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Abstract

The Maximum Entropy Theory of Ecology (METE) predicts the shapes of macroecological metrics in relatively static ecosystems
using constraints imposed by static state variables. In disturbed ecosystems, however, with time-varying state variables, its
predictions often fail. We extend macroecological theory from static to dynamic by combining the MaxEnt inference procedure
with explicit mechanisms governing disturbance. In the static limit, the resulting theory, DynaMETE, reduces to METE but
also predicts new scaling relationships among static state variables. Under disturbances, expressed as shifts in demographic,
ontogenic growth, or migration rates, DynaMETE predicts the time trajectories of the state variables as well as the time-
varying shapes of macroecological metrics such as the species abundance distribution and the distribution of metabolic rates
over individuals. An iterative procedure for completely solving the dynamic theory is presented. In a lowest-order iteration,
characteristic signatures of the deviation from static predictions of macroecolgoical patterns are shown to result from different
kinds of disturbance. Because DynaMETE combines MaxEnt inference with explicit dynamical mechanisms, but does not
assume any specific trait distributions over species or individuals, it is widely applicable across diverse ecosystems. This makes

it a promising theory of macroecology for ecosystems responding to anthropogenic or natural disturbances.

INTRODUCTION

One focus of ecology is obtaining insight into the shape and origin of patterns in abundance, energetics, and
spatial distributions of taxa, across spatial scales, and within different habitats. Macroecology, the study of
such patterns, builds capacity for estimating species diversity from sparse data, predicting extinction rates
under habitat loss, and deciphering the processes that determine ecosystem structure and function. (Brown
1995, Rosenzweig 1995, Gaston and Blackburn 2000, Kitzes and Shirley 2016).

Although the study of dynamic ecosystems is a rising area in ecology (Hill & Hamer1998; Dornelas 2010;
Turner 2010; Newman 2019), macroecological theory has largely focused on understanding patterns in quasi-
steady-state ecosystems, ignoring trending patterns in systems undergoing rapid succession, diversification
or collapse (Fisher et al. 2010). Empirical evidence, however, is accumulating that dynamic and static
macroecological patterns differ (e.g., Kempton and Taylor 1974; Carey et al. 2006; Harte 2011; Supp et
al. 2012; Harte and Newman 2014; Rominger et al. 2015; Newman et al. 2020). Our objective here is the
formulation and initial exploration of a theory, DynaMETE, to predict macroecological patterns in dynamic
systems.

Our starting point is a static theory based on the maximum entropy (MaxEnt) framework (Harte 2011; Harte
and Newman 2014). MaxEnt selects the flattest, and therefore least informative, probability distributions



compatible with constraints imposed by prior knowledge. Bias, in the form of assumptions about the distri-
bution that are not compelled by prior knowledge, is thereby eliminated (Jaynes 1957; 1982). The maximum
entropy form of a probability distribution, p (n ), is obtained by maximizing its Shannon information entropy
(Shannon 1948),— > p(n)log (p(n)),subject to imposed constraints.

Ever since Jaynes, the MaxEnt inference procedure has been applied in many fields, including image recon-
struction in medicine and forensics (Frieden, 1972; Skilling, 1984; Gull and Newton, 1986; Roussev, 2010),
neural net firing patterns (Meshulam, 2017), protein folding (Steinbach et. al, 2002; Mora et al, 2010),
and reconstruction of incomplete input-output data and other applications in economics (Golan, Judge and
Miller, 1996; Golan, 2018).

The MaxEnt Theory of Ecology (METE) assumes prior knowledge in the form of static state variables
describing a taxonomic group of interest (e.g., plants or arthropods) in a prescribed location. In the original
version of the theory there are four state variables: area, A , of the ecosystem, total number of s pecies, S
, within the broad taxonomic group in that ecosystem, summed number of individuals, N , in those species,
and summed metabolic rate, F , of those individuals. From the constraints imposed by the ratios of the state
variables, the forms of many of the metrics of macroecology can be inferred, with no adjustable parameters,
using MaxEnt.

METE predicts many pervasive patterns in static macroecology, including the species abundance distribution
(SAD) (Harte et al. 2008; Harte and Kitzes, 2014; White et al. 2012; but see Ulrich et al. 2010), the species-
area relationship (SAR) (Harte et al. 2009), the metabolic rate distribution over individuals (MRDI) (Harte
et al. 2008; 2017; Xiao et al. 2015), a relationship between the average metabolic rate of the individuals in a
species and the abundance of that species (Harte et al. 2008), and, in an extension of the original theory, the
distribution of species over higher taxonomic categories and the dependence of the abundance-metabolism
relationship on the structure of the taxonomic tree (Harte et al. 2015).

Just as macroecological patterns shift under disturbance, METE’s predictions also generally fail in ecosystems
undergoing relatively rapid change. In particular, when state variables are changing as a consequence of
succession or anthropogenic disturbance, the values of the state variables at any moment in time do not
accurately predict the shapes of the macroecological metrics at that same moment in time.

Examples of altered macroecological patterns in disturbed ecosystems abound. Moth censuses at Rotham-
sted reveal a log-series SAD (as METE predicts) at less disturbed locations and a lognormal SAD at more
disturbed locations (Kempton and Taylor 1974). Supp et al. (2012) report that when the state variables
(species richness and total abundance) are experimentally altered in small-mammal communities, the func-
tional form of the SAD is altered. Kunin et al. (2018) show that in the highly fragmented and manipulated
UK, METE under-predicts species richness derived from upscaling data from small plots. Franzman et al.
(2020) show that in an alpine plant community, both the SAR and the SAD increasingly deviate over time
from METE predictions during a period of drought stress.

In systems recovering from disturbance, macroecological patterns also change. Carey et al. (2006) show that
the shape of the SAR in recovering subalpine vegetation plots in the aftermath of both an eruption at Mount
St. Helens and a hillslope-erosion event at Gothic CO deviated systematically from that observed in nearby
undisturbed comparison plots. In the aftermath of a recent fire, Newman et al. (2020) observe the failure
of METE in a fire-adapted Bishop Pine forest site in coastal California. There, the SAR in a successional
post-fire ecosystem deviates markedly from the METE prediction, in contrast to a control site that has not
burned in many decades. On much longer time scales, such shifts are also occurring; for example, at younger
sites in the Hawaiian Islands where diversification is occurring more rapidly, both the SAD and the MRDI
show deviations from static theory predictions, in contrast to sites on the older islands (Rominger et al.
2015).

Across the Smithsonian tropical forest plots, systematic deviations from MaxEnt predictions appear promi-
nently at the Barro Colorado Island site in Panama, where the state variables, S and N , have declined over
the past 30 years, speculatively as a consequence of a combination of local disturbance and the formation



of Gatun Lake resulting in the semi-isolation of the created island from its metacommunity (E. Leigh, pers.
comm.). The shape of the SAD at BCI is currently intermediate between a log-series and a lognormal, while
other Smithsonian tropical forest plots that are less disturbed, such as Cocoli and Bukit Timah, show closer
agreement with the log-series SAD predicted by the static theory (Harte 2011).

The pattern of deviation of macroecological metrics from METE predictions differs across these investigations
of disturbed ecosystems. Whereas in some of the disturbance sites, the SAD appears to trend toward a
lognormal distribution (Rothamsted moths, BCT trees), in others the trend is toward a weak inverse power-
function, n@with a < 1 (alpine plant community). In some disturbance sites, the SAR deviates from the
METE prediction toward a power-law (post-burn Bishop pine forest), while in others it deviates further from
power-law behavior (alpine plant community). This complexity of responses of macroecological patterns to
disturbance provides us with an opportunity to identify drivers of change. Indeed, DynaMETE predicts
departures of macroecological distributions from steady state that depend in characteristic ways on the
specific mechanisms of disturbance.

METE is static insofar as the state variables are assumed to vary so slowly that their instantaneous values
suffice to derive macroecological distributions. Plausibly, in a dynamic ecosystem with rapidly changing
state variables, static METE might be inadequate. Analogously in thermodynamics, pressure, volume, and
temperature are the macroscopic state variables, from which micro-level distributions such as the Boltzmann
distribution of molecular energies can be derived using MaxEnt (Jaynes 1957; 1982). In an out-of-steady-
state “disturbed” gas, such as one with inhomogeneously changing temperature, averaged pressure, volume,
and temperature no longer suffice.

In DynaMETE, we combine the MaxEnt procedure for determining least-biased probability distributions with
explicit mechanisms that drive the system from steady state. Because the dynamics depends on the state
variables, we require an iterative procedure for up-dating both constraints and macroecological distributions.

In Methods we review METE and present the theoretical framework for DynaMETE, including how ex-
plicit mechanisms are incorporated and upscaled from individuals to the community level, and an iteration
procedure for deriving predictions. Under Results we examine predicted scaling relationships among the
state variables in the static limit of DynaMETE. Then we examine dynamic predictions of the theory near
steady state. Coupled time-differential equations for the state variables are derived and solved to reveal
predicted trajectories of these variables under various perturbations. We also show predicted deviations of
abundance and metabolic rate distributions in a lowest-order iteration of the full theory, again for a variety
of perturbations. In Discussion, we assess the current status of DynaMETE and suggest future directions
and applications.

METHODS
Review of METE.

At the core of METE is the time-independent structure functionR (n, € |S, N, E ).R is a joint conditional
distribution over abundance, n , of a species, and metabolic rate, € of an individual;R -de is the probability
that a species picked at random from the species pool has abundance n , and an individual picked at random
from the species with abundance n has a metabolic rate in the interval (e , € 4+ de ).

We use a discrete notation, with summation, not integral, signs for all variables n , ¢, .S, N, E , and adopt
the units convention that the smallest value for the metabolic rate ise = 1, the metabolic rate of the smallest
observed organism in the community (e.g., a germinant tree in a forest, or a tree with 10 mm dbh if that is
the smallest tree censused). The constraints on the static structure function are:

% = Zn,g nR (nﬂ 6‘53 Nﬂ E)(]')
and

£= Yo VER (n,elS, N, E).(2)



The MaxEnt solution (Harte et al., 2008) for R (n ,e |S ,N ,E ) subject these constraints is:

e~ M7 g—Agn

R(n,elS, N, E) = €102 (3

where Z ! is a normalization constant (see below). The A ’s are Lagrange multipliers that are determined
from the values of S, N , E . The quantity 8 =A 1 + A 5 is determined from

n

N  n N g
% Zn:l T :anl n (4)
where z = e #. The Lagrange multiplier,\o, is given by
d = g7y (5)

In many ecosystems, the state variables obey the inequalities S << N<< FE | in which casef < 1 and the
solution to Eq. 4 is, to a good approximation,

$~BIn (=) ~81n (3) (6)
Moreover, in that approximation,

In(A
s (7)

In all that follows, we assume the validity of these approximations, and use =, not =2, signs in the equations.

7 =~

We note for later comparison with DynaMETE that the species abundance distribution (SAD), ¢ (n), ob-
tained by summingR over metabolic rate, ¢, is the log-series distribution:

67ﬂ7l
¢ (n) = W(S)
and the distribution of metabolic rates over all individuals (the MRDI), obtained by summing nR S/N over
abundance, n , is:

—v(e)
() = FE5me )

where
v(e) = A1+ Xe. (10)

METE also contains a spatially-explicit component but to focus on the essential concepts underlying Dy-
naMETE, we ignore the spatial dimension here.

For further description of MaxEnt and METE, and software for deriving predictions, see Harte 2011; Brem-
mer and Newman 2019; Kitzes and Wilbur 2016; Rominger and Merow 2016.

DynaMETE.

DynaMETE is a hybrid theory based upon both the logic of the MaxEnt procedure and explicit mechanistic
assumptions about the drivers of change. The mechanistic parent of DynaMETE is contained within a set
of transition functions that describe demographic and ontogenic-growth rates. They derive from analyses
of individuals and populations, not directly from the dynamics of the state variables. To up-scale these
processes from the micro-level variables, n and e,to the macro-level state variables, S , N , and E , we
average the transition functions over the perturbed structure function. That function, in turn, is determined
in an iterative procedure, from the constraints imposed by the perturbed state variables and their time
derivatives using MaxEnt. Fig. 1 illustrates the recursive architecture of DynaMETE.

Importantly, our distinction between “steady-state” and “dynamic” applies to the state variables only; even
in steady state, individuals can be growing or dying and abundances of species can be increasing or decreasing
at any moment in time, provided the state variables are constant.

At any moment in time, the constraints on the dynamic structure function, R , include the state vari-
ables and their first time derivatives. Two Lagrange multipliers, A\; and)\s, correspond to the constraints



provided by ratios of state variables, N /S and E /S , just as in METE. Three additional Lagrange
multipliers,A3, Ay and A5, correspond to the constraints of (1/S )dN /dt , (1/S )dE /dt , and dS /dt

Consider an ecosystem that has been in steady state up until timet = 0; the state variables have been
constant as a consequence of a balance among the processes that increase and decrease their values, and
the structure function is given by Eq. 3. For S , those processes might include extinction, speciation,
and immigration; forN , they might include birth, death, and immigration; and forE , they might include
ontogenic growth, death of individuals, and immigration. At ¢ = 0, a disturbance is imposed. It could be
a reduction in the immigration rate because of habitat fragmentation, or a change in the ontogenic growth
rate or the per capita death rate because of climate change.

DynaMETE describes the time evolution of the system in the aftermath of that disturbance as an iteration
of a sequence of steps (A-G) that are made more explicit in Table 1.

To express Table 1 in equation form, we introduce transition functions. We denote the rate of change of the
population of an arbitrary species by:

dn/dt = f(ne {X},{c}) (11)

Here {X } refers to the set of state variables and {¢ } refers to the set of parameters such as migration rate
or per-capita birth and death rates that govern changes in the abundances of the species and thus in N .
We assume that f and the other transition functions do not depend on the {dX /d¢ }.

Similarly, the rate of change of the metabolic rate of an individual is:

de/dt =g (n e, {X},{c}). (12)
From Eqgs. 11 and 12:
d(ve)

englishdt=ng(n,e, {X}, {c}) +ef(n,e,{X},{c}) = h(n,e,{X},{c})(13)

The function h describes processes that contribute to changes in the total metabolic rate of the species and
thusin E .

In addition to f and h, the transition functiong (n,e,{X},{c}) describes processes governing changes in
species richness, including for example extinction, immigration, and speciation. Multiplying these transition
functions by the time-evolving structure function and summing overn and ¢, yields the time-evolving time
derivatives of N and E and S .

To describe the iterative process we introduce a discrete time-step index, 4 , and designate the time-dependent
state variables, their time derivatives, the Lagrange multipliers, the transition rate parameters, and the
structure function as {X; }, {dX; /dt }, A\, ;,{c: } and Rrespectively. The index, j, designating the Lagrange
multipliers, runs from 1 to 5.

Again consider a system that in the past (i < 0) was in steady state, with static state variables, static struc-
ture function given by Eq. 3, and Lagrange multipliers given by Eqgs. 5 and 6. For ¢ < 0,A3;, A4, As; and
the time derivatives of the state variables vanish. At ¢ = 0 a disturbance is imposed that is expressible as a
change in one or more of the parameters, ¢ , in the transition functions. It can be a time-varying or a fixed,
one-time parameter change.

The iterative process cycles through three groups of equations using the perturbed transition functions.
First, at any moment in time 4 , there are the constraint equations that determine the structure function
from the instantaneous values of the state variables and their time derivatives:

Ni - Sz Zn,s nRi(naEa {Xl}a {Cl})(14)



E, =5 Zn’s veR;(n,e,{X;}, {c:})(15)

dcji\t[i =5 Zn,sf(n»E»{Xi}a{Ci})Ri(”ﬁa {Xi}, {ci})(16)
B = 8%, h(ne {X,} {ei}) Ri(n,e. {Xi}, {e:})(17)
ddsti = Zn,s q (n’ & {Xz}7 {Ci}) Ri(na & {Xl} ) {Ci})<18>

Eqgs. 14 and 15 impose the same constraints as do Eqs. 1 and 2, whereas Egs. 16-18 impose new constraints.
For notational simplicity, conditionality of the structure function on the time derivatives of the state variables
is implicit in Eqs 14-18, whereas we have made explicit the dependence of the structure function on the state
variables as a consequence of their appearance in the constraints. Eqgs. 14-18 implement step E in Fig.
1. From these equations, application of the MaxEnt inference procedure results in the following ecological
structure function:

Ri(n,e, {X:},{ci}) = Z7te MM e danve e Ao if (ne{Xih) g=Auih(ne {Xi}) o= A5 ia(me{Xi}) (19)
where Z; is a normalization factor that depends on the A; ;.

To iterate the structure function we need to update the state variables:

X ={X;} + {94X}At(At = 1 with integer index ) (20)

This is step B in Fig. 1.

Eq. 20 allows us to directly update the transition rate functions by substitution (step 4 in Table 1).

Finally, we update the time derivatives of the state variables from time step ¢ to i +1 by averaging the
transition functions evaluated with X; ;1 over the structure function with Lagrange multipliers determined
from Eqs. 14-18 fixed at time step 7 , but the transition functions f ,h , ¢ appearing in the exponents of Eq.
19 evaluated at theX; y1:

Siv1 Yo f (ne {X, 1}, {eimiDRi(n,e, {Xin}, {eip}) = L5(21)
Sit+1 Zn,g h (”a g, {Xi+1} Acirip)Ri(n, e, { X1}, {cin}) = dﬁé“ (22)

Zn,e q (”»5» {X¢+1} Aciv1))Ri(n, e, {Xsq1}, {ciq1}) = dsd?l (23)

The subscript ¢ on R; in Egs. 21-23 signifies that the Lagrange multipliers are those at step ¢ , and thus
depend on {X; } and {dX; /dt}. Egs. 21-23 implement step D in Fig. 1.

Equations 14-23 comprise DynaMETE. They set forth an iterative procedure for calculating the time evo-
lution of both the state variables and the structure function. From the latter, the time-dependent SAD and
MRDI can be calculated.

Supporting Information-A (SI-A) explains the rationale for the term,S , multiplying the summations in Eqs.
16, 17, 21, and 22; SI-B elaborates on the full set of equations 14-23, demonstrating their internal consistency.

We turn next to the model-dependent, mechanistic parent of the hybrid theory: expressions for the transition
functions f , h, andgq .

The transition functions

Up until this point, we have described a very general theoretical framework that in principle could be
applied to a wide variety of dynamical systems. To proceed we make specific model assumptions about the
mechanistic transition functions. There is no agreed-upon set of processes governing the rates of change of n
ande, nor agreed-upon mathematical representations of selected processes. As with all mechanistic modeling



in ecology, plausible mathematical representations of very complex and imperfectly understood processes
will necessarily, be simplifications.

Our choices are guided by conformity with results from metabolic theory (Brown et al. 2004) and by scale-
consistency requirements as described below. The reasoning behind our choices of functional forms for the
transition functions are presented here, with some additional mathematical details about diversification via
immigration in SI-D. Alternative forms for the transition functions can readily be substituted. For notational
simplicity, we suppress in this subsection the time index for the state variables and rate constants that the
transition functions depend upon.

Contribution of birth and death tof(n, ¢). Species-level demographics is constrained by metabolic
scaling theory, so that per-capita birth and death rate scale inversely with the 1/3 power of the average
metabolic rate of the individuals in the species (Niklas 2007; Marba et al. 2007):

Joirth = boi7m (24)

Here, and in the other transitions that follow, a correlation betweenn and e in the form of an energy
equivalence relationship (Brown et al., 2004) arises when expressions such as—{z are averaged over the
structure functionR (n , €) (Harte et al., 2008).

The contribution of death to dn /d¢ also depends on_y7z but with a weak zero-sum constraint which operates
at the community level and arises from the value ofE' , not N or n . Thus, we multiply 77z by £ /E ., where
FE . is a soft metabolic limit:

fdeath = _d‘:; %(25)

When we examine the spatial scaling properties of DynaMETE, the parameter E . will also serve as a
fundamental scale parameter, with E . proportional to plot area within a given habitat.

Contribution of death toh(n, ¢). Multiplying the death rate in Eq. 25 by ¢ , we get the following
contribution toh (n , €) :

hdeath = _dOnE%Eﬂc(26)

We ignore the contribution of birth to dE/d¢t because birth primarily partitions, rather than adds to,
metabolism.

Contribution of immigration tof(n, ¢) andh(n, ¢). For a vegetation community, we denote by m g
the immigration rate of seeds that result in germinants with e= 1. The probability that the immigrant is in
an existing species with abundancen is assumed to be n /N | so:

,firnmigration = mO% (27)
Because the metabolic rate of these immigrants is 1:
himmigration = mo% . (28)

For an animal community, Eq. 28 would be multiplied by the metabolic rate of individuals dispersing into
the plot.

Contribution of ontogenic growth toh(n, ). An expression for the ontogenic growth rate of an
individual is also constrained by metabolic scaling theory (West et al. 2001):

— 2/3
Jontogenic growth = WoE /3 — ’LU15(29)

This expression for g (n , €) (see Eq. 12) is multiplied by n to give the contribution of ontogenic growth toh
(n,e):

_ 2/3
hontogenic growth = WoNE /3 — w1v€(30)



For reasons of scale consistency, the parameterw ; equals a scale-independent parameter,w 1, divided by
In?/3(1/B). If, instead, we assumed thatw ; and not w 10 is scale independent, then in the resulting equation

for dE /dt, one of the terms, -w 1 E , scales isometrically with area while the other scales as area/ (%) or
roughly area/In%/3(area).

Contribution of local extinction tog(n, ). We assume that the local extinction of a species in an
ecosystem occurs when, within the local community, the last individual in that species dies. The extinction
contribution to ¢ is then:

E
Sdo 52—
1

~1(31)

— ¢dn —
(extinction = Sa|death,n:1 i T
€

where 6,,,1=1if n = 1 and 0 otherwise.

Contribution of immigration tog(n, €). Most immigrants will be from species in the meta-community
already present in the local community. We assume new species arriving in the local community originate
from the relatively rare species in the meta-community and that the metacommunity is static.

The metacommunity species richness,S peta,, and total abundance, N yeta, together determine Spera(Eq. 6).
From this, the fraction of immigrants that are new species entering the € = 1 cohort can be estimated. Using
a log-series meta-community SAD, and summing over the high rank (i.e. low abundance) species from the
highest ranked to a rank equal toS eta — S , which by our assumption are the species not already present
in the local community, we derive (see SI-D for derivation):

fimmigration = moe—,uS—’y (32)
— L 7 Bmetalc coAcuAated ool Ey. 6 vowvy tne ahueg 09X crq aVB N ere WMICT LV TURY 0PE
HETX S etas

eotipoted XI-E, avd v ¢ Eukep’c covotavt, "0.577.

whereu = In(

ovTpBuTtiov 0@ oreglatiov ToX (¥, €). ABCEVT o HOPE COUTAETE UVBEROTAVILVY O NOW TNE OTECLATIOV
pate BemeVOC OV coppuUVITY aplaBhes, we eEoPIVE TKOo EETPETCLOVE Pop TNIC PATE, BOTN 0¢ WNICT dpE CEPTUVAY
ownhpicatiove (oge, @op elaunhe, Luitn €t ok, 2014). Iv ove, Tne OMECLOTIOV PATE I TPOTOPTIOVAA TO TNE
totah vuuPep og oneciec (Pofooxd, 2013). Mouatiov @op TNC COPES Ppop TNE POoGIh pecopd. PoAhowIvY
podop eETivetiov gevie, pecoepd og a dicpoe Prota yevepahh Beyive ohowhd avd tnev accelepates (Kipenvep &
Qek 1995). Tre accelepaTiov 0@ SLEPOLPLCUTIOV AT GUOA 3 1¢ EETECTED 1P TNE OTECIATIOV PUTE LS ANTEOZIIATENY
TEOTOETIOVOA TO OTECLES picnvess. Hevee v oneclatiov podeh 1 we nae:

KXY
(speciation-1 = O1%K+5 (33)
wnepe K 1 o oatupatiov Tepy.

Iv av oAtepvatie omecloTiov HOBEN, E0CY OTECIEC WOUAD MOE O OTECLUTIOV PUTE TNOT I TEOTOPTIOVOA TO (TG
nonuhatiov oile duded B e Tupvoep Tue o BUBUAAS v Tne omecles (oce, pop eaumhe, Qetoep €T ah. 2018).
Iv otnep wopdc, cacn Plotn Noc oy EXUOA CNAVCE 0@ PECUATIVY LV O VEW OTIECIES, OVD GO OTECLEG WLTN AJPYE ¥
avd opohhe, avd TUC MIYNEE BlpTr pOTE, NUE TNE MLYNECT OTECLATIOV PATEG:

(speciation2 = %(34)

£3
Svppoped o9 Tpavoitiov Quvgtioveg. Poop Eyc. 24-34, we noe
f(n,e) = (b, — do%)fg +mo %, (35)

_ 2 w10 2 F mon
h(n,e) =woves — ln%(ivs done’ - + " ,(36)
)

B
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Iv Ex. 37, Botn oneclatiov odehs ovd LUULYPATIOV aipe tVGAUBEDS op YevepaAttd. (AT TNE TRAVOLTIOV QUVCTIOVG
OTIECLPLED, TNE LTEPATIOV TPocedupe deaceifBed B Eyc. 14-23 cav e coppled out avd Tne Tide TpodecTopleg o@
TNE oTUTE OPLIPBAES, TNE OTPUCTURE QPUVCTIOV, OVD TNE UETPLCS 0P HOCPOECONOY( TNt BEPLE PPOU TNE OTEUCTURE
QUVCTIOV cav Be CaACUANTED.

PEXYATX

Qe @ipoT deple TEedicTEd oTate dploBAe TEAIECTORLES LV TIIE, 0T AVO VEXP GTEAUOY GTATE, PEOU O GET 0@ COUTAED
TUE-OLPPEREVTION EYVATIOVS POP TNE OTATE UPLIBAEC TNAT PECUAT Qpol o TpuvcaTioy, at oTem 2 v Tofke 1, og
TNe QUAN Ltepatiov Tpocedupe. Iv Tric anmpodpaTiov, TNE PopU 0@ TNE GTEUCTURE QuUVCTIOY tv Ey. 3 1 petouved
(A3, Ag, A5 = 0) avd we Beple o GET 09 VOV-ALveap TE-BLpPepevTIoN exvatiove o@ potiov (Eyc. 38-40) gop tne
otate aplaBhe TNAT WA Bemevd untov Botrn TN oToate dpLUBAEC TNEUCERES AVD TNE AAUEC 0@ TNE TOPUUETERS
vV TNE TeavolTov QuvcTIove. e eEmhope Mepe Potn Tne O TEND) CTATE TPOTEPTIEC O TNECE EYVOTIOVS oV TNE
dvouice tned mpedict veap oteadd otate. Tneoe pecultc oMoUAS ovAY Be Y000 ammEOEUATIOVS TO TNE ACTUOA
AYvoMETE npedictiove gop opol detotiove gpop otead otate Becauce TNeY Seple Ppoy TNE GTUTLS GTRUCTURE
(PUYCTLOV.

Trev, v o @eoT tepatiov 0@ Tne QUAA Tneopy, we voe Eyq. 14-23 to cahquAaTe AOWECT-0pDER EPPECTS 0P
0pLOVC TEETUPBATIOVE LV TNE TEOVOLTIOV (PUVCTIOV PUTE COVOTAVTS OV TNE O TPUCTURE QUVETIOV. Ppoy tne neptupBed
OTPUCTUPE PUVCTIOV WE TNEV deple ahteped onameg o@ tne ofuvdavee avd petafohic pate dloTpButiove. (e
epmnaotle Tat tnece pecLATS Yatd Supgep covoldepoBAd ppou o @uIk-ttepated colutiov o APvaMETE.

Ytate dptaBieg at avd Neop Xtead) Jtate.

Towy Eyc. 21-23, witn tne tpavoltiov guvetiove onecated v Eyc. 35-37 avd P yiev B Ey. 3, we ofitouv (oce
I gop depratiove):

1.21N5 (1)<1+4N1n(‘%’>
- E : B 3E 3N2In(A
%—T: |:b07d0(7r):| [ E% - 2FE B)]+m0(38)
avd
BB _ [, — do(i][2.42§%N% _ 2.26E%S%] — wB 0 (30)
5t 0 Bt m3 (1) (%) (%)

Dop TNE YEVEROUA COOE, LT LWULYPATIOV 0vD BOTY OTECLATIOV UECTOVIONG OTEPATIVY, OAOVY WLTN EETIVCTIOV, WE
noE

1.21N3 (4 ANIn(3 15N?1n(% 35 /3 g2/
%Zmoe*"sﬂ—kalrgfs + o9bg < ;(B) <1+ 3E(B)> - E (ﬂ)> -7 o 3251%)3(40)
E3 ¢
Yteadd Stateg. Yetuvy e Tue deptatieg v Eyg. 38-40 1o Lepo, we offtany e QOMNOWIVY PEAATIOVOTITG
OHOVY TNE OTATIC KAUEG 0P TNE GTATE aplaBAeC avd TNe mapopeTeps ot deocpBe e ddvauicg. Peop Ey. 38:

E=E.2(1+6g)(41)

avd gpou. Ey. 39:
= [-2Aww PBE(1-dy).  (42)

wo—do o)

Tne coppectiov Tepuc, 0 avd dn, ape 0@ 0pdep (P oy (S/E)%7 peonecTeA], wncn WAk yevepohh Be
bo

—
(1)

Dpou Ey. 40, pop tne wpurypatiov-ovAp cace (01 = o2= 0), we noe

<< 1.

0.41m0ln(5i)

do( 22y

1

et = | JiET (43)

Pop e caoe mg = o2 =0, avd X>> K |



1.3501 ln(ﬂi)

do(%

S=1 /4 B4 (44)

Ip ¥ << K, mnev

1.3501 ln(ﬂi)

do(ELC)

S=] ]3E(45)

Dol gop e cace mo =01 = 0:

S = [7359%313/4 In(5; E(46)

Tre Xrteadd-Ytate Xnegiec-Apea Pelatiovenn (ZAP). Qe cav depie veoted LAP¢ gpou Eyc
43-46 Becowoe v o veoted deowyv,E , B, avd N ocohe Aveophd witn apea. Iv tne wurypotiov-ovid podeh,
Tooavy TNe hoyapitnu o Ey. 43 yieg:

(0.41EC

jfE ).(47)

n(In( L 1
§= BB | lntmo) _ ain(s) ! (IH(B)) +
Iv o veoted YAP Seovyy, E; , E , avdN ocohe hveaphd witn opea, avd v yevepok, E>> 1 . Hevee Yogaheg
hoyopLtnucodhd witn apea. Tnepe ape hv(Av(apeay COPPECTIOVE APLOE Ppop TNE TNEd avd QoupTn Tepus (ote
Ey. 6) ov e piynt-navd o1de o Ey. 47 avd tne guptn tepu covipPutec o covotavt. Igu o ocahes g o Towep
0 OPEN, TNEV TNE OECOVD TEPW 0ATO YIES o Av(apEd), NI I¢ YEVEROAAY CUONAER TNV TNE PLECT TEPU.

Pop cupeicleviAd opokh X v Ey. 43, tne enovevtioh tepU oy BE LYVORED, avd TNEV TNE QLEGT TEPU OV TNE
3 1

erynt navd owde o Ey. 47 cov Be oet exvak to e ed tepu. Tnic pecudtc v X "mi Ef  ~ apea o o
ocahec Aveoph witn apea, avd X~ apeal/4 19 11 gl ocahe-wvdemevdevt. Tric Ayut ammhiec wnev X < 1/, wnen
pop o tdhrcar 50 no tpomcah popect Thot I annpolaterd X< 50 (oee XI-E).

Trne METE YAP woc depied (Hopte et oh. 2009) @pou tne MoEvt-npedicted onecieo- affuvdovee avd tne
oneglec-Aeel onatioah-occunaved diotpButiove. Iv covtpaot, tne APvaMETE npedictiov doeg vot denevd ov
o omatioh SLoTEYBUTIOV PUVCTIOV, BUT 1T BOEC DETEVE OV TNE CNOIGEC UODE (POp TNE UECNAVIOUS TNOUT YOEQRY TNE
TEUVOLTIOV PUVCTIOVS, @ ,1n , avd ) ovd tnat Aed to Ey. 41. Negptneheog, METE avd tne otatic At og
APvoMETE v tne piypatiov-ovAd goBel mpedicT e ooue ommpodllate QUVCTIOVAA Qopu pop Tne LAP: X'~
v (apea) wrtn Av(hv(opeay coppectiove. Nuueplcah GUUAATIOVE (POE o UPLETY 0@ CNOLCES 0P OTUTE OPLIBAES
onow tat, Bedovd e puvctiovoh oyuhapttd, tned mpedict veaphd ogphanmivy LAP¢ (oce gop e€opmie Puy.
2).

Iv e gipot oneclatiov podek, geop Ey. 44 witn ¥>> K 0e YET YUUPTER-TOWER GCAAVY O OTECLEG PICTVECS
ot E (vr to o In (1/8)coppectiov) avd tnepegope witn apea. Iv tnat poded, witn X << K, avd gop av X' v
TNE 0ECoVd omeclotiov podeh, X ocahec hveaphd witn apea, unt to aln (1/8) ~ Av(N )-hv(X ) coppectiov. Tne
PLpoT LOBEN, wiTN o cotupaTiov Tepp K TNt I opahh COUTOPED TO TNE CTEADY OTUTE OTECIES PICNVEDS, TNUS
PIEADS o LOPE PEAALOTIC GTIECIEC-OPEN PEANTIOVOT|LT.

A TIpoSugtutd-Bropaco-dicpoitdh-aBuvdavee pelatiovonin ot cteadd octate. Metafohc
GCUMVY VpopUC US Tat iudua paog (1) 1 pehated to wduduoh uetafolop Bhm(e) = m(1)e?/3. Suupvy
0Ep TNE OTEUDYP-CTATE GTEUCTURE YPUVCTIOV, ToTak Bloyacs, B, 1 ey (porlowivy tne uetnode v XI-7):
4

B =m(1)SY, einR(n,e|S,N,E) = m(1) . (48)

. Sin(Z
Tric coppuvitd paoo-peTaBoAoU PENATIOVONLT TUS WVORES OTIEGLES PICNVESS, avd ahao TOTah oUVBAVCE Lot TNE
W (1/8) tepu. Iviepnpetivy tne otate aplafhe E ac totah vet npoductutdIl og tne coppuvitd, Ey. 48 npowdec
0 PENALTIOVOMLT UOVY TEodUCTUTY, BloUdog, OTECES pICNVESS avd ofuvdavee:

3 4, 3
P =10.385 BiS" In% (%)(49)

wnepe B avd IT ape peacuped v uvite oucn tat w(e = 1)=1. Ey. 49 doec vot Jenevd ov wnetnep ULypotiov,
omeclatiov op o coyfvartiov o Botn covtplButes To Siepotpicatiov Becawoe Ey. 40 wog vot UoED v Lt BeplaTloy.
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Nop Boeg 1T BemeVd OV TNE POPUE 0P TNE TEAVOLTIOY QPUVCTIOVE AV TNE POITE COVOTAVTS, WNICN WAL BLPPED Ppoy
nofitat to naPirart.

Notivy e dipgepevt ocolvy e€novevic v ne covtplButiov 0@ Blogoaos avd omegies pignveag to I, avd ot
M (1/B) apiec annpolipateld oc Av(N ) — k(X ), e wgluevee og Propaos ov meoductitd i covordepaBhy
O TPOVYER TNV TNOT O OTEGLEC PICNVEDS, WNICY LV TURY IS GTPOVYER TNAY TNAT 0@ oaBUVBVCE, WNLC OVAY eviepg
e tne Av(1/8) tepp. Epmpicah oupedc og e npoductutd-Bropoace peratiovonn (Imedivi et ok, 2018 Oevive
2015 Nuchag 2007) ope yuahitatiedd cOVOLOTEVT wLTh TNESE pecVATe Put edtevole avoldolc ol Be peyuiped
10 tecT Ey. 49.

Ey. 49 ¢ av ‘Beol Blodiepoitd Aaw’, av avahoy 0@ TN WOk YUS Ao TNOT PEAVTES TNEPUOSYVIULE oTaTE
optoffhec. Begavoe tnic exuaTiov wag BEPLEd LOWVY TNE CTEUOYP-CTATE GTEUCTURE PuUVCTIOV v Ey. 3, 1T wikk
Mxehd vo Aovyep NoAd vvdep vov-otead-otate covditiove. Polhowivy BloTugBovee, TN QUAN GTRPUCTUEE
puvctiov (Ey. 19) 1 veeded to depie tne npoductitd-Blopaco-auvdavee-OTECES PICVESS PEAATIOVOTLT, avd LT
WA TNEV BEMEVD OV TNE BeTAAC 0@ TNE SLOTUPBAVCE UECOVIGH.

Ytate aprafBie SPvauics veap oteadd otate. Tie tpadectoplec og tne otate aptafBheg veap o tead)
otate pohhow @eoyu Eyc. 38-40, wnicn wepe Sepled (pop Tne oTaTic 6TEUCTURE QuvcTiov. (e e€outve Botrn e
PLPCT 0pDEP PECTIOVOEC 0@ TNE G TATE APLABAES TO GeEEPUA XWO¢ 0@ Bio TupPavce, e€npecoed B dATERED TEOVOLTIOV
PUTE TIOPAUETERS, ovd TNE pecoepy To oTead( oTUTE Ppoy o DETAETED GTOTE.

Pop tneoe SPVoULCOA GULUAATIOVE WE VEED TO GTIECLPY TNE TEOVOLTIOV POTE TAUPUUETERS. € CNOOGE oL POPEGT TNAT
peoepPhec e 50 na BT tpomicah gopeat nhot (OvOLT €T ah., 2000 6vdit, 1998 &vdLT €T ol., 2019- HupRelh et
oh., 1999). Anmpoliuate TPOVOLTIOV PATE COVOTAVTS Qop TNC OLTe ope YiEV v TofAe 2 avd tne patiovahe Qop
Tneoe aAueg I yiev v XI-E.

Pryvupee 3030 thhuoTpate pecTovoes 0@ TNe otate aptafheg, oep 100 deape, to dipgepevt doTupPovees pe-
npecevted B cnavylvy TNE GhUEC O TNE PATE TOPUUETERS LV TNE TEAVOLTIOV QUVCTIOVE. Ivdenevdevt og tne
HOLY VITUBE 0@ TNE CNOVYES LV TNECE TUPUUETERS, CEQTALY YEVEQOA TTATTERVS EUEPYE. A BECOENTE LV TNE LWULY POTLOV
POLTE COVOTAVT, Pop EEVUTAE UVOEP NOPBLTAT PEAUYUEVTATIOV TNAT LOOAATES AV ECOCPOTEU PEO LTC UETO-COUUUVLTY,
PECUATC tv o Alvedp Becpeaoe v X ot OUUAAT , A WEAK 0C o weax, dopned oogiiatopd peomovoe op N , ovd
veophd uvdetectofhe crovye v E (Pry. 3a). Av wepease v ne deatn pate (Puy. 3B) vevepatee o olynt
decpeaoe v X, av witioh hopye dechve v N avd a weoxep dechive v E | polhowed B dopuned oocihhatop
Benowop. A Becpeoce v TnE ovtoyevic ypowtn pate (Pry. 3c) vevepatee a veaphd widlocepviBhe tvepeaoe tv X
o hapye doumed oocthhatopd witiah pioe tv N avd weax douned oogihhatopd witlah decpeaoe v E.

Puyc. 35 onowe tne e@PecT ov oTate oplafBhe TeodecToplec 0@ COUPVvVY TEPTUPRBUTIOVS LV ULYRATIOV, DEoTN
avd YpowTr pateg. {2e DO VOT ATTEUNT NEPE o OETAUAED COUTUQLOOV TO PEXh BOTA BECAUCE 0P TNE PLEOT OPDER
onnpo&LUATIOV UGES TO OBTOLY TNECE TNEOPETICOA CUPES, BUT LT LS EVCOUPAYIVY TNAT TNE THIE TPADECTOPLES 0 TNE
BT otate opoffhec ogp e neplod 1985-2015 (wvoet v @uy. 38) ahoo eEnfit a oteadd dechive X', Sechve avd
ey mapTioh pecoepd v N, avd weon aplaBihitd v E .

Ip we Qi€ tne tpavolTiov pate TopapeTteps ot TNE UVBloTupPed ahues (Tofke 2) v tne wtypotiov-ovAd node,
avd witlahh peduce e otate apaBhec 20% ppoy el oTead) oTaTE ANUES, TNELR PETUPY TO OTENDY OTATE I¢
onowv v Py, 4. Notewoptnd 1 tne wovotovig pecoep oY | Tne AdpYE 0EEGMO0T avd TNEV BECAVE TO GTeady
otote 0N , avd o HUCT) WEAXER OEEOTNOO0T avd dechve o K .

Ip oneclatiov 1 Tne Bplep 0@ BLEPOLPICATIOV, TNE TATTERY 0@ PECOERY 0@ OTECIES PICNVEDTCS I UopxedAY Bippepevt.
Iv tne glot oneclatiov podel, witn K >> X | pecoepd 09X 1c orypodah avd e€tpepehd ohow, witn 90% pecoepd
tooavy ammpotipatehd 10% eape. Iv e oecovd omeclatiov poded, avd v e oot it K << X\ X pecoepg
10 90% o¢ otead otate v annpodipoted 4000 Peope, avd AT av EEp-CAOWIVY, PAUTNER TNV GLYHOLSOA, PATE.
Tre pecoepd tpodectoplec o N avd E ope veaphd tne caye v fotr omeclatiov Lodehe avd epd oldthap to thot
v TNE wptypatiov-ovAp cace (Duy. 4).

ITeptupePed ABuvdavge avd Metofoiic Pate AwoteiButiove w APvaMETE.
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Hepe we egapive, tv o @LooT opdep anmpollotiov To o QUALYD LTepated GOAUTIOV, Now Bippepevt tdnec og
BLoTUPPAVCE YIE PIOE TO CNOPUCTEPLOTIC dETapTUPES 0 Tne BAA, ¢ (n), ovd e MPALY (¢), gpop el
otead otote opu. Iv mopTicUAE, WE TEUVCATE TNE LtepaToV TPOcedUpE, oTonmivy with otent 6 v Tofle 1.
A cwyhe 1Tepatiov AT of OVe-PEOp TUIE OTET, NOWEER, PECUATE LV CNOVYES IV TNE OTPUCTUPE (QUVCTIOV TNOT OpE
TOO GUUAN TO GMNOW WTEPECTIVY OELXTIOVS QPO CTEUDY GTAUTE, GO TO YEVEQUTE O OOCEPVIBAE EQPYPECT (op o
OWYAE LTEQUTIOV WE UCE o TIWHE OTET 0@ 25 Peopc. XNECLPICUAAD, WE AOCUUE TNE GTUTIC CTPUGTUPE PUVCTLOV,
ot Aaypoavye pUATITAERS ‘@poley’ oT TNElp OTATIC VUPERICOA ohueC ag mpeocelBed v Eyc. 21-23, neptupf
TNE TPAVOLTIOV QUVCTIOVS B CNovyLvy OVE 0p UOPE paTeES covoTavte, avd tnev depie ppou Eyc. 21-23 o oet og
TUE-OLPPEREVTION EYLATIOVE Pop Tne otate aplafBhec. Tneoe eyvatiove dipgep geou Eyg. 38-40 Becavoe tne
hottep wepe Oepled B undativy e Adypovye WUATITAIEPS OT EACH TWE OTET. ()€ TNEV POV TNEGE EYVATIOVS
out 10 T = 25 avd Toxe tne ahuec o e {Z (25)} avd e {3Z (25)/87} ac covotpouvic v Eyc. 14-18 1o
carcuhate vovy Mo& Evt o neptupPed otpuctupe guvctiov. Tnot guvetiov ok Be og tne gopu o Ey. 19
avd gpop 1T we deple TEPTUPPED Yopuc op TNE omecies afuvdavee diotpPutiov (ZAA) avd tne petofolic pote
SiotpButiov oep wduduahe (MPAI) uowvy Tne coe GUUHOTIOVE ag TEpPopUed To depte Eyc. 8 avd 9.

Tre peoultc 0@ ot codcuhatiov ape anowv v Py, 5. Tre gie depled Aaypavye puhtmhieps ape yiev v Tofke
3. YeTTvy TNE YWLYPATIOV PUTE COVOTAVT, M o, TO {epo oVAY ahiynthd ahtepg tne LAA avd e MPAIL v ¢
PLEOT LTERUTIOV 0@ TNE PUAN GTpUcTURE YuvcTiov (Duy. baP), eev X Secpeaoec oryvipicavthd. A 25% wepeooe
vV TNE BEATY) PUTE COVOTAVT, 8 o, oNIPTS TNE LAA Towopd o hoyvopuah onane og wdlcoted B tne cuped pavu-
Aoy (afuvdavee) ypann ot vtepuediote afuvdavees (Pry. 5¢). Trne pavx-hoy (LETUBONOW) YpOTn GMIPTS WV o LOPE
coumhel poavvep, weawvy apouvd e METE npedictiov, avd npedictvy pope og tne epd opodieoTt teeeg (€ = 1),
Ppewep WOLBLOAG Wit Aow (¢ = 2 — 100) petaBoloy, avd pope Tpeeg witn pehatiehd niyn (¢ = 100 — 100000)
petafolop, avd o peductiov v e otlec o e epd hapyeot wduduvahe (Pry. 53). A 5% decpeaoe v Tne Ypown
PULTE O LVOUBVOAS, W o, YEVEQUTEC o POUYNAY Ulppop-taye oNipT tv Tne XAA pehdTlE TO TNAUT PO OV IVCRENOE
v Tne Oeatr pate: tne pecVATvy BAA ¢ annpolipoaterd deocpBed B ertnep av eEmovevtioh SiotpButiov op
oV LVEPOE TOWER QPUVCTIOV Wit e&tovevt > 1 (Puy. 5e). Twudaphd, e onpt v e MPAI yevepated B o
OECPENTE IV YPOWTN PATE IS POLYNAY TNE ULEPOP WAYE 0@ TNE ONUPT UGED B av tvgpeaoe v Tne Beatr pate
(Pry. 59).

Duyc. 5y,M oNow TNE EPPECT 0P TNE COUE COPPBLVATIOV 0P CNAVYES LV TNE PUTE COVOTAVTE UCED To yevepate Puy.
30. e 80 VOT OTTEUNT NEPE o DETAUAED COUTOPLOOV TO PEAA dotat BECAUCE 0@ TNE PLEGT 0PdER UMMPOEIUATIOV
UOED TO OPTOUY TNECE TNEOPETICAUA CUEES, BUT WE B0 VOTE TNElp poLYT CluAopliTy To Tne eumipicah LAA avd
MPATI ot BT (oce woete v Piye. 5y,n).

Qe eumnaotle ot o GUAA ttepatie colutiov o Eyc. 14-23 wv, oo, 25 ove-eop Tipe oteng, oep o neptod og 25
(eaps COUAD PEGUAT tv 0UTTIUT TNt SLpgeps covaldepaBid ppop e Tpuvcated colutiove tv ry. 5. TuPoeyvevt
wopx WA\ €ETAOPE TNIC.

AIX"YYYION

APvaMETE coufivec Botn yegnoviop avd MagEvt, hvxg tne uicpo-Aeeh og avaholc T0 TNe Hageo-heeh oIt
o voeh ttepatie npocedupe (Pry. 1, ToaPhe 1), avd mpedicte Botn otatic avd ddvouic Benouop. APvaMETE i
us o NPBe MaZEvt-thuo-yecnaviop eEtevailov 1o ddhvapic ecoodoteus o@ o otatc tneopd, METE, wnicn
woc Baced cohehd ov tne MoEvt vpepevee npogedupe.

Static Avpet. Iv itg ototic Ay, AYvaMETE pecoepe tne otatic METE npedictiove gop tne dlotpButiove
o@ ofuvbavceg ogp omecleg avd YetoBollc pateg ogp WOUBLOAG, BuT dAco yoxes vew mpedictiove. PipoT, it
TREDICTS O OCUAVY PENATIOVOMLT alovy TpoducTuty, Blopaocs, onecles penveos avd affuvdavee v otead) otate
(Ex. 49)° tnic pelotiovonn pepove to Be TeoTed.  Xecovd, v tne epotov 0 AYvaMETE wv wnien ovid
WHLY POITLOY, VOT oTeGlatiov, covtplButes to diepoupicatiov, APpvaMETE mpedicte o ototic-Ait AP wepeaoivy
ommpoudatehd o Av(A ), oty o Av(AV(A » coppectiov, v epd) chooe aypeepevT with e ot LAP npedicted
By METE (®vy. 2).

Iy oneclatiov But Vot ytypatiov 1 acouped to dpte Siepowpicatiov (Eyc. 33, 34), tnev tnepe ape TpoPAeps witn
TNE CUEPEVT POPUVAATIOVG O TNE OTEGLUTIOV TERK LV TNE TPAVOLTIOV QUVCTIOVS. v TopTicUANp, L TNE oTECLOTIOV

12



pate i tpontoptiovah o e Pt pote (Ey. 34) op mponoptiovah 1o oneciee picnvece (Ey. 33 win K>> X)),
mev e AP ¢ annpodipaterd Aveap at oAl ocuheg, covipapd To ofocpatiov. Ov Tne otnep navd, X >>
K tev AYvaMETE npedicte o peaiotic ZAP, But i covipadlete TnE optytvah HOTIATIOV QopX -OemevdevT
OTECLUTIOV QPPOU TNE POCGLA PECOED, WMNICN I AV LVCPEAGLYY POTE O OLEQCLPICAUTIOV OEQ TUIE LV TNE OPTEQUATY
o e€tivetiov eevig. APvaMETE cuyyeotq o moooiBhe GOAUTIOV: of AOYORLITNULS SEMEVOEVCE 0@ GTECLATIOV OV
oTECIES peNveas. Yotvy tne petnode v XI-°, g pecuhte tv:

1 3.1
i) (4)* In% (5(50)

OVO AV LVCPEUOLVY PATE O BIEQCLPLCUTIOV IV TNE APTEQPUATT 0@ EETIVCTIOV.

Advoapics. Acoupvy o otatic otpuctupe puvetiov (Ey. 3) v a howest-0pdep colutiov to e tneopd, Eyc.
38-40 mpedicT otyvatupe Tipe TpadecTopleg 0@ TNE oTotE oplofAeg @op dploug TPnEC 0@ mEpTUEBATIOVE LV TNE
TEOVOLTLOV QUVCTIOV pate covoTavs (Piyc. 3). A copPvatiov 0@ peBUCED WULYPOTIOV VD YpOWTN pAUTEC OVd
VCpENOED Beaty) pate yevepateg TpoecToplec TNt eENPBLT CoUE 0@ TNE PeATUPES 0@ Tnooe ofceped v tne Bl
Tpomcol popecT mhot (oee voet v Duy. 38). Becowoe tneoe podeh opulatiove ope Paced ov eETpomoAdTVY
OUT vV TWHE OVAY TNE QLG T-0pdER LTERATIOV 0@ TNE QUAN Tneop, e ape oVAY cuYYECTIE: EUTIPICUA TECTIVY
QAWOLTS PUETNER LTEPUTIOV 0@ Eyc. 14-23.

APvaMETE ohco mpedicte tpadectopiec o otate oplafBiec duplvy tne pecoepd og av ecoooten (poyu o
denawnepate otote. Tre mpedicted oeponoot avd tnev dechve to oteadd otate op N (Puy. 4) cuyyeotc e
‘B0Y Moup’ OTAYE 0P POPECT CUCCECTLOV IV WNCTY, TOCT PLEE 0p OTNER BloTURPRAVCE, TNE AfBUVBIVCE 0@ GUOAA
Tpeeg wepeaoes pamdAY,E /N Secpeaoes, avd tnev oehg-tnvvivy Bewvyc e ooTel To o yuact otead otarte,
LVTIA e ve&T BloTUpPavEE.

Qe ahoo e€opved v ol howes T 0pdep amnpoluatiov TN ep@ect ov e LAA avd tme MPAI tnot pecult gpop
o opetd og meptupPatiove v e pate covotavte (Pryc. 5). Iumoptavtid, dipgepevt TepTUPBATIOVE PECUNT
v BLppepevT TaTtTERVS 0¢ detatiov gpou otatic METE meedictiove @op Botn tne dSotputiov o auvdavgeg
oep omecleg avd petofohic pateg ogp wduduoke. Treoe oryvatupe mattepve cav mpotde o wo to WevTipd e
TPOGECTES TNAT UPE OPLVY ECOCYPCTEY CNAVYE UVDED VATURUA 0p avTneomoyevic diotupBavee. Puptnep avardolic
WA BETEQULVE WNMETNER TNE PECUATS (QPOU O GIVYAE LTEQUTIOV TO T = 25 BLp@ep oLy VIQLCOVTAY PO TNE PEGUATE
we 0wOoLADS offtouv B cappdivy out 25 ove-Peap ttepatiove.

Trne XAA v e 50-na BT tpomicah gopest mhot, wnicn detatec @pop tne Aoy-oepleg SloTplBuTiov TeedicTed
By METE, cecepfrec e APvaMETE npedictiov acouuvy o coufved meptupBatiov tv deatn, YpowTn ovd
piyeatiov pateg. Trmat caue meptupBatiov ahco pecuite v av MPAI tnat wrpoeg ov tne METE mpedictiov
pop e Myn-petaBollivy (hapye-owle) wiubuake, Put oep-TEedICTC TE VuuPep 0P TNE AOWEC T-UETABOMOWU
woLduaAc. Puptnep oTUBY 0P BLPPEEEVT COUBLVATIOVE 0P TUPAUUETER TEETUPBATIOVE COUTAED WITN avahols o
NYNep 0pdep LTERUTIOVE 0@ TNE dYVoLcs ape VEEDED.

Putuee Qopx

PAcEBATd 09 TpavolTiov QUVETIOVGE. Oup ACCLUTTIOVE ABOUT TNE PUVCTIOVOA POPUS 0P TNE TEAV-
OLTIOV QUVCTIOVG Ope E0CIA] peTAaCeDd with aktepvatieg. Pop tne e&tivetiov mpogeog, Ey. 31 cav Be saotid
podLpled to deogeife o pviguy ke momuhatiov ole ypeatep Ty 2. AATEQVATIE POPUEC 0P TNE OVIOYEVIG
yeowtn eyvatiov (e.y., Maxapeio €T oh., 2004) cav Pe ouotituted gop Ey. 29. Aevoitd denevdevee cav Pe
deocpuBed B o —81 7 2 tepp. Mopeoep, o wIBE PAVYE O OTTIOVE apE TOOOBAE (QOp LOBENVY TNE DETEVDEVCE 0@
OTEGLUTIOV PUTEC OV ¥ , €, OVO TNE OTUTE aplaBAec. A UOBLPICATIOV 0P TNE BLOTN PATE PUVCTIOV COV LUTPOE TNE
PEAALOU O TNE TEAVOLTIOV (PUVCTIOVS WNEV OTTALED TO QPOPECT GEVOUS DATOL TNOT OPE ALULTED TO TPEEC WLTY COUE
HVIULP TNeecoAd 8B, ag @op egaunie witn tne Xwtnooviay Teonicah Popest cevoug data. Evtpd wvto e
daToL GET UPLOES VOT Ppop BlpTn BUT PPOU OVTOYEVLS YPOWTN WVTO TNE CUUAAEST ¢eVouoed olle conopt.

Onev tne YAA avd MPAI ape vot peacuped. I¢ sumpicah alueg o tne otote aplaBAeg avd tnelp
e Seplartieg ape aonAoBAe, Tned cov Be mAuyyed SipectAd vto Eyc. 14-18. Ivitioh veo TiyaTiov GUYYEG TS TNHOT
W TNE LYTEPTUPPED AAUES 0@ TNE TEAVOLTIOV (PUVCTIOV PUTE COVOTAVTS OPE XVOWY, TNEV TNE PAVYE 0@ TOCCSAE
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TEPTUPPRES OAUEC O TNOCE COVOTAVTE TNUT TEPULT COANUTIOVE Qop TNne Aaypoavye LUATITALERS I QatpAd Ty NTAd
covatpaved B tne covotpavtc wrooed B tne peocuped Tie Seplatiec og tne otate dplafBie. Trnug e
CAVOES 0@ Do TUPPRAVCE COUAD BE WOEVTLPIED WITNOUT PEYLIPVY XVOWAEDYE 0¢ Tne aBuvdavce avd UETABOAC paTe
dloTpBuTtiove.

Ynage. To wehude onace eEnhgitad v APvaMETE, ove could podupd tne acoeuBid (op cohovilatiov) puhe
(Hapte, 2011) tnat yevepateg tne omectec-Aeeh onatioh dotpifutiove tv METE (dviox et ah. 2007, Bpuon
& Hoapte 2020) B coufvivy tne acoeuPrd pule witn eETACIT SELOYPATNIC TEPTUERTIOVS VCOPTIOPATED tV TNE
TpavolTov puvetiove (v, €).

Teawtg. APpvaMETE cuppevtid weopmopates wuduak petafBohs pate (op Bodd oile) avd afuvdovee. Otnep
TEUTS 0pE WTMGITAY aoouped to Be BloTEBUTES 0cPOooC OTECLES VD LVOLBUAAS LV GUGT o WO 0C TO PECUAT LV
EYVOA PLTVECS OMMOPTUVLTLEG QPOp €ACT TaEov. T Vdep SloTupBavee, NOWEER, COUE TEAULT AAUES Yo COVPER LOPE Op
AECC PITVEDC AVE PEGUAT LV TIREPEREVTIAA CNOVYECS LV YROWTY avd afBuvdavge. ASTTVY TNE TpAVOLTIOV PATES, @, 1],
avd ) , OEMEVD UTOV ABBLTIOVOA TEALT AAUECS, 0 WEAA GIC UTIOV ¥ avd €, COUAD athAOG LVEC TLYATIOV O BLo TUPPBAVEES
TNOT APPECT TAPTICUNOR YPOUTIS O OTECLEG 0P TOTUAATIOVE HOPE THOY OTNERS, EVNAVGLVY UVOERG TAVOLVY 0@ Mow
TEAUTG MEDLUTE TNE PECTIOVOES 0@ UUCEOECONOYICOA UETEICS TO Blo TupBavee.

Huynep Ttafovouig gateyopieg. Tne ocone avd peahioy o otatic METE wog evnoveed B tvehudivy ov
additiovak otate aploPhe coppeoTovdivy To The yuufep o@ gauilies v tne coppuvitd (Hapte et o, 2015). Ad-
voMETE coav ohco accoppodate additiovok otate dplaBAEC COPPECTOVOVY TO TNE PICNVESS 0P NLYNEE TOEOVOULC
cateyopieg. AnmAdivy cugn o podupled tneopd ot GUPPIGLEVTAY AOVY TIHE GCUAES COUAD TERMOME TEOLOE LVOLYNT
VTO TNE UECTAVIOPS 0@ Blepatpicatiov ot niynee to€ovoulc Aeehg, avd wnpoe APvaMETE'c peohioy at onopt
TWUE OCUAEC..

Yope PBpoadep tocvueg. Botn avinponoyevic 0Tpecoeg avd VaTupah BIo TURBAVCES AV COUTE GTATE OPLBAES
70 podAP cnavye, avd Tug odoteps eEneplevavy ertnep TPme 0@ dotupPovee cov Godk witny APvaMETE'¢
cplteptov Qop o dvoulc ecoodpoted. Altnouyr ewdevee pelewed v tne Ivtpodugtiov cuyyeoste ot ofoteug
uvdepyolvy eltnep tdne o dlotupPavee eENPit pacpoecohoyicoh nattepve Tnot detote ppod METE, 1t 1 uvoheop
wnetnee AYvaMETE wihk Be annhicaBhe Botn to ecoodotens ot ape dioTupPed avineonoyevicahi, avd to
ecoooTeps TNt ope adomTed To vatupah diotupBavee peyiues. T'iev tne wnoptoavee 0@ Gvdivy ophd wapvivy
OLYVOAG TNOLT SLOTLVYULOY NUUAY LUTOCT OV ECOCYOTEUS QPROU TNE EPPECTS 0@ VUTUROA BIo TUPBAVCE PEYIHES, TNIC
1 o neyn mplopttd.

Iv o npoocatie aptiche (Tordevpehd avd Qoeoe, 2011) cuyYEoT TNAT WNAE TNPOICC PAXES O CAEQY GETORUTLOV
Betweev e oTate 0@ o TNPOICUA PO TEL OV TNE EYVATIOVS TNAT YOEEY TNE TWE-EOAUTIOV 0@ Tne ooTey,
oucceao@uA Broloyicoh tneopd WA welrtoAd Be CEAP-PEPEPEVTION Op PECUPCLE LV TNE GEVOE TNAT TNE OTUTE
0@ e oPoTER WA GTEOVYAY EVIER VTO TNE EXVOTIOVE TNAT YOEEY dhvopcs. Qe ofoepe AT TN 1§ TPUE 0@
AYvoMETE (Eyc. 14-23: 35-37)" tne otate optaBhec anneop eZTACITAY v TNE TEAVOLTIOV QUVCTIOVS, WNICT] LV
TUPV YoEPV oTate dPvaice.

Mav acadeuic @rerds oeex 10 UVLEY COUTAEE plgpo- ovd pageo-heeh dPVaULCS, LV of OTIEQUANTIE €IV WE CUYYECT
TNAT TNE TPOTOGED ttepatie mpocedupe at tne cope 0@ APvaMETE could Be o nocoBie anmiicatiov v, @op
eZaunhe, ecovouice (Cohav, 2018) avd v ctatoticah tndoice (Budvee, 1957 1982), wnepe v Potn op tnece
pLerde, otatic exuthBelod mattepve cav Be cantuped B MaiEvt But vov-exuihfBplai ddvoplce nag pepotved
EAUCLE.

“ON"ATXION.

Altnouyn ecoooteus ape SPvoic avd UACPOECONOYICOA TUTTEPYS 8O VOT PEUOLY COVOTOVT LV TNE (PUCE O
diotupPBavee, dhvaig pagpoecoroyy nag vot Beev adeyvatei eEnhoped. APvaMETE, a tneopd op Svopig po-
cpoecohoy ), ndBeidileq eEMACLT UECTAVIOUS BELVY CNAVYE WLTH o TOWEPQUA vpepevee tpocedupe, MaEvT, gpoop
wpoppatiov tneopd. Bl mpedicTivy now TATTERVS v HagpoecoNoY () OMLPT UVDER AVTNEOTOYEVLS TERTLEBATIOVE, Op
LVBEE vaTupak cucceastovak avd colutiovapl popces, AYvaMETE cav covtpBute to Bettep uVBERT TAVOLVY TNE
pote 0@ SloTUPPED ECOOPOTEUS, TO LUTPOLVY COVOERUTIOV OVO UOVAYEUEVT GTRUTEYLES vV ECONOYY, TO Bechomvy
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€A WoEVIVY LVOICUTOPS 0@ ECOCYOTEUS LV TRAVOLTIOV 0p AT TNE EBYE 0@ COANUTOE, TO WEVTIQYPLVY OTECLPLC
TPOCETTES DPUVY E€CONOYICUA Cnavye, avd To chaplpdvy Tne pohec o@ ecohoyd avd gohuTiov v Siepoipdivy
ecoooteps. APvaMETE ¢ o covdidate dvoplc tneopd o@ uacpoecoloyd v tne Avinponogeve.

Acxvowhedyepevtg

DuvdLVY pop TN TpoecT wag meolded B yeavt AEB 1751380 gpou e TX Natiovol Ygevee Pouvdatiov. OH
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Step

Known

Derived from known

Before the perturbation

1. In the steady state past, the
static structure function is derived
from static state variables; this
step generates Eq. 3.
Initializing the system right
after the perturbation is
imposed at t = 0

2. A perturbation is now
imposed, expressed by a change
in one or more of the
parameters, {c}, in the
transition functions,
E({X},{c}). The initial time
derivatives of the state variables
are calculated from Eqs. 21-23.
After the system is
initialized to the
Perturbation

3. The state variables are
updated using their time
derivatives using Eq. 20.

4. The transition functions are
updated by substituting
updated state variables.

5. The time derivatives of the
state variables are up-dated
using Eqgs. 21-23.

6. The structure function is
updated from the constraints
derived above using Eqgs. 14-18.

Before the perturbation
{Xpast}§ {%} = 0;
>\j,past =0 (] = 3747 5)

Initializing the system right
after the perturbation is
imposed at t = 0

{XO} = {Xpast}§ )\jvo = )\j,past;
Ry = Rpast; perturbed
transition functions

After the system is
initialized to the
Perturbation

{Xo}; {%X}
{k({Xo}{co})}
{k({Xa} {aD}; Ro

{0} {40 5 (kX b {a )}

18

Before the perturbation

)\1, ast )\2, ast; R ast
p p P

Initializing the system right
after the perturbation is
imposed at t = 0

{Le} #0

After the system is
initialized to the
Perturbation

{X1}

{F{ X1} {e D)}

dXy
dt

>\1 1,

s

"7>‘5 1, R

) 1



Step Known

Derived from known

Subsequent steps repeat
steps 3-6. With each
update of the structure
function, the updated
effects of the perturbation
on abundance and
metabolic rate distributions
can be derived.

Subsequent steps repeat
steps 3-6. With each
update of the structure
function, the updated
effects of the perturbation
on abundance and
metabolic rate distributions
can be derived.

Subsequent steps repeat
steps 3-6. With each
update of the structure
function, the updated
effects of the perturbation
on abundance and
metabolic rate distributions
can be derived.

Table 1. Inference dynamics. An iterative process for solving the dynamic state variable equations. Time is

labeled with the subscripti .

The notation {X; }, is shorthand for the set of state variables, S; ,N; , and E;

A{dX; /dt } is shorthand for the set of their time derivatives; and {k ({X; }, {¢ i})} is shorthand for the set

of dynamic transition functions, f , A , and ¢ .

E

Parameter

Value

bo
do
mo
wo
W10
E.

-1
H = Srrletaln(m

State Variables

S
N
E

0.2
0.2
500
1.0
0.4096
2x107
0.0219

320
230,000
2.04 x 107

Table 2. Parameter values for the transition functions and state-variables in a BCI-like forest ecosystem in
which diversification is driven solely by immigration. The rationale for the parameter values is given in SI-E.

1= 0.02190.024 mo

= 500200 dy =
0.20.235 wg =
mo = 5000 do = 0.20.25 wo = 1.00.95 1.00.99
Figure 5a, bb 5¢, 5d 5e, 5f 5g, bh

State variables
and their rates of
change used for
constraints

S

N

E

ds/dt

dN/dt

dE/dt

State variables
and their rates of
change used for

constraints
314.2
217962
2.0380 x 107
-0.242

-418

-4349

State variables
and their rates of

change used
constraints
319.6
144430
1.7331 x 107
-0.009

-1052
-112262

19

constraints
320.8
262537
1.8280 x 107
0.0246

2350

-48162

State variables
and their rates of
for change used for

State variables
and their rates of
change used for
constraints

314.9

166984

1.7822 x 107
-0.196

-758

-88709



1 = 0.02190.024 mq

= 500200 d¢ =
0.20.235 wo =
mo = 5000 do = 0.20.25 wo = 1.00.95 1.00.99
Lagrange Lagrange Lagrange Lagrange Lagrange
multipliers multipliers multipliers multipliers multipliers
A1 0.00047481 0.0026949 -0.0059150 0.0015918
A2 0.000014104 7.8932 x 106 0.000047504 0.000011608
A3 0.10275 0.19247 0.46754 0.18211
A4 -0.000028926 -0.00023261 0.00040369 -0.00013171
As 0.0025553 -0.0091482 -0.22996 -0.0032439

Table 3. Perturbations, constraints, and resulting Lagrange Multipliers used to generate Figures 5a-5h. The
text describes how the constraints are derived.

Figure Captions.

Figure 1. The architecture of DynaMETE. A. Selected mechanisms are incorporated into transition functions.
B. The time derivatives of state variables update the state variables. C. The transition functions, which
depend upon the state variables are updated. D. Updated state variables and transition functions are
averaged over the prior (time ¢ ) structure function to update the time derivatives of the state variables. E.
Under updated constraints and transition functions (dashed box), MaxEnt updates the structure function.
F. The macroecological metrics are updated from the updated structure function. G. Steps B-F are iterated.

Figure 2. Comparison of up- and down-scaled species richness using METE and DynaMETE, starting with
identical species richness and abundance at the middle scale shown. The values of N , a proxy for area, span
a scale range of 27. Transition function parameters andS and N values for the middle scale are from Table
2; at larger or smaller scales F . andm o are assumed to scale linearly with area and the other parameters
are held constant.

Figure 3. Responses of state variables to perturbations simulated from Egs. 38-40: a. reduction of immi-
gration rate, m ¢; b. increase in death rate, d o; c¢. reduction in growth rate, wg; d. increase in the death
rate and reduction in the immigration and ontogenic growth rates. The inset in 3d shows the state variable
trajectories from 1985-2015 in the BCI 50 ha tropical forest plot. The censuses include trees with dbh> 1 cm
. Data from Condit (2019); Hubbell et al., (2005). The inset assumes that the metabolic rate of individuals
scales linearly with basal area.

Figure 4. Predicted recovery of state variables to their steady state values in Table 1, as predicted from Egs.
38-40, with steady state parameters and each initial state variable equal to 80% of its steady state value.
The monotonic rise in S to steady state, along with the sizeable overshoot and then damped oscillation in
N , and the smaller overshoot and then damped oscillation in F occur for a wide range of initially depleted
state variables, steady state state variables, and parameter choices.

Figure 5. The effect of perturbations on the species abundance distribution (SAD) and the distribution of
metabolic rates over individuals (MRDI). The relevant perturbation is in each plot’s title. Insets in Figs. 5g
and 5h show BCI data (see caption to Fig. 3).

Figure 1.
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Figure 2.

Figure 3a.

Architecture of DynaMETE
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Figure 3b.
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Figure 3c.
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Figure 4.

Figure 5a.
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Figure 5f.
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Hosted file

Graphical Abstract_EL_DynaMETE.pdf available at https://authorea.com/users/344421/articles/
484965-dynamete-a-hybrid-maxent-plus-mechanism-theory-of-dynamic-macroecology
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