Theorem 3. The ecological stability equilibrium Ps = (x3,y3) of system is globally asymptotically stable
with respect to the set A — Fix*(Ps3), if it belongs to A.

Proof. Suppose that P3 = (x3,y3) € A. Then, 0 < (z3,ys) and we have that

a1 asys —m
- - 1
b1 + 3 b2+$3 (17)
as + ao2x3
c = mao.
b3 +ys b2+ 3 2
As a consequence, system can be rewritten as
P o= a - ay 4 a2y3
b1—|—17 b2—|—$ b1+1‘3 b2+933 ’ (18)
. as 4 asx as a3
= c — —c ,
Y Y bs +y by +2 b3 +ys3 by + 3
which is equivalent to
P ( ay B a2y3 >(x3 —a)— azba + asxs (y — ys)
(b1 +93)(b1 +$3) (bg +ZZ?)(b2 +l‘3) (bg +I)(b2 +x3) ’ (19)

- [ cazby (z — 23) — as
Y=Y 0y + 2) (02 + 23) 37 oy + 2)(bs + a3

)(y—y3)]-

At this point, we shall construct a Lyapunov function. Effectively, suppose that ¢; and co represent positive

(real) numbers and consider the following function
€ Y
V(x,y)zcl<x—x3—x31n)+cz<y—y3—y3ln). (20)
r3 Y3

Then, evaluating 1% along the solutions of system 7 from and , we have

V= xinieriny
x Y
_ < ay B a2y3 )(ac _z)— azby + aszs (y—ys) | (2 — 3)
(br +2)(b1 +23)  (ba+a)(batas)) > (b2 + 2) (b2 +a3) 7 7 ’

[ casbs as
+ T —13) — - - (21)

b S T oY y3)} (v =)
= —c [ a1 — 4293 } (3 —x)% — ¢y as (y —ys)?

(b1 +z)(by +x3)  (by + x)(by + x3) (bo + x)(ba + x3)

[ agbg + a3 C(lgbg
+ |- - — y3).

I “ (by + ) (b2 + 3) “ (by + x)(ba + 1‘3)} (@ = )(y ~ )

At this point, if we suppose that ¢; and ¢y verify
c1(agbe + asx3) = cacagba,
then
. ax a2ys 2
V=-—c - rT—@
UG T o)tz o v )bty | ") (22)
—C2 o (y— y3)2.
(b2 + z)(b2 + x3)

10
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d
The hypothesis a—i(m, y) =71'(z) —yy’(x) <0 for all z,y > 0 implies that

ai _ a2y3 >0
(b1 +I’)(bl +I’3) (b2+I)(b2+IL‘3) '

From this, we deduce that the function V satisfies the Lyapunov stability theorem. Hence, the GAS of Ps in
A — Fix*(P3) is proved. O

4. Numerical simulations

To confirm the validity of the theoretical results, we will perform numerical simulations with two particular

examples.

Example 1. Consider the particular predator-prey system obtained from by choosing an Ivlev type predator

functional response and Beverton-Holt type recruitment for both species, given by

152 1—e™® 5y
110 rip(r) = ;o ys(y) = y+10°

ar(z) = 20

We shall analyze numerically the siz different cases associated with the parameters of my, mqy listed in Corollary
1 and Figure 2 in [27], which determine all the possibilities of existence and coexistence of equilibria (see Table
).

Since the predator-prey model possesses positive solutions, numerical approximations should satisfy this char-
acteristic. For this reason, we utilize dynamically consistent nonstandard finite difference (NSFD) schemes
proposed by Dang and Hoang [10] to simulate the dynamics of the model. More clearly, the following simple
positivity-preserving NSFD scheme derived from [10] will be used

Tn+1 — Tn

= mnr(xn) - anrlyn'(/J(xn) — Mi1Tn+1,
, At , (23)
L —
7n+At 2 = ynS(Un) + CYnZni1¥(Tnt1) — Mayni1,

where At is the step size, t, = nAt for n = 0,1,2... and (acn,yn)T is the intended approximation for
(m(tn), y(tn))T, respectively. The explicit form of the NSFD scheme 18 given by

Tpn + Atx,r(xy,)
1+ Atyuth(an) + mi At

y _ Yn + Atyns(yn) + Atcynfcn+11/1(37n+1)
n 1+ moAt

Tp+1 =

The NSFD scheme (23)) not only preserves the positivity but also has the ability to correctly preserve the dynamics
of the model for all finite step sizes. So, it can provide reliable approximations. In all the following numerical

examples, we will consider the model over the time interval [0,500] and use the step size At = 1076,

11
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The figures [1{f] represent the phase portraits for the predator-prey model corresponding to the siz mentioned

s cases in relation to the values of (m1, ma). In these figures, each blue curve represents a solution associated with

a specific initial condition, the red arrows indicate the evolution (direction) of both species, and the green circle
point the globally asymptotically stable equilibrium.

As can be observed, all the solutions converge to the global asymptotically stable equilibrium, what confirms

the GAS of the predator-prey system considered.
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Figure 1: The phase planes of the predator-prey for Case 1 of Example
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Figure 3: The phase planes of the predator-prey model for Case 3 of Example
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Figure 4: The phase planes of the predator-prey model for Case 4 of Example
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Figure 5: The phase planes of the predator-prey model for Case 5 of Example
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Figure 6: The phase planes of the predator-prey model for Case 6 of Example

Example 2. Consider the particular predator-prey system obtained from by choosing a Holling type III type

functional response and Beverton-Holt type recruitment for both species, given by

15z x? 5Y

rr(r) = m’ rip(x) = m, ys(y) = m7

wo  We shall analyze numerically the cases associated with the parameters of (my,mo) listed in Table @
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The phase portraits for the predator-prey model corresponding to the five cases of (my, ma) are shown in
Figures |'] respectively. As in Ezample it can be observed, that all the solutions converge to the global

asymptotically stable equilibrium, what confirms the GAS of the predator-prey system considered.
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Figure 7: The phase planes of the predator-prey model for Case 1 of Example
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Figure 8: The phase planes of the predator-prey model for Case 2 of Example
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Figure 9: The phase planes of the predator-prey model for Case 3 of Example

Figure 10: The phase planes of the predator-prey model for Case 4 of Example
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Figure 11: The phase planes of the predator-prey model for Case 5 of Example

It is important to remark that Examples [I] and [2] suggest that the ecological stability equilibrium point
may be globally asymptotically stable for general cases of functional response and recruitment. Therefore, it
is reasonable to give the conjecture that the ecological stability equilibrium point of the general predator-prey

model is globally asymptotically stable.

5. Conclusions and open research directions

With this work, we show that the global dynamics of several kinds of predator-prey systems can be analyzed
at the same time by only taking into account common (mathematical) characteristics of the different modalities
of functions that appear in the definition of such systems. On the other hand, we give a useful idea to deal
with the global asymptotic stability in a certain domain, consisting in dividing it in appropriate subsets with
respect to the parametric values and construct respective Lyapunov function for these subsets. This allows us to
complete the results on global asymptotic stability suggested in [27], on general predator-prey systems including
recruitment and capture in both species. The numerical simulations in this work suggest that the ecological
stability equilibrium is globally asymptotically stable when it belongs to the domain. We think that the methods
and results in this work can be useful to guide the study of predator-prey models (|1)) given in other even more

general or involved contexts. For instance, model in the context of the Caputo fractional derivative with
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a € (0,1) becomes:

d®x(t)

o = e (@(®).y(0) = =(1) [r((t)) — y()p(z(t)) —ma],
d*y(t)

G = YD) y() = y(0)[s(y(t)) + cx (@) (a(t)) — mo],

(24)

In view of the proofs in this paper, this extended model should be analyzed by using comparison results

[29, B8] and the Lyapunov stability theorem for fractional-order dynamical systems [T}, 2, [15]. We consider this

analyzed as future research direction of our work.
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