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Abstract

The set of hybrid numbers is a noncommutative number system unified and generalized the complex, dual and double(hyperbolic)
numbers with the relation ih = —hi = ¢ + i. Two hybrid numbers p and q are said to be similar if there exist a hybrid number
x satisfying the equality x 'qx = p. And it is denoted by p ~ ¢. In this paper, we study the concept of similarity for hybrid
numbers by solving the linear equations px = xq and gx — xp = c for p,q,c € K.
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Introduction

The concept of similarity is one of the important subjects in Linear algebra. Two square matrices A and B
are called similar if B = P~' AP for some invertible square matrix P. Similar matrices have many common
properties such as rank, determinant, trace, eigenvalues, characteristic polynomial etc. Two square matrices
are similar if and only if they have the same Jordan normal form. There is the concept of similarity in number
systems as in the similarity of matrices. It is known that two complex numbers are similar to each other
if and only if they are equal. However, this definition is different for quaternions since quaternion algebra
is non-commutative. Two quaternions (or coquaternions) p and q are said to be similar if there exists a
quaternion a # 0, satisfying the equality a 'pa = q (Zhang & matrices of quaternions, n.d.), (Falcdo et al.,
n.d.), (Falcao et al., n.d.). This definition equivalent to the linear equation px = xq has a nonzero solution
x. If p and q are similar, then it is denoted by p ~ q. Besides, Two quaternions q =S4+ V4 and p =5, +V,,
are similar if and only if Sq = Sp and || V4|l = ||Vp]| . The similarity of quaternions is an equivalent relation.
The roots of split quaternions can be examined with the help of some classifications, which is the result of
similarity ?, (Ozdemir, n.d.).

Besides, we encounter the concepts of semisimilarity and con-semisimilarity as well as the similarity of
quaternions in the literature (Zhang & matrices of quaternions, n.d.), (Liping & of quaternion matrices and,
n.d.). Two quaternions p and q are said to be semi-similar if there exist quaternions x and y satisfying
equations xpy = q and ypx = q. Also, p and q are said to be con-semisimilar if there are x and y satisfying
the equalities Xpy = q and ¥gx = p (Y. & two pairs of quadratic equations in, n.d.), (Tian et al., n.d.). The
semi-similarity was first defined and studied by Hartwing and Bevis (E. & for matrices, n.d.), (Bevis et al.,
n.d.). Both semi-similarity and con-semi-similarity are equivalence relations. In this study, we will not deal
with the concept of semi-similarity and con-semi-similarity.
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The similarity of quaternions and quaternion matrices is studied by many mathematicians. Similarity in
quaternion matrices is not as clear as the similarity of real and complex matrices, since the quaternion
product is non-commutative. So, it is not easy to solve linear and nonlinear equations in quaternions. Wolf
proved that the quaternion matrices A and B are similar if and only if the real matrices x (A4) and x (B) are
similar, where the matrix

x(4) =]

A A

—Ay Ay
are, n.d.), (Tian & over, n.d.), (Zhang & matrices of quaternions, n.d.). The similarity of quaternion matrices
is closely related to the solution of linear quaternionic equations ax — xb = ¢, ax — xb = ¢ and xaX = b.
Therefore, the solution of these linear equations in the set of quaternions and split quaternions has been
studied by many mathematicians (M. & linear split, n.d.), ?, (Y. & two pairs of quadratic equations in, n.d.),
(Kula et al., n.d.).

is the adjoint of the quaternion matrix A = A; + Asj (Wolf & of matrices in which the elements

In this article, the definition and some properties of similarity of hybrid numbers are studied. The hybrid
number system is a set of numbers defined by Ozdemir in 2018 and combining dual, complex and perplex
(hyperbolic) number sets. The set of hybrid numbers is isomorphic to split quaternions. Therefore, results
similar to those in split quaternions will be obtained. In the first section, this number set is summarized
briefly. Detailed information for hybrid numbers can be found in Ozdemir’s articles ?, (Ozdemir & n-th roots
of a 2 x 2 real, n.d.).

Hybrid Numbers

The set of hybrid numbers, which is a noncommutative ring, is a generalization of complex, hyperbolic and
dual number sets and it is defined as

K ={a+bi+ce+dh:a,b,c,d €R, i’= —1, £2=0, h®~1, ih= —hi= e+i}.
Multiplication table of hybrid numbers as follows.

i € h
i -1 1—h|e+i
e |h+1 |0 —& 1)
h|-—-¢—-1]c¢ 1

Hybrid numbers are classified as timelike, spacelike and lightlike such as in split quaternions. Since the
algebra of hybrid numbers is isomorphic to the algebra of 2x2 real matrices, 2 X 2 matrices can be classified
with respect to kind of corresponding hybrid number. So, hybrid numbers provide great simplicity for finding
n-th roots of 2 x 2 matrices. We can define polar form of a 2 x 2 matrix and use De Moivre’s formulas to
find n-th roots of 2 x 2 matrices ?.

Many definitions such as conjugate and norm in hybrid numbers are similar to those in split quaternions. The
conjugate of a hybrid number q =a + bi+ ce + dh =Req+ Imq is defined as ¢ = Req —Imq = a — bi — ce — dh.
We say that a hybrid number;



q is spacelike  if Cq < 0;
q is timelike  if Cq > 0; where Cq = qq = qq =a® + (b — 0)2 — ¢ — d?. The inverse of a hybrid number
q is lightlike  if Cq = 0.
q =a+ bi+ ce + dh is found as q~! = q/Cq.for ||q|| # 0. Lightlike hybrid numbers have no inverse. Besides,
norm of q is defined as

all = fied = o2 + 0~ -],

This norm definition is also consistent with the norm definition in complex, dual and double numbers.
Algebraic and geometric properties of these three number system can be found in the articles (Kisil et al.,
n.d.), (A. et al., n.d.), (F. et al., n.d.), (J. et al., n.d.). The vector, &, = ((b—¢),¢,d) is called the hybrid
vector of q. We say that a hybrid number;

q is elliptic if Ay <0;
q is hyperbolic if Ay > 0; where A, = — (b — c)2 + 2 4 d?. Also, the real number 4/ ’Aq| will be called
q is parabolic  if A, =0.
as the norm of the hybrid vector of q and will be denoted by ||&q|| . For detailed information about hybrid
numbers see the references (Ozdemir & Introduction to hybrid numbers, n.d.), (missing citation) and ?.

Matrix of hybrid numbers

Let q =q1 + ¢2i + g3¢ + g4h and x be two hybrid numbers. The linear transformations of the left and right
multiplications in K are defined as,

o, 7T: K=K
¢(q) =qgx and 7(q)=xq

respectively. The matrix representations of these transformations are as follows:

p(a)=

_Q1 43—qz2 q2 q4 1

42 G1—qa 0 q2

T et

3 —Qq QGtqs g2—q3|’ (a)
| 44 q3 —4q2 q |
_ih 43—q2 q2 qa 1

G2 q1tqa 0 —q2 )

q3 q4 qg1—q4 43—Qq2
|94 —G3 a2 Q|

Notice that, the eigenvalues of p(q) and 7(q) are g1 + ||Eqll, g1 — [|Eqll and 1 + ||Eqll, @1 — ||Eq]| respectively.
Also, we have

det p(q) = det 7(q) = ||q|*.

It is clear that the eigenvalues of p(q) and 7(q) are equal and they can be given by the Table 1, according
to character and type of the hybrid number.



Type ~ Character | Spacelike | Lightlike | Timelike
Hyperbolic o E 08l | o | a1 %]
Parabolic - 0 Q1
Elliptic - - e E

Table 1 : Eigenvalues of the matrices ¢(q) and 7(q)

Using the matrices ¢(q) and 7(q), it can be obtained following corollary.
Lemma 1. Let p,q € K and A € R.Then

1. p(q) =¢(p) <= q = p < 7(q) =7(p)
-pla+p)=¢() + o), 7@+p)=r7(a)+ 7(p)
- p(ap) = p(@)e(p), T(ap) = 7(a)7(p)
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p(Aq) = ¢(ar) = Ap(q), T(Aq) =T7(qA) = AT(q)
1)=14
(@) + @ = 2L, 7(q)+7(Q) = 2L
pla ') =(p) ), 7(@')=7""a) where [q|#0
p(a)ap(q) =a, detp(q) =1
10. ¢7(q) = p(q)¢, £=]
1 0
0 —I;

11. det o(q) = det 7(q) = [|q|*

12. o(q7 ') = & (q )¢ = {
C%(«;) (@), q s spacelike
Cgf(lq)&-(a)g} q is timelike

It has generalized inverse q is lightlike
Theorem 2. Let p,q € K. Then

ax = p(q) X
xq=7(q) X
axp = ¢(a)7(p)X = 7(p)p(@) 7

and



Proof. Let real vector representation of q € K be ﬁ Then, it can be expressed as

a = @(q)btv a = T(q)bt7 b = (170’()’0)'

According to Corollary 1, we have

= p(ax)b' = p(q)p(x)b" = p(q) ¥
= 71(xq)b" = 7(q)7(x)b" = T(q)?

)

and

axp = q(ﬂ> = p(@)(@p) = (@) ()R
axp (a2)p = 7(p)(=p) = 7(P)p(@)X.

Since these equations are provided that for all p,q € K, they can be written,

p(a)r(p) = 7(P)p(q).

Generalized inverse

In the next chapters, we will need the generalized inverse of a matrix to solve some systems of linear equations.
Let’s give this definition and some features. For detalied infomation see (Ben-Israel & inverses: n.d.) and
(missing citation).

Definition 3. Let A be an m x n matriz. The n x m matriz G, which provides the equation AGA = A, is
called the generalized inverse of the matriz A.

Theorem 4. Let

5 Y-
ol

be an m x n matriz with r = rank(A), where R is an invertible r x r matriz. Then, the generalized inverse
of A is

o, .

where [0]; are represented zero matrices of dimension necessary to make G an n x m matriz.



Theorem 5. Let A be an m X n matriz and its generalized inverse is G. Then, for any fired y € R™, the
followings are satisfied.

1. Ax =y, has a solution x € R™ if and only if AGy =y.

2. If the equation Ax =y has a solution, then x is a solution of Ax =y if and only if

x=Gy+ (I-GA)z

for some z € R™

The Similarity of Hybrid Numbers

Definition 6. Let q and p be two hybrid numbers. q and p are called to be similar hybrid numbers, if there
exists a hybrid number a # 0, satisfying the equality a~'qa = p, and it is denoted by q ~ p. The similarity
relation "~" on hybrid numbers is an equivalence relation, since it is reflexive, symmetric and transitive. It
is clear that q ~ p implies ||q| = ||p||, since |[a~'qal| = ||q]|.

Theorem 7. Let p,q € K .Then, q ~ p if and only if

Re(q) = Re(p) and &l = 1€ -

Proof. Let p and q be similar hybrid numbers. From the corollary 1, we find

Re(p) = Re(a™'qa) = Re(a™"aq) = Re(q)

Ipll = [la™"aal| = [[a™"[| lal la] = l|al

where a is a hybrid number and |la|| # 0. Considering the above equations, the equality |Ep] = [|E4]l is
obtained.

O

Theorem 8. Let q =q1 + q2i + g3¢ + g4sh and p =p1 + p2i + pse + psh be two hybrid numbers. If we denote
as

Qqp = p(a) — 7(p), (3)

then we have the following properties.
1. The determinant of the matriz Qqp := ©(q) — 7(p) s,

det Qqp =s" — 252 (Ag + AL) + (B — Ap)7,

where s = ¢1 — p1. So, det Qqp = 0 if and only if Re(q) = Re(p) and ||Eq]l = ||Ep]| -
2. The eigenvalues of the matriz Qqp can be given in the following table.



P~q Hyperbolic Parabolic Elliptic
. s+ A, £40], s+ (A, £i4,),
Hyperbolic o |AI; 1 Aqq| s+ A, o (AI; 1 iAQ;)
Parabolic s+ Ay S sHilAg
L s+ (18, £4,) . L. s+ (A, £A0) 1,
Elliptic o (iAI; 1 Aqq) sEiA, . (AI; N AZ) ;

Table 2 : FEigenvalues of the matriz Qqp

3. If 1 # p1 or ||E&qll # 1€l s then Qqp is a nonsingular matriz and its inverse can be expressed as

Y(a® - 2pa+ [p|*)[e(a) — 7(P)]
Y(2sq + [[pl* — llal*)[¢(a) — 7(P)]

-1 _
qu -

(,0_
(,0_
or

Qg =771(p% — 2q1p + |la|*)[e(@) — 7(p)]
=1 2sp + [lal” — [pI*)[e(@) — 7(p)).

4. If p and q are non-parabolic similar hybrid numbers, then Qqgp is a singular matriz and its generalized
muerse s

1
Q) = ——Qp-
® = T
5. If p and q are parabolic similar hybrid numbers with ||Eqll = |€p|| = 0, then the matriz Qqp is also

singular, and its generalized inverse is

Ogp = |
A™' o]

0] [o] .where A = |

0 P2 —pP3—q2+qs
q2 — P2 —P4 — 44
echelon form of Qqp s

, G2 7 P2, P2 — D3 £ q2 — q3 and, [0] is a 2 by 2 zero matriz. Besides, row

Pa+qa _ P3+qs
pP2—pP3—Qq2+4qs3 P2—P3—q2+qs3
g2 —p2 qa—P4

P2—P3—q2+qs P2—pP3—q2+qs

Proof. 1. Let q =q1 + g2 + g3¢ + g4h and p =p; + p2i + pse + psh € K be two hybrid numbers, then from
the equality Qqp=¢(q) — 7(p), we obtain

qu -



S P2 —P3 —q2+qs q2 — P2 q4 — P4

G2 — P2 S—ps—qs 0 P2+ qo
43 — P3 —P4—qa S+ps+qs pP2—pP3+q—gs
qa — P4 p3 +qs3 —P2 — G2 S

where s = ¢; — p1. Now, if we calculate determinant of Qg5,, we obtain

det Qqp = s*+25%(p3 — 2paps — pi + 45 — 24203 — q3)
+(p3 — 2p2ps — Pi — 43 + 2243 + G3)°

4 5
= ' =27 (Ag+ Ap) + (Dg — Ap)?

2. The characteristic polynomial of Qgp, is

AL = Qqp| = [(A = 5) = (8q = Ap)7J[(A = 5)% = (Bq + &)%)

According to this equality, we can see that accuracy of Table 2.
3. If we expand the product [p(q) — 7(P)] Qqp, We obtain

q

= ¢(@®) - v(a)r(p) — 7(P)v(a) + 7(P)7(P)
= p(a@®)—p(q)7(p)—¢(a)7(P)+7(PP)
= ¢(d®) — p(a)7(p +P) + 7(PP)
0(q®) — e(a)2p1 + [[p|° L
= ¢(a® - 2pma+|p|*)

and similarly, we can find the equality

[p(@ — 7(p)] Qp = 7(P” — 201P + |lal®).

1 .
qp» then we obtain

If we multiply the first equation from left by p~!(q* — 2p1q + ||p||2) and right by Q
Oqn = ¢ '(a®—2pa+|p|*) [¢(a) — 7(P)]
= ¢ '(2sa—[lal® +pl*) [p(a)—7(D)] -

Using the same way, we can calculate the below equation.

Qe =771 2sp + lall” — [plIP)[¢@ — 7(p)]-

4. If q and p are similar non-parabolic hybrid numbers, then we have

Qgp = ¢(q) — 7(p) = ¢(Imq) — 7(Imp),
and
(Imq)2 = (Imp)2 = |Aq| .

Now, let’s calculate the below equation,



0, = lp(Imq) — 7(Imp)]?
= [p(Imq)]* - 3 [¢(Imq)]” 7(Imp)
+3¢(Imq) [r(Imp)]* — [7(Imp)]*
= |Aq| ¢(Imq) - 3 [p(Imq)]* 7(Imp)
+3 |Aq’ p(Imq) — |Aq| 7(Imp)
= 4]|A4] [¢(Imq) — 7(Imp)].

So we obtain that, sz =4 ‘Aq| Qgp and consequently, we can find the equation.

1
-1 _
Hor = 3] e

5. If q,p are the parabolic hybrid numbers with ||Eq|| = ||€p|] = 0, row echelon form of the matrix Qqp can
be easily calculated. When the condition CR™'B = D is true for Qgp, then according to Theorem 4, the
generalized inverse of Qqp, is

-1

qu = [

R [0 IR -
0] [o] and the condition quququ = Qqp is provided.

O

Theorem 9. If q is a non-parabolic hybrid number and q ¢ R. The general solution of the linear equation
gx = xq 18

1
x =z+ ——(Imq)z(Imq)
24|

where z = z1 + 221 + 236 + z4h is an arbitrary hybrid number. If q is a parabolic hybrid number and the
coefficients of its i and € components are non-zero, then the matriz Qqp and its row echelon form are

0 2(]3 72(]2 0
2qo —2q4 0 0
d

20 —2q3 —2q4 2q4 O o [

0 0 0 0
1 0 -2 0

B,

8 (1) 613 0 respectively. So, the general solution of the equation qx = xq is
00 0 O

X = Z3q—4 + zgq—Qi + z3e + z4h
q3 q3

where z = z1 + 201 + 236 + z4h € K is an arbitrary hybrid number and q3 # 0.

Proof. Let q be a non-parabolic hybrid number. Then, according to the equation qx = xq, we obtain

lp(Imq) — 7(Imq)] % = 0.



The general solution of this equation can be expressed as

X =2l — Qp Qqp) Z,

where 7 is an arbitrary real vector. If we use it in the Theorem 8-4, we get

R o= L- — 027

4|Ag|
2L, — 4|Zq|(2 |8 g L — 20 (Ima)r(Imq))| Z
= [+ |A1q|<p(1m<1)7(1mq)]7
= z+4 ’AIOJ(Imq)Z(Imq)- (4)

Therefore, if we take z = (Imq)zp in, (4), we find that

X = (Imq)zwr‘All(lmq)(lmq)z(](lmq)

= (Imq)zo + 20(Imq)
(Imq)(Rezp + Imzg) + (Rezp + Imzp) (Imq)
2Rezo(Imq) + (Imq)(Imzp) 4+ (Imzp)(Imq).

So, we can see that

(Imq)(Imzg) + (Imzp)(Imq) € R.

If q is a parabolic hybrid number and x = x1 4 x2i + z3¢ + x4h, then, we obtain the matrices (??). The
equation gx = xq is identical to 2gqx = 0 and it can be solved by writing this equation

0 2q3 —2¢2 O
2q2 24 0 0 [
292 =293 —2q4 2q4 O
0 0 0 0
21
iz = 0.According to Theorem 5, a solution of the equation gqx = xq is
3
24
x =]
q 1
2¢1§(13 2g2 00
o 0 0 0 [
0 0 0 0
0 0 0 0

10



qa

q3
92

g3

OO O O o O OO

OO O O
—
_ o O O

44

sthat is x = 233—2 + 233—21 + z3€ + z4h.

O

Corollary 10. If q is a non-parabolic hybrid number and q ¢ R, then the general solution of the linear
equation qx = Xq s X = Ao + A\1q, where Ao = (Imq)(Imzg) + (Imzp)(Imq) and Ay = 2Re (z0)-

Example 11. Let’s find the solution of the equation qx = xq for the hybrid number q =q1 + g21+ g3 + q4h.
The general solution is x = Ag + A1q, where

Ao = (Imq)(Imzp) + (Imz)(Imq) =

[20q2 +2dgy —2b(g2 —q3) 0 O O] Yand, \y = 2Re (20) = 2a and, z = a + bi + ce + dh is arbitrary hybrid
number. Therefore, the general solution of qx = xq is

T =X +Mq=]

2aq1 + 2cqa + 2dqs — 2b(q2 — q3) 2aqa  2aqs 2aqq ‘.Actually, one can see the accuracy of this solution
by checking in the equation.

Theorem 12. Let q,p € K be two non-parabolic hybrid numbers. Then we have the following properties. 1.
The linear equation qx = xp has a nonzero solution if and only if Re(q) =Re(p), and ||Eq|l = ||Epll- 2. In
that case, the general solution of the equation qx = Xp is

1
x =2+ ————(Imq)z(Imp
€4l ||5p||( J={lmp)

where z € K is an arbitrary hybrid number. In particular, if p # q and Imq + Imp # 0, then the general
solution of qx = px can be written as

x = Ao(Imq + Imp) + A [[|€q]| [|€p | + (Imq) (Imp)]
where Ao, A1 are arbitrary real numbers.
Proof. According to Theorem 8, the equation gx = px is equivalent to

[o(q) = 7(P)] X = QgqpX =0.

And this equation has a nonzero solution if and only if |Qqp| = 0, which is equivalent to Req =Rep, and
l€qll = |I€pll , according to Theorem 8-4. So, the general solution of this equation can be written as

11



X =2[I - QppQqp) 7

where Z is an arbitrary real vector. Then, using Qgg in Theorem 8-4, we find

X =2 (T4 = Qg5 Qap] e
1
= 2 [14 — ng(q, p)] Z

1
= 2 lh - m(2 |Ag| s — 2<p(Imq)T(Imp))] z

¢(Imq)T(Imp)1 £l
Z + ——¢(Imq)7(Imp) Z

Z+— 1 (Imq)Z (Imp) .
T EalEs] (e 2 (tmp)

If p # q in gx = xp, then we write z = Imq and z = ||Ey]| ||Ep]| in

1

X=2Z+ —F—55—F
1€all 1€

(Imq) Z (Imp)

respectively, it becomes

z1 =Imq+Imp and z9 = ||&] ||Epll + Imqlmp.
Thus,

x = Ag[Imq + Imp] + A1 [||Eq|| [|Ep || + ImgImp]

is also a solution of gx = xp under the conditions Req =Rep and ||Eq|| = ||€p]| . The independence of 21 and
2o can be seen from two simple facts that Rex; = 0 and Rex; # 0. Accordingly

x = Ao[Imq + Imp] + A [||Eq|| [|Ep || + ImgImp]
is exactly the general solution to gx = xp, since the rank of Qqp, is 2.

O

Example 13. Let’s take the non-parabolic hybrid numbers  =2+i+¢e+2h and p =2+2i+2¢+h. The linear
equation gx = Xp has a nonzero solution. So, we have Imq+Imp=3i+3c+3h and | &y ||Ep]| +Imglmp =
9 — 3i and the general solution is x = Ao[31 + 3¢ + 3h] + A1[9 — 3i].

Theorem 14. Let q and p € K be two parabolic hybrid numbers. Then we have the following properties. 1.
The linear equation qx = xp has a nonzero solution. Also, q and p are similar if and only if Req =Rep,
and ||Eqll = ||€pll = 0. 2. The general solution of qx = xp is

_ z4p3+zaqs Z3Pa+23qa Z3P2—23q2 Zapa—Zzaqga 3
X = + + i+z3e+2z4h
(poobe—wt@s  aps—astss) T (Fampo—astds T Pacpe—aatas )i T23E T2

where z = z1 + 201 + 236 + z4h € K is an arbitrary and ps # q2, p2—p3 7# ¢2—qs3.

12



Proof. Matrix representation of the equation qx = xp is qu? = c¢. Since q and p are similar parabolic
hybrid numbers, inverse of the matrix {1qp can be calculated from Theorem 4. According to the definition of
similarty for parabolic hybrid numbers, we have s = 0 and the matrix

qu =
0 P2—DP3—q2+Gq q2—Dp2 qa — P4
42 — P2 —P4 — Q4 0 D2+ q2
q3 — p3 —P4 — Q4 Pa+qs p2—p3s+q—gs
44 — P4 p3+qs3 —P2 — G2 0

We can easily see that the condition CR™!B = D of Theorem 4 is satisfied where

937P3  TP4aTq4| p_
qa—pa  p3tqs |’

q2—P2 44—P4
0 DP2+qo

D |

Pa+qr p2—p3t+q—gs

e — o 0 and R =

0 P2 —P3 — G2 + g3
q2 — P2 —P4 — 44

Therefore, the generalized inverse of the matrix Qqp is

-1
qu -
_ patq __1
(pz*qz)(pglfpifqz+qs) P2—q2 00
Pp2—p3—qz2+qs 0 00
0 0 0
0 0 0 0

One can see that this matrix satisfies the condition of the definition 3 which is QqpQ 3 Qqp = Qgp. Thus,
we obtain the general solution of gx = xp as follows, according to the Theorem 5

p3+qs — 2 Pa+qa
P2*£3*32+Q3 3P2*£3*32+Q3
z 2 g2 z 4—d4
3p2a—ps—q2tgs + 4 pa—ps—qatas
z3

24

24

13



Example 15. Let’s take the similar parabolic hybrid numbers, q =3 — 2i 4+ 3¢ + 4h, p =3 — 8i+ 5¢ — 12h,
the linear equation qx = xXp has a general solution

3 .
x=—(z4+23)+ (231 + 224)i + 236 + 24h
where z = z1 + 201 + 236 + z4h is an arbitrary hybrid number. This linear equation can be written as
qu? =

0 -8 6 16

_62 2 —08 :1g X = 0.We have det Qgp = 0 and this matriz provide generalized inverse condition,
6 8 10 0
CR'B=]

-2 8 [

16 8

1 1

6, 6 [

1

-1 0
6 16 [
0 10
-8 18 ) . .

10 0 = D.Therefore, the generalized inverse of Qqp s

Qgp =

101

5 5 00
-3 0 0 0

08 0 0 0 According to the Theorem 5, we find, x = —(z4 + 23) + (23% + 224)i+ 236 + 24h.
0 0 0 0

Now, let’s give a direct conclusion of Theorem 12.

Corollary 16. The equation qx = xq in hybrid numbers always has a nonzero solution. Moreover, q ~ q =
@1+ ||Eql| V where V = {i, ¢, h}.

Therefore, we have the following tables :

Type ~. Character | Spacelike | Lightlike Timelike
Hyperbolic g1 + ||| Q ¢1 + [ gl
Parabolic - 0 el

Elliptic @+ ||Eqll1

Table 3 : Similarity of q in K
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Type ~. Character Spacelike Lightlike Timelike
Hyperbolic Ao (]|Eqll h+Imq) Aolmqg 2o (]| Eq || h+Imq)
+M1 (€] + (Imq) h) A1 (1€ + (Imq) h)
Parabolic - 0 Aolmq
Elliptic - - Ao (||Eqll i+HImq))
(1€l + (Ima) i)

Table 5 : General solution of qx = xq in K

where \g, \1 are arbitrary real numbers..
Theorem 17. Let q and p are non-parabolic similar hybrid numbers. Then, the equation qx — Xp = ¢ has
a solution if and only if qc = cp. Moreover, the general solution of qx — Xp = ¢ can be expressed as

1

X =
4 Aq]

(qc — )+Z+’ N (Imq)z(Imp)

VAN
where z is an arbitrary hybrid number.
Proof. The equation gx — xp = ¢ can be written as,

[p(a) ~ 7(P)IX = QgpX = <.

This equation is solvable if only if QqpQg, 1 = ¢ which is equivalent to

[p(Ima)r (Inp)]| € = — | A4 <.

Returning it from matrix form to hybridian form, we can write the equation
%
(Imq)e(Imp) = — | Ay| @

Therefore, we find

(Imq) (Tmq)c(Imp) —(Imq) | Ay €
<(mp) = —(Imq)<

and then gc = ¢p. In that case, the general solution of () can be given as

x=Qga T +2[I; + (Imq)(Imp)] Z,

\A|

where 7 = (a,b,c,d) is an arbitrary real vector. Thus, we can find

(gc—cp) +z + ’Al | (Imq)z(Imp).

15



Example 18. Let’s find take the general solution of equation qx — Xp = ¢ for the non-parabolic hybrid
numbers @ =2+ 1+ 2¢+3h, p =2+ 2i+ 3¢+ 2h, c =i+ ¢ — h. We have,

(qc—cp) = ¢ (q)c—7(p)c =

[—2 -8 2 2] . Therefore, according to the Theorem 17, we obtain the the general solution as

46a — 100 + 8¢ — 2d — 1
8b — 8a + 8¢+ 16d — 4
2a 4+ 100 + 16¢ + 26d + 1
2a + 10b + 16¢ + 26d + 1

where Z = (a,b,c,d) is an arbitrary real vector.
Theorem 19. Let q =q1 + g21 + g3 + ¢4h and p =p1 + p2i+ p3e + psh be parabolic similar hybrid numbers
with ps # q2, P2 — P3 # q2 — q3. Then, the equation

gqx —Xp=c

has a solution where

—c + c - c + c —
( 1 (Patqq) _ 2(g3—p3) et 1(p2 Q2)+ 2(pa Q4))h cK.
P2—Qq2 P2—q2 P2—q2 P2—q2
The general solution of qx — xp = ¢ can be expressed as

C=1C —|—Cgi+

X:$1+$21+23€+Z4h

where

| faps t+2193 C1ps + 194 _Co  z3pat 234
P2—D3—q2+q3  (p2—q2) (P2—P3—q2+q3) D2 — G2 P2—P3—q2+q3
C1 Z3P2 — 2342 Z4P4 — 2444

To = .
P2—P3—Qq2+q3  P2—P3—Qq2+q3  P2—p3—q2+qs3

and z = z1 + 201 + z3¢ + z4h is an arbitrary hybrid number.

Proof. Since q and p are similar parabolic hybrid numbers, the generalized inverse of 0qp is as given in the
Theorem 4. So, its general solution is

X =
p3+4qs Patqa c2 Patqa
z. — C — —Z
4 pa—ps—qatas 1 (pzfq2)(p2*£s*(?2+qs) a2 q3P2*P3*EI2+Q3
C1 2 — g2 4—q44
zZ. z.
P2—P3—q2+qs3 + 3pa—ps—a2+as + 4p2—ps—aqz2+as
Z3
24
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Example 20. Let’s find the general solution of equation qx — px = c for the parabolic hybrid numbers
q=—2—-4i+6c64+8h, p=—2—i+12¢+ 5h, c=1+1i+ 29¢ — 4h. According to Theorem 19, the solution
of Qqpx =c is

?i izz %@ %524 — %23 + % 25 24| ‘where z = 21 + 221 + 238 + 2z4h is an arbitrary hybrid
number.

Theorem 21. Let q and p be two non-similar hybrid numbers. Namely, Req # Rep or ||Eq|| # [|1Ep| . Then
the equation qx — xp = ¢ has a unique solution

z = (2sa+Ip|” ~ [lal*) " (ac — cp)
= (ac — ¢p)(2sa + [|p||* — al*) "

where s = Req — Rep.

Proof. Since q and p are not similar, det qp # 0 and 4, has an inverse which it can be expressed as
Theorem 8-3

Qqp = ¢ '2sa+pl” - lal®)le(a) — ()],
Qqp = 7' (=2sa+|pl” - [al®)p@ — (P)]-
Thus, we get
X = Qi 7
v (2sq + IplI* — llall*)[¢(a) — 7(P)] ¢
= (2sa+|p|* - llal*)"*(ac — cp)
and

X = Q7
7 H(=2sq + [Ip|” - al*)[e@) — 7(p)] €
(ac — ¢p)(2sq + [Ip]|* — [lal*) "

O
Example 22. Let’s find the unique solution of the equation qx — xp = c for the hybrid numbers, q =2 +1i+

€+2h, p=1+2i+2c+h, c=-2+3i+¢ec+5h. Since q and p are not similar, we have
(2sq+ [|p|* = [lall®) =22 +i+e+2h) —4— (1) =1+ 2i + 2¢ + 4h

and

17



Therefore, we obtain
[16 -1 -7 =3¢

[ 55 5971 t

3 o)

T ﬂ 59
= 19+191+195+ h.

Conclusions

In this article, we examined the similarity of hybrid numbers and linear equations with hybrid coefficients.
We found similarities in our

qc—cp=¢(q)c—7(p)c

=(16,—11

7_77

-3)".

For this purpose, we have examined the appropriate studies in quaternions.

examination. As a result, when we examine and categorize a hybrid number according to its module and
casual character, we obtained different results in terms of the similarity of the two hybrid numbers. However,
while solving linear equations with hybrid number coefficients, in the solution of similar parabolic hybrid
equations naturally emerged different from the quaternions. This is because the ||£4]| of a parabolic hybrid
number q is zero. This difficulty is solved by the generalized inverse theorem which is used to find the inverse
of non-square matrices. The examination of these situations has brought a new solution to the systems of

linear equations.
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